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Abstract—The discrete Hirschman transform provides a rep-
resentation for discrete and finitely supported signals in terms
of basis signals having optimal joint time-frequency localization
with respect to an entropy-based discrete Hirschman uncertainty
principle. This is significant in view of the fact that extending
the traditional Heisenberg-Weyl inequality energy-based notion
of uncertainty to the discrete and finitely supported case is prob-
lematic for several reasons. However, treatment of the discrete
Hirschman transform has often been steeped in language and
concepts from modern algebra that may be largely inaccessible to
some engineering students and practicing engineers. In this paper,
we first review the discrete Hirschman transform in the typical
general setting. We then show how the construction of practical
transforms can be presented using only concepts that should be
accessible to engineering students after a basic course in DSP or
image processing. We also explain the notion of joint localization
as it applies to both discrete Hirschman transforms in general and
the Hirschman optimal transform (HOT) in particular. Finally,
we present a new algorithm for constructing real-valued 2D
separable discrete Hirschman block transforms of arbitrary even
square sizes.

Index Terms—uncertainty principles, Hirschman transform,
time-frequency localization, engineering education

I. INTRODUCTION

As is well known, the uncertainty principle limits the degree to
which a function x ∈ L2(R) with Fourier transform X = Fx can be
simultaneously localized in time and frequency by placing a lower
bound on the time-bandwidth product according to

σtσf ≥ 1

4π
, (1)

where σ2
t and σ2

f are, respectively, the variance or “spread” of the
signal x(t) in time and in frequency. These variances may be rigor-
ously interpreted as moments with respect to the distribution of the
signal’s energy in time and frequency. Gabor argued for representing
general signals in terms of jointly well localized elementary signals
and showed that the lower bound in (1) is uniquely achieved by
the class of modulated and translated Gaussian pulses today known
as Gabor functions [1]. These results were extended to L2(R2) by
Daugman, who showed that the 2D Gabor functions achieve the lower
bound in 2D.

This energy-based notion of uncertainty is presented in many
textbooks, sometimes more qualitatively as the closely related concept
of “reciprocal spreading.” However, due at least in part to the diffi-
culties inherent in defining a translation invariant discrete analogue
of the continuous-domain variances σ2

t , σ2
f , direct extension of the

energy-based principle (1) to a finitely supported discrete-time signal
x ∈ ℓ2(Z/NZ) —i.e., precisely the type that are typically most
important in practical DSP and image processing applications—is
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problematic. Yet we are not aware of any “standard” engineering
textbooks that broach the topic of uncertainty measures for the
ℓ2(Z/NZ) case, nor even the ℓ2(Z) case, aside from a brief marginal
note in [2, Sec. 7.4].1

There are at least two main viable options for extending the
continuous-domain uncertainty principle (1) to the discrete and
finitely supported case, including approaches based on the counting
measure of the support of x and X [4] and those based on the
entropy of x and X [5]. Here, we focus on the second option with an
approach that leads to optimizers which define the discrete Hirschman
transform [6], [7] and are decidedly not Gabor-like [8].

Our objectives in this paper are fourfold: (1) to clarify the spa-
tiospectral localization optimality of the discrete Hirschman transform
in a way that should be accessible to practicing engineers and
engineering students, including clarifying a point that was not stated
entirely clearly in [9]; (2) to clarify the distinction between discrete
Hirschman transforms and the Hirschman optimal transform (HOT),
again using accessible language; (3) to demonstrate construction of
discrete Hirschman transforms in a way that can be presented to
upper division undergraduate and graduate engineering students who
often lack a foundation in modern algebra; and (4) to present a new
algorithm for constructing real-valued 2D separable block Hirschman
transforms for square blocks of arbitrary even sizes.

II. BACKGROUND

In this section we briefly review the main theorem from [6], which
provides a lower bound on discrete Hirschman uncertainty and identi-
fies the minimizers. Let A = Z/NZ be the ring {0, 1, 2, . . . , N −1}
with addition and multiplication modulo N , let j be the imaginary
unit, and let WN = exp(−j2π/N). Let x ∈ ℓ2(A) be a finite-
length unit-norm discrete time-signal (x : A → C, ||x||ℓ2 = 1).
We formulate the DFT as a unitary transform (with the constant
distributed symmetrically in both domains) according to

X[k] = (Fx)[k] =
1√
N

N−1∑
n=0

x[n]Wnk
N , (2)

x[n] =
1√
N

N−1∑
k=0

X[k]W−nk
N . (3)

As in [5]–[8], [10], the localization of x is quantified by the entropy

H(x) = −
N−1∑
n=0

|x[n]|2 ln
(
|x[n]|2

)
. (4)

The joint time-frequency localization of x may then be rigorously
quantified by the measure

Hp(x) = pH(x) + (1− p)H(X), (5)

where parameter 0 ≤ p ≤ 1 balances the relative contributions of
time and frequency localization to the joint spatiospectral measure
Hp. In the special case p = 1/2 where the time and frequency

1Although the subject does receive treatment in the more advanced refer-
ence [3] which may be appropriate for some advanced students.



contributions are weighted equally, the measure H1/2 has been
referred to as discrete or digital Hirschman uncertainty.

We can now state the main theorem from [6]. As a technical matter,
the theorem considers that x ∈ ℓ2(A) and y ∈ ℓ2(A) with ||x||ℓ2 =
||y||ℓ2 = 1 are equivalent if ∃λ ∈ C with |λ| = 1 such that y = λx;
in other words, if x and y are “the same” up to multiplication by a
unit-magnitude complex constant. The theorem is then stated in terms
of the set of these equivalence classes, which is denoted P (A). The
reason for this is that multiplication by such λ does not change Hp.
Intuitively, this may be thought of as meaning that any member of
an equivalence class in P (A) can substitute for any other member of
the same class. Note that membership in P (A) implies ||x||ℓ2 = 1.

Theorem (Main): Let x ∈ P (A). Let B be a subgroup of A and let
| · | denote cardinality. Let IB [n] denote the indicator function of B.
Then:

a) H1/2(x) ≥ 1
2
ln (|A|);

b) the set of vectors x ∈ P (A) with H1/2(x) = 1
2
ln (|A|)

coincides with the union of the orbits

ρ(G1(A))
1√
|B|

IB [B] → W
−(bn+c)
N

1√
|B|

IB [n+ a], (6)

where a, b, c, n ∈ A, G1(A) is the Heisenberg group of degree
one, and G1(A) is identified with A×A×A through the map

G1(A) ∋

[
1 a c
0 1 b
0 0 1

]
→ (a, b, c) ∈ A×A×A; (7)

c) each orbit (6) is an orthonormal basis of ℓ2(A);
d) the set of vectors x ∈ P (A) such that Hp(x) = 1

2
ln(|A|) ∀

0 ≤ p ≤ 1 is nonempty if and only if |A| is a square, in which
case it coincides with the orbit (6) for the unique subgroup
B ⊆ A of cardinality |B| =

√
|A|. ■

Part a) has been referred to in [5] and elsewhere as the discrete
Hirschman uncertainty principle; it provides a lower bound on the
joint spatiospectral localization of x with respect to H1/2. Part b)
identifies the signals x ∈ ℓ2(A) that achieve the lower bound.
Part c) guarantees that the minimizers from part b) are orthonormal
bases for ℓ2(A) (and can be used to construct corresponding unitary
transforms). Finally, part d) states that when N is a square there is a
unique subgroup B that is optimal in the sense that the signals x in
the orthonormal basis it generates achieve the lower bound 1

2
ln (|A|)

on joint localization for p = 1/2 and, moreover, maintain this same
value for Hp(x) across all 0 ≤ p ≤ 1, i.e., irrespective of the relative
weighting of time and frequency. We will discuss this in more detail
in Sections IV and VI.

III. DISCRETE HIRSCHMAN TRANSFORM

In this section, we will use language and concepts that should be
accessible to upper division undergraduate and beginning graduate
level engineering students to show how the main theorem of Section II
can be applied to construct discrete Hirschman transforms applicable
to finite-length discrete-time signals. Suppose we have N -point
discrete time signals x[n] defined for 0 ≤ n ≤ N − 1. Then
A = {0, 1, 2, . . . , N − 1}.

The first thing we need is to select a subgroup B of A along with
its indicator function IB . The number of subgroups available is equal
to the number of positive factors of N . There are three straightforward
ways to obtain the candidate subgroups and indicator functions.

1) We can generate the subgroups directly. Even though our target
audience may be lacking any background in modern algebra,
this can be explained as a process of, for each positive factor
of N , taking the union of the integer multiples modulo N until
only repeated values are obtained. For example, if N = 6, then

A = {0, 1, 2, 3, 4, 5} and the positive factors of N are 1, 2, 3,
and 6. Noting that 6 mod 6 = 0, we obtain the subgroups

⟨0⟩ = {0} 7→ IB [n] = [1 0 0 0 0 0]

⟨1⟩ = {0 1 2 3 4 5} 7→ IB [n] = [1 1 1 1 1 1]

⟨2⟩ = {0 2 4} 7→ IB [n] = [1 0 1 0 1 0]

⟨3⟩ = {0 3} 7→ IB [n] = [1 0 0 1 0 0].

2) Alternatively, the subgroup generation process can be presented
as one of applying periodization to the Kronecker delta

δ[n] =

{
1 n = 0,

0 otherwise,
(8)

as described in [8].2

Definition: for N = KL, the periodization of v ∈ CK is
x ∈ CN given by x(sK + r) = v[r] for 0 ≤ s ≤ L − 1 and
0 ≤ r ≤ K − 1.

For example, if N = 6, we obtain

{K,L} = {6, 1}: v[n] = [1 0 0 0 0 0] 7→ IB [n] = [1 0 0 0 0 0]

{K,L} = {1, 6}: v[n] = [1] 7→ IB [n] = [1 1 1 1 1 1]

{K,L} = {2, 3}: v[n] = [1 0] 7→ IB [n] = [1 0 1 0 1 0]

{K,L} = {3, 2}: v[n] = [1 0 0] 7→ IB [n] = [1 0 0 1 0 0]

3) As a third alternative, the subgroup generation process can be
described as one of starting with IB [n] = 1, 0 ≤ n ≤ N − 1,
then applying upsampling by the factors K > 1 given in the
second alternative above, and finally retaining the result for 0 ≤
n ≤ N − 1 only. This yields exactly the same subgroups and
indicator functions as the first two options.

A 1D discrete Hirschman transform can then be constructed
from each subgroup by using the subgroup indicator function to
generate an orthonormal basis for ℓ2(A) and then setting the rows
of the transform matrix equal to the basis vectors (in any order).
As indicated by parts b) and c) of the main theorem in Section II
and equivalently in terms of operations on discrete-time signals by
Theorem 2 of [8], the first basis vector is then

e1[n] =
1√
|B|

IB [n]. (9)

Additional unit-norm basis vectors may then be generated by applying
arbitrary compositions of the following operations to e1[n] until N
orthonormal basis vectors are obtained:

1) translation modulo N : Tav[n] = v[(n− a) mod N ],
2) modulation: Mbv[n] = W−bn

N v[n],
3) length-N DFT.

Each of these basis vectors will admit optimal spatiospectral local-
ization in the sense of achieving the lower bound 1

2
lnN on H1/2.

As an illustrative example to conclude this section, suppose that
N = 6 and we choose the subgroup B = ⟨2⟩ = {0 2 4}. Then
according to (9) the first basis vector is given by

e1[n] =
1√
3
[1 0 1 0 1 0]. (10)

2There is an additional scale factor of 1/
√
L in the definition given in [8]

that is not needed here because it is already included explicitly in part b) of
the main theorem as the factor 1/

√
|B|.



(a) (b)

Fig. 1. Joint localization measure Hp versus p for some length-6 transforms.
The lower bound on H1/2 is shown in black. (a) discrete Hirschman (11)
and DFT – for these two, the graph is the same for all six basis signals; (b)
discrete Hirschman transform (11) and six basis signals of the Type-II DCT.

Next, we let e2[n] = T1e1[n], e3[n] = M5e1[n], e4[n] = T1e3[n],
e5[n] = M4e1[n], and e6[n] = T1e5[n] to obtain the discrete
Hirschman transform matrix (note: W 8

6 = W 2
6 )3

H6 =
1√
3


1 0 1 0 1 0
0 1 0 1 0 1
1 0 W 2

6 0 W 4
6 0

0 1 0 W 2
6 0 W 4

6

1 0 W 4
6 0 W 8

6 0
0 1 0 W 4

6 0 W 8
6

. (11)

IV. HIRSCHMAN OPTIMAL TRANSFORM (HOT)
When N is a square, it becomes possible to construct a special

discrete Hirschman transform called the Hirschman optimal trans-
form or HOT. Eq. (5) shows that Hp(x) is linear in p with a slope
of H(x) − H(X). Plots of Hp as a function of p for the length-
6 discrete Hirschman transform (11), the 6-point DFT, and the 6-
point type-II DCT are shown in Fig. 1. For each of H6 in (11)
and the DFT (2), all six basis signals yield the same plot; these
two distinct plots are shown in Fig. 1(a) where it may be seen that
both achieve the lower bound on joint localization at p = 1/2.
This is because the DFT is a Hirschman transform deriving from
the subgroup ⟨0⟩ with periodization {K,L} = {1, N}. For the
DCT, the p-Hp characteristic exhibits generally different slopes and
intercepts for each basis signal as shown in Fig. 1(b) where the H6

transform (11) is also shown. One thing evident from Fig. 1 is that any
unitary transform which achieves a high degree of joint localization
manifest as small Hp ≪ (1/2) lnN for some p must necessarily
exhibit correspondingly poor joint localization Hp ≫ (1/2) lnN for
some other set of p. Moreover, part a) of the main theorem mandates
that every curve must be at or above (1/2) lnN at p = 1/2, which
may be thought of as a minimum “fulcrum point” of the p-Hp curve.

The Hirschman optimal transform optimizes the joint spatiospec-
tral localization measure Hp simultaneously for all p in the following
sense: the p-Hp characteristic passes through the theoretically optimal
fulcrum point (1/2) lnN at p = 1/2 and has a slope of zero,
remaining fixed at that H1/2-optimal value for all p. Thus, it
follows from part d) of the main theorem and linearity of the p-Hp

characteristic that any other unitary transform which delivers better
joint localization than the HOT at some p on one side of the fulcrum
point p = 1/2 must necessarily deliver correspondingly worse joint
localization than the HOT for all p in the half-line on the other side of
the fulcrum point. Moreover, part d) of the main theorem guarantees
that the HOT is the only unitary transform which can provide a p-
Hp characteristic that passes through the optimal fulcrum point at

3For easy and accessible explanation of why M5 and M4 are chosen for
rows 3 and 5 of H6 in (11), note that 5 = −1 mod 6, 4 = −2 mod 6, and
part b) of the main theorem requires b ∈ A for the modulation operator Mb.

(a) (b)

Fig. 2. Joint localization measure Hp versus p for several 16-point transforms.
The lower bound on H1/2 is shown in black. (a) HOT (equal to the lower
bound on H1/2 ∀ p), discrete Hirschman with B = ⟨8⟩, and DFT; (b) HOT,
discrete Hirschman with B = ⟨8⟩, and basis signals of the Type-II DCT.

p = 1/2 with a slope of zero; any other unitary transform must
perform worse (in terms of joint localization) at least on a half-line
to one side or the other of the p = 1/2 fulcrum point.

Note that no HOT exists for N = 6, which is the case that we
have up to now been using as an illustrative example. This is because
the HOT exists if and only if N is a square – and it is unique
(for any given value of N and up to equivalence classes P (A))
when it does exist, deriving from the unique subgroup of cardinality√
N and corresponding to the periodization {K,L} = {

√
N,

√
N}.

Examples showing construction of the 9-point HOT were given in [6],
[11], including Matlab code for implementing the K2-point HOT for
arbitrary K ∈ Z+. To further clarify the distinction between the HOT
and the general discrete Hirschman transform, as well as the sense
in which the HOT admits optimal joint spatiospectral localization,
graphs of Hp versus p for the case of N = 16 are given in Fig. 2 for
several transforms. In both Fig. 2(a) and (b), the black horizontal line
is the theoretical lower bound on H1/2 which coincides with the p-Hp

characteristic of the 16-point HOT for B = ⟨4⟩, {L,K} = {4, 4},
and v[n] = [1 0 0 0]. In both parts of Fig. 2, the red dashed line
gives the p-Hp characteristic for the discrete Hirschman transform
with B = ⟨8⟩, {L,K} = {8, 2}, and v[n] = [1 0 0 0 0 0 0 0],
which is not a HOT. The other curves in Fig. 2(b) are for the basis
signals of the 16-point Type-II DCT.

For the DFT (2) we have basis signals em[n] with (Fem)[k] =
δ[k − m] and so, for p = 0 in (5), we obtain H0(em) = 0 as
shown in Fig. 2(a). According to part b) of the main theorem, there is
also a dual discrete Hirschman transform with basis signals em[n] =
δ[n−m] that yields H1(em) = 0 for p = 1. Thus it is clear that, for
unit-norm discrete-time signals x[n] defined for 0 ≤ n ≤ N −1, Hp

is bounded according to H0 ≥ 0, H1/2 ≥ (1/2) lnN , and H1 ≥ 0.
Bounds on Hp for other p are not yet known at this time. However,
the p-Hp characteristic must be linear in p and only a HOT can both
achieve the minimal value (1/2) lnN at p = 1/2 and provide a slope
of zero. This implies that any other unitary transform must have worse
joint localization relative to the HOT for p < 1/2, for p > 1/2, or
both, and that is what is meant by statements that the HOT optimizes
Hp simultaneously for all p: the HOT delivers Hp = (1/2) lnN
∀ p and any unitary transform that achieves a lower Hp for some
particular p must have correspondingly worse joint localization at
1−p in the sense that H1−p must be correspondingly > (1/2) lnN .

V. SEPARABLE 2D BLOCK HIRSCHMAN TRANSFORM

Parts a), b), and c) of the main theorem in Section II have been
generalized to the multidimensional finitely supported case in [13].
However, extension of part d) to the multidimensional case remains an
open problem to the best of our knowledge. Therefore, we restrict our
attention here to separable 2D transforms implemented by applying
a 1D discrete Hirschman transform sequentially to the rows and
columns of an image or image block.



(a) (b) (c) (d) (e) (f)

Fig. 3. Examples. (a) mandrill luma image; (b) centered FFT log-magnitude spectrum; (c) centered 2D separable HOT log-magnitude spectrum implemented
in floating point but otherwise as described in [12]; (d) 64×64 ROI; (e) block 4×4 HOT (13) of (d); (f) block 4×4 2D DCT of (d).

Let N = 4, B = ⟨2⟩ = {0 2}, and {K,L} = {2, 2} to obtain
e1[n] = (1/

√
2)[1 0 1 0]. Applying operators T1, M1, and (T1◦M1)

to e1[n] then yields an involutory transform matrix

H4 =
1√
2

 1 0 1 0
0 1 0 1
1 0 −1 0
0 1 0 −1

 (12)

defining a 1D Hirschman optimal transform (HOT) on ℓ2(Z/4Z).
The scaled matrix B4 =

√
2H4 may then be applied separably to the

rows and columns of 4×4 image blocks X according to

Y = H4×4{X} ≡ B4XB4, (13)
X = H

−1
4×4{Y} ≡ (B4YB4) /4 (14)

to realize a separable 2D Hirschman optimal 4×4 block transform
that is inherently real and integer-valued, requires only additions for
the forward transform (13), and requires only additions and bit shift
operations for the inverse transform (14).

This scheme can be extended to construct real and integer-valued
separable 2D discrete Hirschman transforms applicable to square
image blocks of arbitrary even sizes N×N using a 1D transform
matrix

HN = H1 ⊗ IN
2
×N

2
, (15)

where ⊗ is the Kronecker product, IN
2
×N

2
is the N

2
×N

2
identity

matrix, and

H1 =
1√
2

[
1 1
1 −1

]
(16)

is the standard 2×2 Hadamard matrix. Note that in view of part d)
of the main theorem, real integer transforms constructed using the
new relation (15) are discrete Hirschman transforms but they are not
Hirschman optimal transforms unless N = 4, in which case (15)
coincides with the HOT matrix (12).

Examples are given in Fig. 3. The 256×256 mandrill image is
shown in Fig. 3(a). Fig. 3(b) gives the FFT centered log-magnitude
spectrum while the centered HOT log-magnitude spectrum Y =
H256XHT

256 is given in Fig. 3(c). Fig. 3(d) shows a 64×64 region
of interest (ROI) cropped from (a) to facilitate legible display of the
4×4 block transforms shown in (e), the real and integer separable
2D 4×4 block HOT (13), and (f), the block 4×4 2D DCT-II.

VI. DISCUSSION AND CONCLUSION

Discrete Hirschman transforms achieve optimal joint localiza-
tion Hp in (5) for p = 1/2. For a given signal length N , the
Hirschman optimal transform (HOT) exists if N is a square and
uniquely provides optimal Hp joint localization simultaneously for
all 0 ≤ p ≤ 1 in the sense that the minimum value is achieved at
p = 1/2 and maintained ∀ p. Any unitary transform that achieves
better joint localization for some p < 1/2 or > 1/2 must deliver
correspondingly worse joint localization relative to the HOT ∀ p
on the other side of the fulcrum point p = 1/2 as illustrated in
Figs. 1 and 2. Demonstrated applications of 2D discrete Hirschman
transforms and HOT include fast 2D convolution [14], including fast
CNN convolution [15], 2D fractional HOT [16], and HOT domain
color image enhancement [17]. Our main contributions in this paper

were to clarify the notion of joint localization optimality and show
how construction of Hirschman transforms can be presented in a
way that is accessible to upper-division undergraduate and graduate
students without using abstract algebra and to present a new algorithm
for constructing real-valued integer 2D separable block Hirschman
transforms for square blocks of arbitrary even sizes.
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