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Eigenfunctions of LTI System

I For any ω0 ∈ R, the signal x(t) = ejω0t is an Eigenfunction of

any 1-D continuous-time LTI system.

H y(t)

LTI

x(t)

x(t) = ejω0t

y(t) = h(t) ∗ x(t) = h(t) ∗ ejω0t

=

∫

R
h(τ)ejω0(t−τ)dτ

= ejω0t

∫

R
h(τ)ejω0τdτ

︸ ︷︷ ︸
a number

= H(ω0)e
jω0t

= |H(ω0)|e{jω0t+argH(ω0)}



Representing Signals as Sums of Eigenfunctions

I We use the Fourier transform to write an arbitrary input x(t) as

a sum of Eigenfunctions:

x(t) =
1

2π

∫

R
X(ω)ejωtdt.

I The action of the LTI system H is that each term in the sum

gets multiplied by a corresponding Eigenvalue H(ω):

y(t) =
1

2π

∫

R
H(ω)X(ω)ejωtdt.

• Each term is scaled by |H(ω)| and shifted by argH(ω).



The LTI Filter Design Problem

I Design the Eigenvalues H(ω), e.g., the frequency response, to

achieve some desired signal processing goal.

I What kinds of problems is

this approach good for?

• attenuate additive noise

with a stationary spec-

trum.

• in music: boost the

bass and attenuate the

midrange – related to

how human hearing per-

ceives the signal.
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Figure 7.1 Typical magnitude response specifications for a digital lowpass filter.

R7.3 If the passband edge frequency Fp and the stopband edge frequency Fs are specified
in Hz along with the sampling rate FT of the digital filter, then the normalized angular edge
frequencies in radians are given by

ωp =
Ωp

FT
=

2πFp

FT
= 2πFpT, (7.5)

ωs =
Ωs

FT
=

2πFs

FT
= 2πFsT. (7.6)

R7.4 The first step in the filter design process is the estimation of the order of the transfer
function. For the design of an IIR digital lowpass filter G(z) based on the conversion
of an analog lowpass filter Ha(s), an analytical formula exists for the estimation of the
filter order. For the design of FIR lowpass or highpass digital filters, there are several
design formulae for estimating the minimum filter length N directly from the digital filter
specifications: normalized passband edge angular frequency ωp, normalized stopband edge
angular frequencyωs, peak passband ripple δp, and peak stopband ripple δs. A rather simple
approximate formula developed by Kaiser [Kai74] is given by

N ∼=
−20 log10(

√
δpδs)− 13

14.6(∆ω)/2π
, (7.7)

where ∆ω = |ωp − ωs| is the width of the transition band. The above formula also can
be used for designing multitransition-band FIR filters, in which case ∆ω is the width of
the smallest of all transition bands. For multiband filters with unequal transition bands,
the filter designed using the above estimated formula may exhibit unacceptable magnitude
responses in the transition bands that are wider, in which case, these bands should be made
smaller until an acceptable magnitude response is obtained.



Human Auditory Perception

I But is human auditory perception really very closely related to

the Eigenfunction representation?



What About Human Vision?

I Are these EigenfunctionsCosine Image Cosine Image
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I Closely related to human

visual perception of this?
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Gabor Aspects of Mammalian Biological Vision

I Complex Gabor filter:
167
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(d)Figure 4.6: Spae domain representation of Filter 10. (a) Real part plotted asa surfae. (b) Real part depited as a gray sale image. () Imaginary partplotted as a surfae. (d) Imaginary part depited as a gray sale image.of the individual parameters appear in Table 4.3. The real and imaginaryomponents of the unit-pulse response of �lter 10 are depited in Figure 4.6,both as surfaes and as grey sale images.4.5 The Dominant Component ParadigmThe objetive of dominant omponent analysis is to estimate, at eah point ina multi-omponent image, the values of the modulating funtions of the om-ponent that dominates the loal image spetrum at that point. The dominantomponent amplitude estimates may be interpreted as ontrast. Like the fre-
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I Biologically motivated

Gabor filter bank:

Figure 3: Frequency response of a 2-D Gabor filterbank suitable for AM-FM image modeling.
Nonlinear scaling of the grey levels has been applied to accentuate the intersections between filters.

perfect reconstruction system. Since Gabor filters fail to admit finite support in either domain,

they can provide neither orthogonality nor perfect reconstruction. Nevertheless, as described in

Chapter 4.8, Gabor filters are popular choices in a variety of image processing and computer vision

applications due to their other good properties. Moreover, as described in Chapter 4.1, Gabor

filtering is a plausible explanation for several of the processes known to occur in the early stages of

human vision.

For the remainder of Section 3, we assume the use of a densely spaced bank of complex-valued

Gabor filters like the one described in [10, 13–15]. The frequency response of a filterbank of this

type is shown in Fig. 3, where two high frequency filters have been added to cover the corners of

the right frequency half-plane. The design of this filterbank is described in detail in [49]. Each filter

in the regular polar tessellation has a half-peak bandwidth of one octave, and any four adjacent

filters intersect at a single frequency where each one is at half of its peak response. The baseband

(DC) filter in the center of the figure is also designed to intersect the innermost ring of AC filters

at half-peak.

3.3 Dominant Component Analysis (DCA)

In this section we describe a multi-component computational technique called dominant component

analysis, or DCA, which at every pixel delivers estimated modulating functions aD(n1, n2) and

17



Modulation Domain Signal Representation

I A nonstationary image component: tk(x) = ak(x) exp[jϕk(x)].

I Modulation domain signal model:

t(x) =

K∑

k=1

tk(x) =

K∑

k=1

ak(x) exp[jϕk(x)].

I AM: ak(x)

• local texture contrast.

I FM: ∇ϕk
• local texture orientation and granuliarity.



AM-FM Signal Components

I Steerable Pyramid:

I Image:

(a) (b) (c)

(d) (e)

Figure 7: Multi-component example. (a) Original mandril image. (b) Reconstruction of dominant
component computed by DCA. (c) 43-component CCA reconstruction. (d),(e) Two of the individual
AM-FM components from the CCA image reconstruction in (c).

for performing phase reconstruction [53]. While it is certainly suboptimal, this algorithm is often

effective in practice, and it was used to compute the AM-FM reconstructions shown in Fig. 2(b),

(e), and (i), as well as those shown in Fig. 7(b)-(e).

Suppose that we want to reconstruct the component fk(n1, n2) given modulating function esti-

mates ak(n1, n2) and ∇ϕk(n1, n2). For any pixel that does not lie in the uppermost row or leftmost

column of the image, we can easily obtain independent horizontal and vertical estimates of the

phase using a first-order Taylor series approximation for the derivative and truncating the higher

order terms. Averaging these two estimates, we have

ϕk(n1, n2) =
1

2
[ϕk(n1 − 1, n2) + Uk(n1 − 1, n2) + ϕk(n1, n2 − 1) + Vk(n1, n2 − 1)] , (30)

where ∇ϕk(n1, n2) = [Uk(n1, n2) Vk(n1, n2)]T as defined in (2) and (3). Eq. (30) can be used to
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Nonlinear Demodulation Algorithm

I AM-FM image component:

tk(x) = ak(x) exp[jϕk(x)]

I Interpolate tk(x) with a cubic tensor product spline.

I FM: local texture orientation and granuliarity:

∇ϕk(x) = Re

[∇tk(x)
jtk(x)

]

I AM: local texture contrast:

ak(x) = |tk(x)|



Modulation Domain Signal Processing
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Orientation Selective Attenuation

• Best LTI filtering result:

• Modulation domain filtering result:



FM Processing Examples

• Least squares phase reconstruction:

• Spline-based phase reconstruction:



Lena Example



Barbara Example


