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Preface
This book and its accompanying CD-ROM are the result
of almost 10 years of work that originated from, and
was guided by, the premise that signal processing is
the best starting point for the study of both electrical
engineering and computer engineering. In the summer
of 1993, two of us (J. H. McC and R. W. S) began to
develop a one-quarter course that was to become the first
course for Georgia Tech computer engineering students,
who were at that time following an overlapping, but
separate, curriculum track from the electrical engineering
students in the School of ECE. We argued that the
subject of digital signal processing (DSP) had everything
we wanted in a first course for computer engineers: it
introduced the students to the use of mathematics as
a language for thinking about engineering problems; it
laid useful groundwork for subsequent courses; it made
a strong connection to digital computation as a means for
implementing systems; and it offered the possibility of
interesting applications to motivate beginning engineers
to do the hard work of connecting mathematics and
computation to problem solving.

We were not the first to have this idea. In particular,
two books by Professor Ken Steiglitz of Princeton
University had a major impact on our thinking. 1 The
major reasons that it was feasible in 1993 to experiment
with what came to be known at Georgia Tech as the
"DSP First" approach were: (I) the easy accessibility
of increasingly powerful personal computers and (2) the
availability of MATLAB, a powerful and easy-to-use
software environment for numerical computation.
Indeed, Steiglitz' s 1972 book was well ahead of its
time, since DSP had few practical applications, and even
simple simulations on then-available batch processing
computers required significant programming effort. By
the early 1990s, however, DSP applications such as
CD audio, high-speed modems, and cell phones were
widespread due to the availability of low-cost "DSP
chips" that could perform extensive computation in
1An Introduction to Discrete Systems, John Wiley & Sons, 1972,
and A Digital Signal Processing Primer: With Applications to
Computer Music, Addison-Wesley Publishing Company. 1996.
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"real time." Thus, integrated circuit technology was
the driving force that simultaneously provided the
wherewithal both for a convenient PC-based laboratory
experience for learning DSP and for creating a climate
of applications that provided motivation for that study.
From the beginning, we believed that "hands-on"
experience with real signals was crucial.
This is
provided by a "laboratory" based on MATLAB nmning
on PCs. In the laboratory assignments, students gain
direct reinforcement from hearing and seeing the effects
of filtering operations that they have implemented on
sound and image signals. They synthesize music from
sinusoids, and they see that those same sinusoids are
the basis for the data modems that they use routinely to
access the Internet. We also found that MATLAB made
it possible to quickly develop demonstration programs
for visualizing and clarifying complicated mathematical
concepts. By 1995, we had written notes covering the
topics in our course, and we had amassed a large amount
of computer-based supporting material. Mark Yoder,
while on sabbatical leave from Rose-Hulman, had the
idea to put all of this material in a form that other teachers
(and students) could access easily. That idea led to a CDROM that captured the entire contents of our course web
site. It included demonstrations and animations used in
classes, laboratory assignments, and solved homework
problems. As teachers, this material has changed the way
we present ideas, because it offers new ways to visualize a
concept "beyond the equations." Over the years, our web
site has continued to grow. We anticipate that this growth
will continue. and that users of this material will see new
ideas take shape in the fom1 of additional demos and labs.
In 1998, all of this material was packaged together in a
textbook/CD-ROM, and we gave it the descriptive title
DSP First: A Multimedia Approach.
No sooner had we finished DSP First, then Georgia
Tech switched from a quarterly system to semesters,
and our expanded course became "Signal Processing
First," the first course for computer engineers and
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electrical engineers. However, we fou nd ourselves
with a textbook that only covered two-thirds of the
material that we needed to include for the semesterlong, required signals and systems core course in
our semester curriculum.2 This led to another four
years of development that included four new chapters
on continuous-time sjgnal processing and the Fourier
transform; many new laboratory assignments in areas
such as filtering, Fourier series, and analog and digital
communications; many new demos and visualizations;
hundreds of new homework problems and solutions; and
updates of many of our original computer demos.
The present text is our effort to implement an expanded
version ofour basic philosophy. It is a conventional book,
although, asourtitle Signa/ Processing First suggests, the
distinguishing feature of the text (and the accompanying
CD-ROM) is that it presents signal processing at a level
consistent with an introductory ECE course, i.e., the
sophomore level in a typical U.S. university. The list
of topics in the book is not surprising, but since we
must combine signal processing concepts with some
introductory ideas. the progression of topics may strike
some teachers as unconventional. Part of the reason
for this is that in the electrical engineering curriculum,
signals and systems and DSP typical Iy have been treated
as junior- and senior-level courses, for which a traditional
background of linear circuits and linear systems is
assumed. We continue to believe strongly that there are
compelling reasons for turning this order around, since
the early study of signal processing affords a perfect
opportunity to show e lectrical and computer engineering
students that mathematics and digital computation
can be the key to understanding familiar engineering
applications. Furthermore, this approach makes the
subject much more accessible to students in other
2 DSP First, which remains in print. is still appropriate for a
quaner-length course or for a ••signal processing lite" course in nonECE fields. 11tls book is currently under revision along the lines of
changes in Chapters 1- 8 of Signal Processing First.
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majors such as computer science and other engineering
fields. This point is increasingly important because nonspecialists are beginning to use DSP techniques routinely
in many areas of science and technology.
Signal Processing First is organized to move from
simple continuous-time sinusoidal signals, to discretetime signals and systems, then back to continuoustime, and finally, the discrete and continuous are
mixed together as they often are in real engineering
systems. A look at the table of contents shows that
the book begins very simply (Chapter 2) \vith a detailed
discussion of continuous-time sinusoidal signals and
their representation by complex exponentials. This is a
topic traditionally introduced in a linear circuits course.
We then proceed to introduce the spectrum concept
(Chapter 3) by considering sums of sinusoidal signals
with a brief introduction to Fourier series. At this
point we make the transition to discrete-time signals by
considering sampled sinusoidal signals (Chapter 4). This
allows us to introduce the important issues in sampling
without the additional complexity of Fourier transforms.
Up to this point in the text, we have only relied on the
simple mathematics of sine and cosine functions. The
basic linear system concepts are then introduced with
simple FIR fi lters (Chapter 5). The key concept of
frequency response is derived and interpreted for FlR
filters (Chapter 6), and then we introduce z-Lransforrns
(Chapter 7) and llR systems (Chapter 8). The first eight
chapters arc very sinularto the those of DSP First. At this
point, we return ro continuous-time signals and systems
with the introduction of convolution integrals (Chapter 9)
and then frequency response for continuous-time systems
(Chapter I 0). This leads naturally to a discussion of
the Fomier transform as a general representation of
continuous-time signals (Chapter 11 ). The last two
chapters of the book cap off the text with discussions
of applications of the concepts discussed in the early
chapters. At this stage, a student who has faithfully
read the text, worked homework problems, and done the
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laboratory ac;signments related to the early chapters will
be rewarded with the ability to understa11d applications
involving linear filtering, amplitude modulation, the
sampling theorem and discrete-time fi ltering, and
spectrum analysis.
At Georgia Tech, our sophomore-level, 15-week
course covers most of the content of Chapters 2-12
in a format involving two one-hour lectures, one 1.5
hour recitation, and one l .5 hour laboratory period per
week. As mentioned previously, we place considerable
emphasis on the lab because we believe that it is essential
for motivating our students to learn the mathematics of
signal processing, and because it introduces our students
to the use of powerful software in engineering analysis
and design. At Rose-Hulman, we use Signal Processing
First in a junior-level, I0-week course that covers
Chapters 4-13. The Rose format is four one-hour lectures
per week. The students use Mlu'LAB throughout the
course, but do not have a separate laboratory period.
As can be seen from the previous discussion, Signal
Pivcessing First is not a conventional signals and systems
book. One difference is the inclusion of a significant
amount of material on sinusoids and complex phasor
representations. Tn a traditional electrical engineering
curriculum, these basic notions arc covered under the
umbrella of linear circuits taken before studying signals
and systems. Indeed, our choice of title for this book
and its ancestor is designed to emphasize this departure
from tradition. An important point is that teaching
signal processing first also opens up new approaches
to teaching linear circuits, since there is much to build
upon that will allow redirected emphasis in the circuits
course. At Georgia Tech, we use the fact that students
have already seen phasors and sinusoidal steady-state
response to move more quickly from resistive circuits
to AC circuits. Furthermore, students have also seen the
important concepts of frequency response and poles and
zeros before studying linear circuits. This allows more
emphasis on circuits as linear systems. For example, the
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Laplace transform is used in the circuits course as a tool
for solving the particular systems problems associated
with linear circuits. This has resulted in a new textbook
with accompanying CD-ROM co-authored by Professors
Russell Mersereau and Joel Jackson.3
A second difference from conventional signals and
systems texts is that Signal Processing First emphasizes
topics that rely on "frequency domain" concepts. This
means that topics like Laplace transforms, state space,
and feedback control, are absent. At Georgia Tech,
these topics are covered in the required linear circuits
course and in a junior-level "tier two" course on control
systems. Although our text has clearly been shaped by
a specific point of view, this does not mean that it and
the associated CD-ROM can only be used in the way
that they ar:e used at Georgia Tech. For example, at
Rose-Hulman the material on sinusoids and phasors is
skipped in a junior-level course because students have
already had this material in a circuits course. This allows
us to cover the latter part of the text in one quarter.
Indeed, by appropriate selection of topics, our text can
be used for either a one-quarter or one-semester signals
and systems course that emphasizes communications
and signal processing applications from the frequency
domain po int of view. For most electrical engineering
curricula, the control-oriented topics would have to be
covered elsewhere. ln other curricula, such as computer
science and computer engineering, Signal Processing
First emphasizes those topics that are most relevant to
multimedia computing, and the control-oriented topics
are generalJy not a required pan of the curriculum. This is
also likely to be true in other engineering fields where data
acquisition and frequency domain analysis is assuming a
prominent role in engineering analysis and design. 4
3 R. M. Mersercuu and J. R. .Jackson, Cirrnits: A Systems
Perspective, to be published. by Pearson Prentice Hall Pearson
Education, Tnc.
4
Note that the latter chapters of Signal Processing First require a
calculus background. On the: other hand, DSP First does not.
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The CD-ROM that accompanies the present text
contains all of the material that we currently use i n
teaching our one-semester first course for sophomore
electrical and computer engineering students. This
type of material has become a common supplement for
lecturing in an age where "computers in education" is the
buzz word. These new forms of computer-based media
provide powerful ways to express ideas that motivate
our students in their engineering education. A.-. authors,
we continue to experiment with different modes of
presentation, such as the narrations and movies on the
accompanying CD-ROM, along with the huge archive
of solved problems. ln the original DSP First CDROM we noticed that finding material was a challenge,
so we have provided a search engine on this CD-ROM
in order to make is easy to find relevant material from
keyword.-. searches. Now, for example, if you want to
know why firfilt. m is in the S P-First Toolbox, you
can just search for firfilt. . m and see all the labs and
homework that use it.
This text and its associated CD-ROM repre:sents an
untold amount of work by the three authors and many
students and colleagues. Fortunately, we have been able
10 motivate a number of extremely talented students to
contribute to this project. Of the many participants,
five students w ho served as award-winning teaching
assistants over many terms provided essential material
to the CD-ROM . Jeff Schodorf developed the original
aliasing and reconstruction demos for Chapter 4, and did
much of the early organization of all the DS P Fin·r CDROM demos along with Mark Yoder. David Anderson
apprenticed with Jeff and then took over the course as its
primary TA. David contributed new labs and redesigned
the DSP First lab format so that the CD-ROM version
would be easy to use. Jordan Rosenthal developed a
consistent way to write GUis that has now been used
in all of our demonstrations. Many other students have
benefited from his extraordinary MATLAB expertise.

PREFACE
Greg Krudysz wrote the CON2DIS demo and has now
taken over the primary role in developing GUis.
In addition, many undergraduates have implemented
MATLAB programs, graphical user interfaces (GUis),
and demos that are an important part of this CD-ROM.
Most notably, Craig Ulmer developed PeZ as a multiyear undergraduate research project and contributed
some of the other GUis used in the labs. Koon Kong
overhauled PeZ for later versions of MATLAB. Joseph
Stanley made our first movie, the tuning fork movie.
Amer Abufadel developed the image filtering demo
for Chapter 6. Emily Eaton wrote the Music GUI
and provided many of the musical scores and piano
performances needed for the songs in the labs. Rajbabu
Velmurugan improved the Music GUI and provided last
minute updates for all the GUis labs. Janak Patel wrote
most of help files for the GUis. Greg Slabaugh wrote the
Fourier series demo as a JAVA applet, and Mustayeen
Nayeem converted it into the MATLAB Fourier series
demo. Budyanto Junus wrote the first LTI demo. Mehdi
Javaramand developed parts of the Phasor Races
GUI. Sam Li has participated in the development of
many parts of the labs. He, Arthur Hinson, and Ghassan
AI-Regib also developed many questions for the pre-labs
and warm-ups in the labs. Kathy Harrington created
lists of keywords for searching homework problems and
edited an extensive set of frequently asked questions
for the labs. Bob Paterno recorded a large number of
tutorial movies about MATLAB.
During the past few years many professors have
participated in the sophomore course ECE-2025 at
Georgia Tech as lecturers and recitation instructors.
Many of them have also written problem solutions that
are included on this CD-ROM. We an indebted to the
following for permitting us to include their solutions:
Randy Abler, Yucel Altunbasak, John Bordelon, Giorgio
Casinovi, Russ Callen, Kate Cummings, Richard
Dansereau, Steve DeWeerth, Michael Fan, Bruno Frazier,
Faramarz Fekri, Elias Glytsis, Monty Hayes, Bonnie
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Heck, Mary Ann Ingram, Paul Hasler, Chuanyi Ji, Aaron
Lanterman, Russell Mersereau, Geofferey Li, Steve
McLaughlin, Mohamed Moad, Bill Sayle, Mark Smith,
Whit Smith, David Taylor, Erik Verriest, Doug Williams,
Tony Yezzi, and Tong Zhou.
We are also indebted to Wayne Padgett and Bruce
Black, who have taught ECE-280 at Rose-Hulman and
have contributed many good ideas.
We also want to acknowledge the contributions or
our Publisher, Tom Robbins at Pearson Prentice Hall.
Very early on, he bought into the concept of DSP
First and supported and encouraged us at every step
in that project and its continuation. He also arranged
for reviews of the text and the CD-ROM by some
very thoughtful and careful reviewers, including Filson
Glantz, S. Hossein Mousavinezhad, Geoffrey Orsak,
Mitch Wilkes, Robert Strum, James Kaiser, Victor
DeBrunner, Timothy Schultz, and Anna Baraniecki.
Finally, we want to recognize the understanding and
support of our wives (Carolyn McClellan, Dorothy
Schafer, and Sarah Yoder). Carolyn's photo of the cat
Percy appears on the cover after undergoing some DSP.
They have patiently supported us as this seemingly neverending project continued to consume energy and time.
Indeed, this project will continue on beyond the present
text and CD-ROM since there are just too many ideas yet
to explore. That is the appeal of the computer-based and
Web-based approach. It can easily grow to incorporate
the innovative visualizations and experiments that others
will provide.

J. H. McC
R.W.S.
M.A.Y.
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Introduction
This is a book about signals and systems. In thjs age
of multimedia computers, audio and video entertajnment
systems. and digital communication systems. it is almost
certain that you, tbe reader of this text, have formed
some impression of the meaning of the terms signal and
system , and you probably use the tem1s often in daily
conversation.
[t is likely that your usage and understanding of the
terms are correct within some rather broad definitions.
For example, you may think of a signal as "something"
that carries information. Usually, that something is
a pattern of variations of a physical quantity that can
be marupulated, stored, or transmjtted by physical
processes. Examples include speech signals, auruo
signals, video or image signals, biomedical signals. radar
signals, and seismic signals, to name just a few. An
important point is that signals can take many equivalent
forms or representations. For example, a speech signal

is produced as an acoustic signal, but it can be converted
to an electrical signal by a microphone, or a pattern of
magnetization on a magnetic tape. or even a string of
numbers as in iligital audio recording.
The term system may be somewhat more ambiguous
and subject to interpretation. For example, we often use
"system" to refer to a large organization that administers
or implements some process, such as the "Social Security
system" or the "airline transportation system." However,
we will be interested in a much narrower definition that
is very closely linked to signals. More specifically,
a system, for our purposes, is something that can
manipulate, change, record, or transmit signals. For
example, an audio compact disk (CD) recording stores or
represents a music signal as sequence of numbers. A CD
player is a system for converting the numbers stored on
the disk (i.e., the numerical representation of the signal)
to an acoustic signal that we can hear. ln general, systems
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CHAPTER 1 INTRODUCTION

opemte on signals to produce new signals or new signal
representations.
Our goal in this text is lo develop a framework wherein
it is possible to make precise statements about both
signals and systems. Specifically, we want to show that
mathematics is an appropriate language for describing
and understanding signals and systems. We also want
to show that the representation of signals and systems
by mathematical equations allows us to understand how
signals and systems interact and bow we can design and
implement systems that achieve a prescribed purpose.

1-1

Mathematical Representation of
Signals
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Signals are patterns of variations that represent or encode
information. They have a central role in measurement, in
probing other physical systems, in medical technology,
and in telecommunication, to name just a few areas.
Many signals are naturally thought of as a pattern
of variations in time. A good example is a speech
signal. whid1 initially arises as a pattern of changing
air pressure in the vocal lract. This pattern. of course,
evolves with time, creating what we often caU a time
waveform . Figure 1-1 showsaplotofaspeechwaveform.
In this p lot, the vertical axis represents air pre. sure or
microphone voltage and Lhe horizontal axis represents
time. Notice that there are four plots in the figure
corresponding to four contiguous time segments of the
speech wavefonn. The second plot is a continuation of
the first, and so on, with each graph corresponding to a
time in1erval of 50 milliseconds (msec).
The speech signal in Fig. 1-1 is an example of a
one-dimensional continuous-time signal. Such signals
can be represented mathematically as a function of a
single independent variable, which is normally denoted t.
Although in this pa11icular case we cannot write a simple

Figure 1-1: Plot of part of a speech signal. This signal
can be represented as a function of a single (time) variahle,
s(t). TI1eshaded region is shown in more detail in Fig. 1-2.

equation that describe the graph of Fig. 1-1 in tenns
of fami liar mathematical functions. we can nevertheless
associate a function s(I) with the graph. Indeed, the
graph itself can be taken as a definition of the function
Lhat assigns a number s(t) to each instant of time (each
value of t).
Many, if 1101 most, signals originate as continuoustime signals. However, for a variety of reasons that
will become increasingly obvious as we progress through
this text, it is often desirable to obtain a discretetime representation of a signal. This can be done by
sampling a continuous-time signal at isolated, equally
spaced points in time. The result is a sequence of numbers
that can be represented as a function of an index variable
that takes on only discrete values. This can be represented
mathematically as s[n] s(n T.s), where n is an integer;

=
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Figure 1-2: Example of a discrete-time signal that can be
represented by a one-dimensional sequence or function
of a discrete variable. Signal samples are taken from the
shaded region of Fig. 1-1.
Figure I-3: Example of a signal that can be represented
by a function of two spatial variables.

i.e., {. .. , -2, - 1. 0, I , 2, ... }, and Ts is the sampling
period. 1 This is, of course, exactly what we do when we
plot values of a function on graph paper or on a computer
screen. We cannot evaluate the fu nction at every possible
value of a continuous variable, only at a set of discrete
points. Intuitively, we know that the closer the spacing
of the points, the more the sequence retains the shape
of the original continuous-variable function. Figure 1-2
shows an example of a short segment of a discrete-time
signal that was derived by sampling the speech wavefonn
of Fig. 1- 1 with a sampling period of T. = 1/8 msec. In
this case. a vertical line with a dot at the end shows the
location and the size of each of the isolated sequence
values.
While many signals can be thought of as evolving
patterns in time. many other signals are not rime-varying
patterns. For example. an image formed by focusing
light through a lens is a spatial pattern, and thus is
appropriately represented mathematical) y as a function of
1 Note that our convention will be to use parentheses ( ) to

enclose the independent variable of a continuous-variable function.
and square brackets I l to enclose the independent variable of a
discrete-variable function (sequence}.

two spatial variables. Such a signal would be considered,
in general, as a function of two independent variables;
i.e., a picture might be denoted p(x, y). A photograph is
another example, such as the "gray-scale image" shown
in Fig. 1-3. In this case. the value v(x0 • y0 ) represents
the shade of gray at position (xo, Yo) in the image.
lmages such as that in Fig. 1-3 are generally
considered to be two-dimensional continuous-variable
signals, since we normally consider space to be a
continuum.
However, sampling can likewise be
used ro obtain a discrete-variable two-dimensional
signal from a continuous-variable two-dimensional
signal. Such a two-dimensional discrete-variable signal
would be represented by a two-dimensional sequence
or an ~may of numbers. and would be denoted
prm, 11 I = p(m6.r, 116,.), where both m and n would
take on only integer values, and 6 .r and 6.r are the
horizontal and vertical sampling periods. respectively.
Two-dimensional functions are appropriate mathematical representations of still images that do not change
with time; on the other hand, videos are time-varying
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images that would require a third independent variable
for time; i.e., v (x. y, t). Video signals are intrinsically
three-dimensional, and, depending on the type of video
system, either two or all three variables may be discrete.
Our purpose in this section has been simply to
introduce the idea that signals can be represented by
mathematical functions. Although we will soon see that
many familiar functions are quite valuable in the study
of signals and systems, we have not even attempted to
demonstrate that fact. Our sole concern is to make the
connection between functions and signals, and, at this
point, functions simply serve as abstract symbols for
signals. Thus, for examp le, now we can refer to ..the
speech signal s(f)" or ' 'the sampled image p[m, n]."
Although this may not seem highly significant, we wilJ
see in the next section that it is indeed a very important
step toward our goal of using mathematics to describe
signals and systems in a systematic way.
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Figure J-4: Output of a squarer system for the speech
signal input of Fig. 1-1 . The squarer system is defined by
tbe equation y(t) [x(t)J 2

=
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Mathematical Representation of
Systems

As we have already suggested, a system is something that
transforms signals into new signals or different signal
representations. T his is a rather abstract definition, but
it is usefu l as a starting point. To be more specific, we
say that a one-dimensional continuous-time system takes
an input signal x (l ) and produces a corresponding output
signal y(t). This can be represented mathematically by
y(t)

= T {x(t)l

( l.l)

which means that the input signal (waveform, image, etc.)
is operated on by the system (symbolized by the operator
T) to produce the output y (t). While this sounds very
abstract at first, a simple example will show that this need
not be mysterious. Consider a system such that the output

signal is the square of the input signal. The mathematical
description of this system is simply
y(t )

= [x(t ) J2

(1.2)

which says that at each time instant the value of the output
is equal to the square o f the input signal value at that
same time. Such a system would logically be termed a
"squarer system." Figure 1-4 shows the output of the
squarer for the input of Fig. 1- l . As would be expected
from the properties of the squ aring operation, we see
that the output signal is always nonnegative and the large
signal values are emphasized relative to the small signal
values.
The squarer system defined by ( 1.2) is an example of
a continuous-time system ; i.e., a system whose input
and output are continuous-time signals. Can we build a
physical system that acts like the squarer system'? The

1-3 THINKING ABOUT SYSTEMS

x~(r)

5

= T(x(r)}

Ideal

- ~

C-to-D

Converter
Figure 1-5:
Block diagram representation of a
continuous-time system.
Figure 1-6: Block diagram representation of a sampler.

answer is that the system of ( 1.2) can be approximated
through appropriate connections of electronic circuits.
On the other hand, if the input and output of the system
are both discrete-time signals (sequences of numbers)
related by
y[n]

= (x[n])2

(1.3)

then the system would be a discrete-time system . The
implementation of the discrete-time squarer system
would be trivial; one simply multiplies each discrete
signal value by itself.
In thinking and writing about systems, it is often
useful to have a visual representation of the system. For
this purpose, engineers use block diagrams to repre ent
operations performed in an implementation of a system
and to show the interrelations among the many signals
that. may exist in an implementation of a complex system.
An example of the general form of a block diagram is
shown in Fig. 1-5. What this diagram shows is simply
that the signal y(t) is obiained from the signal x (t) by
the operation T[ ).
Another example of a system was suggested earlier
when we discussed the sampling relationship between continuous-time signals and discrete-time signals.
Therefore, we would define a sampler as a system whose
input is a continuous-time signal x(t) and whose output
is the corresponding sequence of samples, defined by the
equation
x [n]

= x(nTs)

(l.4)

which simply states that the sampler "takes an
instantaneous snapshot" of the continuous-time input
signal once every Ts seconds. Thus, the operation of
sampling fits our defini tion of a system, and it can be
represented by the block diagram in Fig. l-6. Often we
will refer to the sampler system as an "ideal continuousto-discrete converter" or ideal C-to-D converter. In this
case, as in the case of the squarer, the name that we give to
the system is reall y just a description of what the system
does.

1-3 Thinking About Systems
Block diagrams are useful for representing complex
systems in terms of simpler systems, which are more
easily understood. For example, Fig. 1-7 shows a
block diagram representation of the process of recording
and playback o f an audio CD. This block diagram
breaks the operation down into four subsystems. The
first operation is A-to-D (analog-to-digital) conversion,
which is a physical approximation to the ideal C-toD converter defined in (J.4). An A-to-D converter
produces finite-precision numbers as samples of the input
signal (quantized to a limited number of bits), while the
ideal C-to-D converter produces samples with infinite
precision. For the high-accuracy A-10-D conveners used
in precision audio systems, the difference between an
A-lo-D convener and our idealized C-to-D converter is
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x(t)

A-Lo-0

Converter

x lnJ

Optical
Disk
Writer

CD

Optical
Disk
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xf11J

INTRODUCTION

D -10-A

Converter

x< t)

~

Figure 1-7: Simplified block diagram for recording and playback of an audio CD.

slight, but the distinction is very important. Only finiteprecision quantized sample values can be stored in digital
memory of finite size!
Figure 1-7 shows that the output of the A-to-D
converter is the input to a system that writes the
numbers x [n] onto the optical disc. This is a complex
process, but for our purposes it is sufficient to simply
show it as a single operation. Likewise, the complex
mechanical/optical system for reading the numbers off
the optical disk is shown as a single operation. Finally,
the conversion of the signal from discrete-time fonn to
continuous-time (acoustic) form is shown as a system
called a D-to-A (digital-to-analog) converter. This
system takes fin ite precision binary numbers in sequence
and fiJJs in a continuous-time function between the
samples. The resulting continuous-time signal could then
be fed to other systems, such as amplifiers, loudspeakers.
and headphones, for conversion to sound.
Systems like the CD audio system are all around us.
Most of the time we do not need to think about how such
systems work, but this example illustrates the value of
thinking about a complex system in a hierarchical form.
In this way. we can first understand the individual parts,
then the relationship among the parts, and finally the
whole system. By looking at the CD audio system in
this manner, we see that a very important issue is the
conversion from continuous-time to discrete-time and
back to continuous-time, and we see that it is possible
to consider these operations separately from the other
parts of the system. The effect of connecting the parts is

then relatively easy to understand. Details of some parts
can be left to experts in other fields who, for example,
can develop more detailed breakdowns of the optical disk
subsystems.

1-4 The Next Step
The CD audio system is a good example of a discretetime system. Buried inside the blocks of Fig. l-7
are many discrete-time subsystems and signals. While
we do not promise to explain all the details of CD
players or any other complex system, we do hope
to establish the foundations for the understanding of
discrete- and continuous-time signals and systems so
that this knowledge can be applied to understanding
component of more complicated systems. In Chapter 2,
we will tart at a basic mathematical level and show
how the well-known sine and cosine functions from
trigonometry play a fundamental role in signal and
system theory. Next, we will show how complex numbers
can simplify the algebra of trigonometric functions.
Subsequent chapters wi ll introduce the concept of the
frequency spectrum of a signal and the concept of
filtering with a linear time-invariant system. By the
end of the book, the diligent reader who has worked
the problems, experienced the demonstrations, and done
the laboratory exercises will be rewarded with a solid
understanding uf many of the key concepts underlying the
digital multimedia information systems that are rapiclJy
becoming commonplace.

C H A

T E R

Sinusoids
We begin our discussion by introducing a general class
of signals that are commonly called cosine signals or.
equivalently, sine s(qnals. 1 Collectively, such signals are
called sinusoidal signals or, more concisely, sinusoids.
Although sinusoidal signals have simple mathematical
representations, 1hey are the most basic signals in the
theory of signals and systems, and it is importanr 10
become fami liar with their prope11ies. The most general
mathematical formula for a cosine signal is
x(t)

= A cos(w0 t + </>)

continuous-time signal, we typically use a function
whose independent variable is t, a continuous variable
that represents time. From (2. 1) it follows that x(t)
is a mathematical function in which the angle of the
cosine function is, in turn, a function of the variable t.
The parameters A, Wo, and <f, are fixed numbers for a
particular cosine i,ignal. Specifically, A is called the
amplitude, wo the radian frequency, and cl> the phase
shift of the cosine signal.
Figure 2-1 shows a plot of the continuous-ti me cosine
signal

(2. 1)

x(t)

where cos(·) denotes the cosine function that is familiar
from the study of trigonometry. When defining a

= IO cos (2rr(440)r -

0.4rr)

i.e., A= 10, wo = 2Jr(440), and <f, = -0.4n in (2.1).
Note that x(r) oscillates between A and -A. and that it
repeats the same pattern of oscillations every I/440 =
0.00227 sec (approximately). This time interval is called
the period of the sinusoid. We wiJI show later in this

1
It is also common to refer to cosine or sine signals a~ cosine
or sine waves, particularly when referring Lo acoustic or electrical
signals.
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x(I)-~ ~
-10'
-><-...>L.......__:"-_l,l~
o...ll.....l,l____J,L__ll._
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15
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Figure 2-1: Sinusoidal signal generated from the
formula: x(t) = l0cos(2n(440)t - 0.4n).

chapter that most features of the sinusoidal wavefonn
are directly dependent on the choice of the parameters A,
wo, and ¢.

2-1

Tuning Fork Experiment

One of the reasons that cosine waves are so important
is that many physical systems generate signals that can
be modeled (i.e., represented mathematically) as sine or
cosine functions versus time. Among the most prominent
of these are signals that are audible to humans. The tones
or notes produced by musical instruments are perceived
as different pitches. Although it is an oversimplification
to equate notes to sinusoids and pitch to frequency, the
mathematics of sin usoids is an essential fi rst step to
understanding complicated sound signals.
To provide some motivation for our study of sinusoids,
we will begin by considering a very simple and fami liar
system for generating a sinusoidal signal. This system is
a tuning fork, an example of which is shown in Fig. 2-2.
When struck sharply, the tines of the tuning fork vibrate
and emit a "pure" tone. This tone is at a single frequency,
which is usuaUy stamped on the tuning fork. It is common
to find "A-440" tuning forks, because 440 hertz (Hz) is
the frequency of A above middle C on a musical scale,
and is often used as the reference note for tuning a piano

Figure 2-2: Picture of a tuning fork and a microphone.

and other musical instruments. lf you can obtain a tuning
fork, perform the following experiment:
Strike the tuning fork against your knee, and
then hold it close to your ear. You should hear
a distinct "hum" at the frequency designated
for the tuning fork. The sound will persist for
a rather long time if you have struck the tuning
fork properly; however, it is easy to do this
experiment incorrectly. If you hit the tuning
fork sharply on a hard surface such as a table,
you will hear a high pitched metallic "ting"
sound. This is not the characteristic sound that
you are seeking. lf you hold the tuning fork
close to your ear, you will hear two tones: The
higher-frequency "ting'' will die away rapidly,
and then the lower-frequency "hum" will be
heard.
DEMO: Tuning Fork

With a microphone and a computer equipped with an
A-to-D converter, we can make a digital recording of the

2-2

signal produced by the tuning fork. The microphone
converts the sound into an electrical signal, which in
turn is converted to a sequence of numbers stored in the
computer. Then these numbers can be plotted on the
computer screen. A typical plot is shown in Fig. 2-3 for
an A-440 tuning fork. In this case, the A-lo-D converter
sampled the output of the microphone at a rate of
5563.6 samples/sec.2 The upper plot was constructed by
connecting the sample values by straight lines. It appears
that the signal generated by the tuning fork is very much
like the cosine signal of Fig. 2-1. It oscillates between
symmetric limits of amplitude and it also repeats periodically with a period of about 2.27 msec (0.00227 sec). As
we will see in Section 2-3.1 , this period is proportional
to the reciprocal of WQ ; i.e.. 2rr/ (2rr(440)) ~ 0.00227.
This experiment shows that common p hysical systems
produce signals whose graphical representations look
very much like cosine signals; i.e., they look very much
like the graphical plots of the mathematical functions
defined in (2. 1). Later, in Section 2-7, we will add
further credence to the sinusoidal model for the tuning
fork sound by showing that cosine functions arise as
solutions to the differenti al equation that (through the
laws of physics) describes the motion of the tuning fork's
tines. Before looking at the physics of the tuning fork,
however, we should become more fami liar with sinusoids
and sinusoidal signals.

2-2
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REVJEW OF SINE AND COSINE FUNCTIONS

Review of Sine and Cosine
Functions

Sinusoidal signals are defined in terms of the familiar sine
and cosine functions of trigonometry. A brief review of
the properties of these basic trigonometric functions is
useful, since these properties determine the properties of
sinusoidal signals.
2Tois rate is one-quarter of the A-to-D conversion rnte on a
Macintosh computer.

A-440 Tuning Fork Signal
0.5
0

--0.5
0

5

JO
15
Time t (msec)

20

25

Sample Values at 5563.6 Hz

0

2

3

Time I (msec)

Figure 2-3: Recording of an A-440 tuning fork signal
sampled at a sampling rate of 5563.6 samples/sec. The
bottom plot, which consists of Lhe first 3.6 msec taken
from the top plot. shows the individual sample values (as
circles).

The sine and cosine functions are often introduced
and defined through a diagram like Fig. 2-4. The
trigonometric fu nctions sine and cosine take an angle as
their argument. We often think of angles in degrees, but
where sine and cosine functions are concerned, ang les
must be dimensionless. Angles are therefore specified
in radians. If the angle 0 is in the first quadrant
(0 .::: 0 < 1r /2 rad), then the sine of 0 is the length y of
the side of the triangle opposite the angle B divided by the
length r of the hypotenuse of the right triangle. Similarly,
the cosine of B is the ratio of the length of the adjacent
side x to the length of the hypotenuse.
Note that as 0 increases from 0 to 1T /2, cos B decreases
from 1 to 0 and sin 0 increases from 0 to I. When the

10
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Table 2-1: Basic prope11ies o f the sine and cosine functions.

Property
Equivalence
Periodicity
Evenness of cosine
Oddness of sine
Zeros of sine
Ones of cosine

Equation
sin 0 = cos(B - rr /2) or cos(B) = sin(0 + rr /2)
cos(0 + 2rrk) = cos 0, when k is ao integer
cos( - 0) = cos 0
sin(-0) = - sin 0
sin(rrk) = 0, when k is an integer
cos(2rrk) = I , when k is an integer.

Minus ones of cosine

cosI2rr (k

+ ½)] = -1, when k is an integer.
+ I and -

. 0

sin

= -yr

=>
cos 0

y

= r sin0

1, and they repeat the same pattern periodica!Jy
with period 2rr. Furthermore, the sine function is an
odd function of its argument, and the cosine is an even
function. A summary of these and other properties is
presented in Table 2-1.

= -X,.

==>

x

= rcos0

X

Figure 2-4: Definition of sine anti cosine of an angle 0
within a right triangle.

oi~ (\ (\ (\
~--0-I~-~~-~--~-~~.sfV V V~--~\

j

- ~

angle is greater than rr /2 radians, lhe aJgebraic signs of x
and y come into play, x being negative in the second
and third quadrants and y being negative in the third
and fourth quadrants. This is most easily shown by
plotting the values of sin 0 and cos 0 as a function of
0, as in Fig. 2-5. 3 Several features of these plots are
worthy of comment. The two functions have exactly
the same shape. Indeed, the sine function is just a
cosine function that is shifted to the right by rr / 2; i.e.,
sin 0 = cos(0 - rr/2). Both functions oscillate between
31t is a good idea to memorize the form of these plots. and to be
able to sketch them accurately.

- b

- rr
O
rr
Angle 0 (radians)

b

~

§:0-~M
·
Jl
~
0
u

-0.S
- l ~--~-~~-~--~-~-~~
- 3rr - 2rr - rr
O
rr
2ir
3rr
Angle 0 (radians)

Figure 2-5: Sine and cosine functions plotted versus
angle 0 . B oth functions have a period of 2n:.
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Table 2-2: Some basic trigonometric identities.
Number

Equation
2

+ cos

2

sin 0

2
3
4
5

cos 20 = cos 0 - sin 2 0
sin 20 = 2sin0cos0
sin(a ± /3)
sin a cos fJ ± cos a sin fJ
cos(a ± /J) = cos a cos fJ =i= sin er sin fJ
2

=

Clearly, the sine and cosine functions are very
closely related. T his often leads to opportunities for
simplification of expressions involving both sine and
cosine functions. In calculus, we have tJ1e interesting
property that the sine and cosine functions are derivatives
of each other:

d0

and

d cos0
.
--=
-sm0
d0

That is, the cosine function gives the slope of the sine
function, and the sine function is the negative of the slope
of the cosine function. In trigonometry, there are many
identities that can be used in simplifying expressions
involviug combinations of sinusoidal signals. Table 2-2
gives a brief table of trigonometric identities that will
be useful. Recall from your study of trigonometry that
these identities are 1101 independent; e.g., identity 3 can
be obtained from identity 4 by substituting a= fJ = 0.
Also, these identities can be combined to derive other
identities. For example, combining identity I with
identity 2 leads to the identities
2

Use trigonometric identity
#5 to derive an expression for cos 80 in terms of cos 90,
cosW. and cos 0.

lJ = l

l

d sin 0
- - =cos0

~ EXERCISE 2.1:

cos 0 = ½(l

+ cos 20)

sin2 0 = ½(1 - cos20)
A more extensive table of trigonometric identities may
be found in any book on trigonometry or in a book of
mathematical tables.

~

NOTE: Solutions to all Exercises are on the CD
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Sinusoidal Signals

The most general mathematical formula for a sinusoidal
time signal is obtained by making the argument (i.e.. the
angle) of the cosine function be a function of t. The
following equation gives two equivalent forms:
x(t)

= A cos(wot + q,) =

A cos(2rrfot

+ ¢)

(2.2)

=

T he two fom1s are related by defining wo 2rrfo. In
either form given in (2.2), there are three i ndependent
parameters. The names and interpretations of these
parameters are as follows:
(a) A is called the amplitude. The amplitude is a scaling
factor that determines how large the cosine signal
will be. Since the function cos O oscillates between
+ I and - 1, the signal x(t) in (2.2) oscillates
between + A and - A.
(b) <I> is called the phase shift . The units of phase shi ft
must be radians, since the argument of the cosine
must be in radians. We will generally prefer to use
the cosine function when defi ning the phase shift. [f
we happen to have a fonnula containing sine, e.g.,
x(t)
A sin(wot +¢'), then we can rewrite it in
terms of cosine if we use the equivalence property
in Table 2- 1. The result is:

=

+ <J,' - rr /2)
so we define the phase shift to be <J, = <J,' - rr /2 i n
x(t)

= A sin (Wot + ¢ ') =

A cos(wot

(2.2). For simplicity and to prevent confusion, we
often avoid using the sine function.

CHAPTER 2 SINUSOIDS
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(c) wo is called the radian frequency . Since the
argument of the cosine function must be in radians,
which is dimensionless, the quantity wot must
likewise be dimensio11less. Thus, wo must have
units of rad/sec if t has units of sec. Similarly,
.fo = euo/2n: is called the cyclic freq11e11cy, and Jo
must have units of sec- 1•

®

x(1)

10 V \ / \ / \
20

o

-10
-20~- ~ - -~ ~ -- - ~ ~ - - - -0.02
0
0.02
0.04
Time t (sec)

Figure 2-6: Sinusoidal signal with parameters A
~ = 2rr(40), Jo= 40, and <I>= -0.4,r.

Example 2-1: Plotting Sinusoids

= 20,

Figure 2-6 shows a plot of the signal
x(t)

= 20cos(2n:(40)t -

0.4n:)

(2.3)

In terms of our definitions, the signal parameters are
A= 20, £Vo= 2rr(40). Jo= 40, and¢= -0.4rr. The
dependence of the signal on the amplitude parameter A
is obvious; its maximum and minimum values are +20
and -20, respectively. T he maxima occur at
t

= ... , -0.02, 0.005, 0.03, . ..

the sinusoid determines its period, and the relationship
can be found by examining the following equations:
x(t

=

■

2-3.1

= A cos(wot +

cos(<.vot + woTo + ¢)

= cos(wor + ¢)

woTo = 2rr

==>

= 2rr

==>

(2rr/o)To

.... -0.0325, - 0.0075, 0.0175, ...

:.2,1

A cos(wo(t + To) + ¢)

DEMO: Sinusoids

2rr
To= WO
1

To= -

Jo

(2.4)

=

Since To is the period of the signal, Jo
1/ To is the
number of periods (cycles) per second. Therefore, cycles
per second is an appropriate unit for Jo, and it was in
general use until the 1960s. 4 When dealing with Wo,
the unit of radian frequency is rad/sec. The units of Jo
are often more convenient when describing the sinusoid,
because cycles per second naturally define the period.

Relation of Frequency to Period

T he sinusoid in Fig. 2-6 is clearly a periodic signal. The
period of the sinusoid, denoted by T0 , is the length of
one cycle of the sinusoid . In general, the frequency of

¢)

Since the cosine function has a period of 2rr. the equality
above holds for al l values of r if

and the minima at

T he time interval between successive maxima of the
signal is 1/ Jo 0.025 sec. To understand why the signal
has these properties, we will need to do a bit of analysis.

+ To) = x(t)

·~
4

DEMO: Sine Drill

T he unit hem (abbreviated Hz) was adopted in 1933 by the
Electrotechnical Commission in honor of Heinrich Hertz, who first
demonstrated tbe existence of radio waves.
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(a) Cosine Signal:

Jo = 200 Hz

5
0

-5

-10

-5

0

5

(b) Cosine Signal:

10

15

20

Jo = 100 Hz

5

=

0

-5

length is a shorter time interval. We have already seen in
(2.4) that this is true because the period of a cosine signal
is the reciprocal of the frequency. Note that when the
frequency doubles ( I00 -+ 200), the period is halved.
This is an illustration of the general pri nciple that the
higher the frequency, the more rapid the signal waveform
changes with time. Throughout this book we will see
more examples of the inverse relationship between time
and frequency.
Finally, notice that Jo= 0 is a perfectly acceptable
value, and when this value is used, the resulting signal is
constant (Fig. 2-7(c)), since 5 cos(2TC · 0 · t) 5 for all
values oft. Thus, the constant signal, often called DC,5
is, in fact, a sinusoid of zero frequency.

- 10

-5

0

5

(c) Cosine Signal:

10

15

20

Jo = 0 Hz

2-3.2

Phase Shift and Time Shift

5
0

-5

- 10

-5

0
5
10
Timer (msec)

15

20

=

Figure 2-7: Cosine signals x(t) 5 cos(2rrJot) for
several values of Jo: (a) .fo = 200 Hz; (b) Jo= 100 Hz;
(c) lo= 0.

It is very important to understand the effect of the
frequency parameter. Figure 2-7 shows this effect for
several choices of /o in the signal
x(t )

= 5 cos(2rr/ot)

The two plots in Fig. 2-7(a,b) show the effect of changing
/ 0 . As we expect, the waveform shape is similar for both
values of frequency. However, for the higher frequency,
the signal varies more rapidly with time; i.e., the cycle

The phase shift parameter</> (together with the frequency)
determines the lime locations of the maxima and minima
of a cosine wave. To be specific, notice that the sinusoid
(2.2) with</> = 0 has a positive peak al t = 0. When</> =f
0. the phase shift determines how much the maximum of
the cosine signal is shifted away from t 0.
Before we examine this point in detail for sinusoids,
it is useful to become familiar with the general concept
of time-shiftiug a signal. Suppose that a signal s(t) is
defined by a known formula or graph. A simple example
is the following triangularly shaped function:

=

s(t)

=

l

2!

0 :SI :S ½

½(4 - 2t)

½ :S t :S 2

0

elsewhere

(2.5)

This simple fu nction has a slope of 2 for O :S t < ½ and
a negative slope of
for ½ < t :S 2. Now consider the

-l

5 Electrical engineers use the abbreviation DC standing for direct
current, which is a constant current.
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function x 1(t) = s(r - 2). From the definition of s(r), it
follows that xi (t) is nonzero for

,...a,,.

EXERCISE 2.2:

shifted signal x 2 (r)

==>

0 S (l - 2) ::'.S 2

l

Derive the equations for the

= s(t + I).

2 ::S t S 4.

Within the time in terval l2, 4]. the formula for the shifted
signal is:

x , (t)=

SINUSOIDS

2(t - 2)

2sts2½

~(8-2t)

2½:::t:::4

0

elsewhere

(2.6)

In other words, x 1(t) is s imply the s{t) function with
its origin shifted to the right by 2 seconds. Similarly,
x 2 (t) = s(t + l) is the s(t) function shifted lo the left by I
second; its nonzero portion is located in the interval - I s
t :S l. The three s ignals x(t) = s(r), x 1(t) = s(r - 2),
and x 2 (t) = s(r + I) are all shown in Fig. 2-8.

We will have many occasions to consider tim e-shifted
signals. Whenever a signal can be expressed in the
form x 1 (£) = s(L - 1 1), we say that x 1(r) is a time-shifted
version of s(t). If 11 is a positive num ber, then the shift
is to the right, and we say that the signal s(t ) has been
delayed in time. When t 1 is a negative number, then
the shift is to the l eft, and we say that the signal s(t) was
adva11ced in time. lo summary, time shift is essentially
a redefinition of the time origin of the signal. Jn general,
any function of the form s(t - r1) has its origin moved to
the location t =ti.
One way to determine the time shift for a cosine signal
would be to find the positive peak of the s inusoid that is
closest to r 0. Ln the plot of Fig. 2-6, the time where
this positive peak occurs is 11 0.005 sec. Since the
peak in this case occurs at a positive time (lo the right
of r 0), we say that the time shift is a delay of the
zero-phase cosine signal. Let xo(t) = A cos(wor) denote
a cosine signal with zero phase shift. A delay of x 0 (t) can
be converted to a phase shift <J> by making the following
comparison:

=

=

=

,t(f - 2)

s(t)

I

-I O 1

2

3

xo(t -ti)= Acos(wo(r -11))

4

cos(wt,t - wot.>= cos(wot

(b)

- I ()

J

2
(a)

3

4

I

Since this eq uation must hold for all
-wot1
</>, which leads to

;{q
-I O I

2
(c)

= Acos(wot +¢)

3
I

=

<I>

f1

4

Wo

-

Figure 2-8: Tllustration of time-shiftin g: (a) the triangular
signal s(t ) ; (b) shifted to the right by 2 secs, s(r - 2); (c)
shifted to the left by l sec, s(I + 1).

=--

+ </>)

r, we must have

<I>

= - -2rr/o

Notice that the phase shi ft is negative when the time shift
is positive (a delay). Io terms of the period (To
1/Jo)
we get the more intuitive formula

=

</>

= -2TCfot1 = -

2TC

(~J

(2.7)

2-4 SAMPLING AND PLOTTING SINUSOIDS
which states that the phase shift is 2n ti mes the fraction
of a cycle given by the ratio of the time shift to the period.

<•'~,

DEMO: Sine Drill

Since the positive peak nearest tot = 0 must always lie
within lt1 I .::: To/2, the phase shift can always be chosen
to satisfy -rr < </> .::: n. However, the phase shift is
also ambiguous because adding a multiple of 2rr to the
argument of a cosine function does not change the value
of the cosine. This is a direct consequence of the fact
that the cosine is periodic with period 2,r. Each different
multiple of2n corresponds to picking a different peak of
the periodic waveform. Thus, another way to compute
the phase shift is to find any positive peak of the sinusoid
and measure its coJTesponding time location. After the
time location is converted to phase shift using (2.7). an
integer multiple of 2n can be added to or subtracted from
the phase shift to produce a final result between - rr and
+rr. This gives a final result identical to locating the
peak that is within half a period oft 0. The operation
of adding or subtracting multiples of 2rr is referred to
as reducing modulo 2n , because it is similar to modulo
reduction in mathematics, which amounts to dividing by
2rr and taking the remainder. The value of phase shift
that falls between -re and +rr is called the principal
value of the phase shift.
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"~ EXERCISE 2.5:
For the signal in Fig. 2-6,
x(t ) = 20 cos(2n(40)t - 0.4rr), find G and t 1 so that the
signal y(t) = Gx(r - t 1) is equal to 5 cos(27f(40)t); i.e.,
obtain an expression for y(r) = 5 cos(27T(40)t) in tenns
of x(t).

2-4

Sampling and Plotting
Sinusoids

All of the plots of sinusoids in this chapter were created
using MATLAB. This had to be done with care. because
MATLAB deals only with discrete signals represented by
row or column matrices, but we are actuaJly plotting a
continuous fu nction x(t). For example, if we wish to
plot a function such as

=

x(t)

= 20cos(2rr(40}t -

which is shown io Fig. 2-6, we must evaluate x(t ) al a
discrete set of Limes, 111 = nTs, where n is an integer. If
we do so, we obtain the sequence of samples
x(n~)

""~ EXERCISE 2.3:
Jn Fig. 2-6, it is po!-.sible lo
measure both a positive and a negative value of t 1 and
then calculate lhe corresponding phase shifts. Which
phase shift is within the range -n < ¢ .::: rr'? Verify that
the two phase shifts differ by 2n.
f ~ EXERCISE 2.4:
Starting with the plot in
Fig. 2-6, sketch a plot of x(t - 11) when 11 = 0.0075.
Repeat for t 1 -0.01. Make sure that you shift in the
correct direction. For each case, compute the phac;e shift
of the resulting shifted sinusoid.

=

0.4rr)

= 20cos (80,rnT, -

0.4,r)

where ~ is called the sample spacing or sampli11g
period . and 11 is an integer. When plotting the function
using tbe plot function in MATLAB, we must provide a
pair of row or column vectors, one containing the time
values and the other the computed function values to be
plotted. For example, lhe MATLAB statements
n =

- 7:5;

Ts
0.005;
tn = n*Ts;
xn = 20*cos (80*pi*tn - 0.4*pi);
plot(tn,xn)

CHAPTER 2

16
would create a row vector tn of 13 numbers between
- 0.035 and 0.025 spaced by the sampling period 0.005,
and a row vector xn of samples of x(t).
Then
the M ATLAB function plot draws the corresponding
points, connecti ng them with straight line segments.
Constructing the curve between sample points in this
way is called linear inre,polation. The solid gray curve
in the upper plot of Fig. 2-9 shows the result of linear
interpolation when the sample spacing is Ts = 0.005.
Intuitively, we realize that if the points are very close
together, we will see a smooth curve. The important
question is, "How small must we make the sample
spacing, so that the cosine signal can be accurately
reconstructed between samples by linear interpolation?"
A qualitative answer to this question is provided by
Fig. 2-9, which shows plots produced by three different
sampling periods.
Obviously, the sample spacing of T_, = 0.005 is not
sufficiently close to create an accurate plot when the
sample points are connected by straight lines. Note
that sample points are shown as dots in the upper two
plots.6 With a spacing of Ts = 0.0025, the plot starts to
approximate a cosine, but it is still possible to see places
where it is clear that the points are connected by su·aight
lines rather than the smooth cosine function. Only in the
lower plot of Fig. 2-9, where the spacing is Ts = 0.0001,
does the sampling spacing become so dense that our eye
can easily see that the curve is a faithful representation
of the cosine function.7 A precise answer to the question
posed above would require a mathematical definition of
accuracy; our subjective judgment would be too prone to
variability among different observers. However, we learn
from this example that as the sampling period decreases,
more samples are taken across one cycle of the periodic
cosine signal. When T, = 0.005, there are 5 samples per
6This was achieved by adding a second plot using MATLAB·s hold
and stem functions.
7 Here the points are so close together that we cannot show the
discrete samples as individual large dots.

(a) Samples of Sinusoid: Ts
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Figure 2-9:
Sampled cosine signals x(11T.,) =
20cos{2n'(40)11Ts - 0.4n) for several values of Ts:
(a) Ts = 0.005 sec; (b) Ts = 0.0025 sec: {c) T,. = 0.0001
sec.

cycle; when Ts = 0.0025 there are l Osamples per cycle;
and when Ts = 0.0001, there are 250 samples per cycle.
It seems that IO samples per cycle is not quite enough, and
250 samples per cycle is probably more than necessary,
but, in general, the more samples per cycle, the smoother
and more accurate is the linearly interpolated curve.
The choice of T, also depends on the frequency of
the cosine signal, because it is the number of samples

2-5

per cycle that matters in plotting. For example, if the
frequency of the cosine signal were 2000 Hz instead of
40 Hz. then a sample spacing of T,, = 0.0001 would
yield only 5 samples per cycle. The key to accurate
reconstruction is to sample frequently enough so that the
cosine signal does not change very much between sample
points. This wi11 depend directly on the frequency of the
cosine signal.
The problem of plotting a cosine signal from a set of
discrete samples depends on the interpolation method
used. With MATLAB's built-in plotting function, linear
interpolation is used to connect points by straight-line
segments. An insightful question would be: •'If a
more sophisticated interpolation method can be used,
how large can the sample spacing be such that the
cosine signal can be reconstructed accurately from the
samples?" Surprisingly, the theoretical answer to this
question is that the cosine signal can be reconstructed
exactly from its samples if the sample spacing is less
than half the period. i.e., the average number of samples
per cycle need be only slightly more than two! Linear
interpolation certainly cannot achieve this result, but, in
Chapter 4, where we examine the sampling process in
more detail, we will illustrate how tl1is remarkable result
can be achieved. For now, our observation thal smooth
and accurate sinusoidal curves can be reconstructed from
samples if the sampling period is "small enough" will be
adequate for our purposes.

2-5
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Complex Exponentials and
Phasors

We have shown that cosine signals are useful mathematical representations for signals that arise in a
practical setting, and that they are simple to define
and interpret. However, it turns out that the analysis
and manipulation of sinusoidal signals is often greatly
simplified by dealing with related signals called complex

Iz = x + jy I
•-

(x, y)

~m{zl

~m{zl

y

)'

(a)

(b)

Fig ure 2-10: (a) Cartesian and (b) polar representations
of complex numbers in the complex plane.

exponential signals. Although the introduction of the
unfamiliar and seemingly artificial concept of complex
exponential signals may at first seem to be making the
problem more difficult. we will soon see the value in
this new representation. Before introducing the complex
exponential signal. we will first review some basic
concepts concerning complex nurnbers. 8

2-5.1

Review of Complex Numbers

A complex number z is an ordered pair of rea l numbers.
Complex numbers may be represented by the notation
z = (x, y), where x = ~le{z} is the real part and
y = ~m{z) is the imaginary part of z.
Electrical
engineers use the symbol j for .J=T instead of i, so
we can also represent a complex number as z = x + j y.
These two representations are called the Cartesia,zjorm
of the complex number. Complex numbers are often
represented as points in a complex plane, where the
real and imaginary parts are the horizontal and vertical
coordinates, respectively, as shown in Fig. 2- lO(a). With
the Cartesian notation and the understanding that any
8Appendix A provides a more detailed review of the fundamentals
of complex numbers. Readers who know 1he basics of complex
numbers and how to manipula1e them can skim Appendix A and
skip to Section 2-5.2.
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number mulliplied by j is included in lhe imaginary part,
the operations of complex addition, complex s ubtraction,
complex multiplication, and complex division can be
defined in terms of real operations on the real and
imaginary pa1ts. For example, the sum of two complex
numbers is defined as the complex number whose real
part is the sum of the real parts and whose imaginary part
is the sum of the imaginary parts.
Since complex numbers can be represented as points in
a plane, it fol lows that complex numbers are analogous to
vectors in a two-dimensional space. This leads to a useful
geometric interpretation of a complex number as a vector,
shown in Fig. 2- lO(b). Vectors have length and direction,
so another way to represent a complex number is thepolar
form in which the complex nwnber is represented by r ,
its vector length, together with 0, its angle with respect
to the real axis. The length of the vector is also called the
magnitude of z (denoted lzl), and the angle with the real
axis is called the argument of z (denoted arg z). This is
indicated by the descriptive notation l ~ r L..B. which
is interpreted to mean that the vector representing z has
length rand makes an angle 0 with the real axis.
It is important to be able to convert between
the Cartesian and polar forms of complex numbers.
Figure 2-l O(b) shows a complex number z and the
quantities involved in both the Cartesian and polar
representatio ns. Using this figure, as well as some simple
trigonometry and the Pythagorean theorem, we can
derive a method for computing the Cartesian coordinates
(x, y) from the polar variables r L0 :
x

= rcos0

y

and

= r sin 0

(2.8)

and, likewise, for going from Ca1tesian to polar fonn
r

= Jx2 + y2

and

0

= arctan (~)

(2.9)

Many calculators and computer programs have these two
sets of equations built in, making the conversion between
polar and Cartesian fom1s simple and convenient.

SINUSOIDS

The r L..0 notation is clumsy, and does not lend itself
to ordinary algebraic rnles. A much better polar fonn is
given by using Euler's famous formula for the complex
exponential
8
ei

= cos0 + j sin0

(2.10)

The Cartesian pair (cos 0. sin 0) can represent any point
on a circle of radius l , so a slight generalization of (2. 10)
gives a representation valid for any comp lex number z
z

= r ei6 = r cos e + j r sin 0

(2. 11 )

The complex exponential polar form of a complex
number is most convenient when calculating a complex
multiplication or division (see Appendix A for more
details). It also serves as the basis for the complex
exponential signal, which is introduced in the next
section.
DEMO: ZDri/1

2-5.2

Complex Exponential Signals

The complex exponential signal is defined as

z(f)

= A ei<wo1+ipJ

(2.12)

Observe that the complex exponential signal is a
complex-valued function of t, where the magnitude
of z(t) is lz(t)I A and the angle of z(r) is
arg z(r)
(<.uot +<I>). Using Euler's formula (2. 10). the
complex exponential signal can be expressed in Cartesian

=

=

fom1 as
z(I)

= A ei(uJOr+ef>I
= A COS(Wof + </J) + j A sin(wot + </J)

(2.13)

As with the real sinusoid, A is the amplitude. and should
be a positive real number; <I> is the phase shift; and w0 is
the frequency in rad/sec. Tn (2. 13) it is clear that the real
part of the complex exponential signal is a real cosine

2-5 COMPLEX EXPONENTIALS AND PHASORS
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representation for the real cosine signal. This is because
we can always write

t!

ID

d'.!
- 20
0 ~'
iJ
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Figure 2-11: Real and imaginary parts of the complex
exponenLiaJ signal z(t) = 20ei(211'(40Jt - 0.41r ) _ The phase
difference between the two waves is 90° or rr/2 rad.

signal as defined in (2.2), and that its imaginary part is a
real sine signal. Figure 2-11 shows a plot of the following
complex exponential signal:
z(t)

= 20 ei<211'(40)1- 0.411')

= 20 ei(801r, - 0.t111')

x(t)

= me {A e1<~t+<P>J = Acos(euot +</>)

In fact, the real part of the complex exponential signal
shown in Fig. 2-1 I is identicaJ to the cosine signal
plotted in Fig. 2-6. Although it may seem that we have
complicated things by first introducing the imaginary
part to obtajn the complex exponential signal and then
throwing it away by taking only the real part, we will see
that many calculations are simplified by using properties
of the exponents. It is possible, for example, to replace all
trigonomet1ic manipulations with aJgebraic operations
on the exponents.

,;;,,... EXERCISE 2.6:
Demonstrate that expanding
the real part of ei<a+/Jl = eia ei/J will lead to identity #5
in Table 2-2. Also show that identity #4 is obtained from
the imaginary part.

2-5.3 The Rotating Phasor Interpretation
When two complex numbers are multiplied, it is best to
use lhe polar fonn for both numbers. To illustrate this,
consider ZJ z 1z2, where z 1 r ,ei 0• and z2 r2e10z
and

=

= 20 cos(80.1r1 -

0.4.1r) + j20sin(80,rt - 0.4,r)

= 20 cos(80m -

0.4,r) + j20cos(80rr t - 0 .9rr)

Plotting a complex signal as a function of time requires
two graphs, one for the real part and another for the
imaginary pa11. Observe that the real and the imaginary
parts of the complex exponential signal are both real
sinusoidal signals, and they differ by only a phase shift
of 0.51r rad.
The main reason that we are interested in the
complex exponential signal is that it is an alternative

(2. 14)

=

=

We have used the law of exponents to combine the
two complex exponentials. From this result we concl ude
that to multiply two complex numbers, we multiply the
magnitudes and add the angles. If we consider one of
the complex numbers to be represented by a fixed vector
in the complex plane, then multiplication by a second
complex number scales the length of the first vector by
the magnitude of the second complex number and rotates
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~mfz)

·,

ZI
Z2

Z3

:lle{z)

9le{z}

(a)

(b)
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as a vector in the complex plane, where the vector's
magnitude (IX I = A) is the amplitude, and vector's angle
(LX = ¢>) is the phase shift of a complex exponential
signal defined by (2. 16). In the remainder of the text,
the terms phasor and complex amplitude will be used
interchangeably, because they refer to the same quantity
defined in (2.15).
The complex exponential signal defined in (2.16) can
also be written as

Figure 2-12: Geometric view of complex multiplication
z1z2. The angles add: 193 = 01 + 0i

,3

=

where

it by the angle of the second complex number. This is
illustrated in Fig. 2-12 where it is assumed that r 1 > I so
that r, r 2 > rz.
Th.is geometric view of complex multiplication leads to
a useful interpretation of the complex exponential signal
as a complex vector that rotates as time increases. lf we
define the complex number
(2.15)
then (2. 12) can be expressed as
z(t)

= X ejwor

(2.16)

i.e., z(t) i!i I.he product of the complex number X and
the complex-valued time function elwo1 • The complex
number X, which is aptly called the complex amplitude,
is a polar representation created from the amplitude
and the phase shift of the complex exponential signal.
Take n together, the complex amplitude X = Aei4' and
the frequency Wo are sufficient to represent z(t), as well
as the real cosine signal, x(t) = A cos(wot +¢>), using
(2.14). The complex amplitude is also called a phasor.
Use of this terminology is common in electrical circuit
theory, where complex exponential sig nals are used to
greatly simplify the analysis and design of circuits. Since
it is a complex number, X can be represented graphically

0(t) =wot+ rJ>

(Radians)

At a given instant in time, t, the value of the complex
exponential signal, z(L), is a complex number whose
magnitude is A and whose argument is 0(t). Like any
complex number. z(t ) can be represented as a vector in
the complex plane. In this case, the tip of the vector
always lies on the perimeter of a circle of radius A. Now.
if t increases, the complex vector z(t) will simply rotate
at a constant rate, determined by the radian frequency
wo. In other words, multiplying the phasor X by ei<1J1J1
as in (2.16) causes the fixed phasor X to rotate. (Since
le1WO' I = I, no scaling occurs.) Thus, another name for
the complex exponential signal is rotating phasor.
If the frequency wo is positive, the direction of rotation
is counterclockwise, because 0(t) will increase with
increasing time. Similarly, when wo is negative. the angle
0(t) changes in the negative direction as time increases,
so the complex phasor rotates clockwise. Thus, rotating
phasors are said to have positive frequency if they rotate
counterclockwise, and negative frequency if they rotate
clockwise.
A rotating phasor makes one complete revolution every
time the angle 0 (t) changes by 2rr radians. The time it
takes to make one revolution is also equal to the period,

2-5
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To, of the complex exponential signal, so
lVQTo

= (2rr.fo)Tc> = 2n

==>

Complex Plane

1
To=fo

Notice that the phase shift ¢ defines where the phasor
is po inting when l
0. For example, if¢ 7T /2, then
the phasor is pointing straight up when t = 0, whereas if
</> 0, the phasor is pointing to the right when I = 0.
The plots in Fig. 2- l 3(a) illustrate the relationship
between a single complex rotating phasor and the cosine
signal waveform. The upper left plot sh ows the complex
plane with two vectors. The vector at an angle in the third
quadrant represents the signal

=

=

. . ...,..____

Complex Plane

..

=

z(t)

Real Part
o~--~--~
,

Phasor Sum

Q,-.----~-~~~.........,
,

\
I

\

I

/

/

= eiV-rr/4 )

at the specific time r = 1.5rr. The horizontal vector
pointing to the left represents the real part of the vector
z(t) at the particular time t = 1.57T: i.e ..

x( l.57Z')

= me(z(1.5n)} = cos(l.57r -

rr/4)

,./2

=- 2

As t increases, the rotating phasor z(r ) rotates in
the counterclockwise direction. and its real part x (t)
oscillates left and right along the real axis. This is shown
in the lower left plot, which shows how the real part
of the rotating phasor has varied over one period, i.e.,

0~t

~

2rr.

'
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.... ..,._
... _..,

6 ...__

' '
'

6

....
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(b)

(a)

Figure 2-13: Rotating phasors: (a) single phasor rotating
counterclockwise: (b) complex conjugate rotating
phasors.
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2-5.4

Inverse Euler Formulas

The inverse Euler formulas allow us to write the cosine
function in terms of complex exponentials as

cos0

=

A cos(wor +</>)=A (

eiB+e-iB
2

(2.17)

and also the sine function can be expressed as

eiB _ e-i0

sin 0

= ---2j

(See Appendix A for more details.)

Equation (2. 17) can be used Lo express cos(wot + <I>)
in tenns of a positive and a negative frequency comp lex
exponential as follows:

(2.18)

ei<wor+r/ll

+ e-j(c,~ii+r/l))
2

= ½Xejwr,r + ½X*e-ituor
= ½z(t) + ½z*(t)

= ffie{z(t)}
where• denotes complex conjugation.
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This formula has an interesting interpretation. The real
cosine signal with frequency <.vo is actually composed
of two complex exponential signals; one with positive
frequency (Wo) and the other with negative frequency
(-w0 ). The complex amplitude of the positive frequency
complex exponential signal is ½X = ½Aei¢, and the
complex amplitude of the negative frequency complex
exponential is ½X* = ½Ae- i¢. In other words, the real
cosine signal can be represented as the sum of two
complex rotating phasors that are complex conjugates
of each other.
<~~

DEMO: Rotating Phasors

Figure 2-13(b) illustrates how the sum of the two halfamplitude complex conjugate rotating phasors becomes
the real cosine signal. In this case, the vector at an angle
in the third quadrant is the complex rotating phasor ½z(t)
at time r = 1.5:rr. As t increases after that time, the
angle would increase in the counterclockwise direction.
Similarly, the vector in the second quadrant (plotted with
a light-orange line) is the complex rotating phasor ½z*(t)
at time r = J.5:rr. Ast increases after that time, the angle
of ½z*(t) will increase in the clockwise direction. The
horizontal vector pointing to the right is the sum of these
two complex conjugate rotating phasors. The result is the
same as the real vector in the plot on the left, and therefore
the real cosine wave traced out as a function of time is the
same in both cases. The lower right shows the variation
of the real vaJues of cos(t - :rr/4) for O .5 t .5 2,r.
This representation of real sinusoidal signals in ten11s
of their positive and negative frequency components
is a remarkably useful concept.
The negative
frequencies. which arise due to the complex exponential
representation, turn out to lead to many simplifications
in the analysis of signal and systems problems. We will
develop this representation further in Chapter 3, where
we introduce the idea of the spectrum of a signal.

·~ EXERCISE 2.7:
Show that the following
representation can be derived for the real sine signal:
A sin(wot + ¢)

= ½Xe-inf 2eiwor + ½X-ei11/ 2e- i wot

where X = Aeit/J. In this case. the interpretation
is that the sine signal is also composed of two
complex exponentials with the same positive and negative
frequencies, but the complex coefficients mulliplying
the terms are different from those of the cosine signal.
Specifically. the sine signal requires additional phase
shifts of :pr/2 applied to the complex amplitude X and
X*, respectively.

2-6

Phaser Addition

There are many situations in which it is necessary to add
two or more sinusoidal signals. When all signals have the
same frequency, the problem simplifies. This problem
arises in electrical circuit analysis, and it will arise again
in Chapter 5, where we introduce the concept of discretetime filtering. Thus it is useful to develop a mechanism
for adding several sinusoids having the same frequency,
but with different amplitudes and phases. Our goal is to
prove that the following statemem is true:
N

L Ak cos(wut +<Pk)=

A cos(wur

+ ¢)

(2. 19)

k= I

Equation (2. J9) states that a sum of N cosine signals
of differing amplitudes and phase shifts, but with the
same frequency. can always be reduced to a single cosine
signal of the same frequency. A proof of (2. 19) can be
accomplished by using trigonometric identities such as
Ak COS(WQt

+ <Pk) = Ak COS <Pk COS(Wot)
- Ak sin <Pk sin(wut)

(2.20)
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We can expand the sum (2. 19) into sines and cosines,
collect terms involving cos(w0 t) and those involving
sin(c.vot), and then finally use the same identity (2.20)
in the reverse direction. However, this is exceedingly
tedious to do as a numerical computation (see Exercise
2.8), and it leads to some very messy expressions if we
wish to obtain a general formula. As we will see, a
much simpler approach can be based on the complex
exponential representation of the cosine signals.
~

EXERCISE 2.8:

:'lm(z}

z2 :::: 2 + j5

Displaced

Version of .::1

<'. 3

= 6 + j2
:He{;:)

Use (2.20) to show that the

sum
1.7 cos(20nt + 70n/180) + 1.9 cos(20nt + 200JT / 180)
reduces to A cos(20n t +</>). where
Figure 2-14: Graphical com,truction of complex number
addition, z.1 Zt + z2. shows that the process is the same
as vector addition.

A= {(l.7cos(707r/180)+ l.9cos(200n/180)j2
+ [l.7 sin(70n/180) +

=

1.9 sin(200n/180)]2} 1/ 2

= 1.532
and
(/>=tan

_1 {

l.7 sin(70rr/ 180) + l.9sin (2007r/ l 80) }
1.7 cos(70rr/ l 80) + l.9cos(200n/ l80)

= 14 1.79n/180 = 2.475 rads

(a) Draw a copy of z1 with its tail al the head of z2. Call
this displaced vector z1•
(b) Draw the vector from the origin to the head of z1•
This is the sum z3•

The vaJue of</>, given in radians, corresponds to 141.79°.

This process is depicted in Fig. 2- 14 for the cnse z1
4 - )3 and z2 2 + )5.

2-6.1

2-6.2

Addition of Complex Numbers

When two complex numbers are added. it is necessary
to use the Cartesian form. Tf z 1 x 1 + jy 1 and z2
X2 + )Y2, then Z3
ZJ +z2 = (x1 + X2 ) + j (y, + }'2); i.e ..
the real and imaginary parts of the sum are the sum of the
real and imaginary parts. respectively. Using the vector
interpretation of complex numbers. where both z I and ~2
are viewed as vectors with their tails at the origin, the
sum Z3 is the result of vector addition, and is constructed
a c; folJows:

=

=

=

=

=

Phasor Addition Rule

The phasor representntion of cosine signals can be used
to show the following result:
N

x (t)

=

L Ak cos(<vot + </>k)
k=l

(2.21)

= A COS(WQt + (/>)
where N is any integc r. That is, the sum of two or
more cosine signals each having the same frequency,
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but having different amplitudes and phase shifts, can
be expressed as a single equivalent cosine signal. The
resulting amplitude (A) and phase (</>) of the term on
the right-hand side of (2.21) can be computed from the
individual amplitudes (Ak) and phases (</>,.) on the lefthand side by doing the following addition of complex
numbers:

SINUSOIDS

Two steps (shown in color) are important in this proof. In
the third line, the complex exponentjal eiwor is factored
out of the summation because all the sinusoids have the
same frequency. In going from the third line to the
fourth, the crucial step is replacing the summation te,m
in parentheses with a single complex number, Aeitfi, as
defined in (2.22).

N

L

Akeitfi,

= Aeitfi

(2.22)

k=I

2-6.3

We now return to the example of Exercise 2.8, where

Equation (2.22) is the essence of the phaser addition rule.
Proof of the phasor rule requires the following two pieces
of information:
(a) Any sinusoid can be written in lhe form:
A cos(wot

+ ¢) =

Phaser Addition Rule: Example

=
x2(t) =

x1Ct)

Proof of the phasor addition rule involves the following
algebraic manipulations:
N

N

k= I

k= I

L Ak cos(wot + <l>k) = L me { Akei<"Jt.)r+tfid}

l.9 cos(201rt + 200,r/180)

and the sum was found to be

ffie{Aei<wc,r+cf>>} = me{Aei<f> eiwur l

(b) For any set of complex numbers {Xd the sum of the
real parts is equal to the real part of the sum, so we
have

l.7cos(20m + 70rr/180)

X3(I)

= Xt (t) + X2(t)
= l.532 cos(20rrt + 141.79n/180)

The frequency of both sinusoids is 10 Hz, so the period .
is To = 0.1 sec. The waveforms of the three signals are
shown Fig. 2- 15(b) and the phasors used to solve the
problem are shown on the left in Fig. 2- 15(a). Notice
that the times where the maximum of each cosine signal
occurs can be derived from the phase through the formula

t,,,

=-

</>To

2Jr

which gives
tm 1

= -0.0194,

t,,,2

= -0.0556,

t,,, 3

= -0.0394 sec.

These times are marked with vertical dashed lines in
the corresponding waveform plots in Fig. 2- l S(b). The
phaser addition of the two signals is computed in four
steps.

= ffie {( Aeitfi) eiwc,r}
= ~le ( Aei<wor+cf>J j
= A cos(cvot + <I>)

(a) Represent x 1(t) and x 2 (I) by the phasors:
XI

= A I ei4>1 = l.7ei70rr/ ,so

X2 = A2eftlr!

= l.9ef200rr/180
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Figure 2-15: (a) Adding sinusoids by doing a phasor addition, which is actually a graphical vector sum. (b) The lime of the
signal maximum is marked o n each x;(t) plot.

(b) Convert both phasors to rectangular form:

(d) Convert back 10 polar form, obtaining
XJ

x, = 0.58 14 + jl.597
X2 = -1.785 - )0.6498

Therefore, Lhe final formu la for .r3(t ) is
x3(t)

(c) Add the real parts and the imaginary parts:

X3

= X1 + X2
= (0.5814 + j I .597) + (- 1.785 =-

1.204 + )0.9476

= l.532ejt41.7'J;r/ll!O

or

2-6.4
j0.6498)

x 3 (t)

= l.532cos(20rrt + l41.79rr/ 180)
= l.532cos(20rr(t + 0.0394))

MATLAB Demo of Pt,asors

The process of phasor addition can be accomplished
easily using MAT LAB. The answer generated by MATLAB
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Tobie 2-3: Phasor Addition Example

z

=

Zl

X

0 . 5814
- 1.785
-1.204

Z2

Z3

jY

+

1. 597

-0.6498
0.9476

Magnitude
1. 7
1. 9
1. 532

and printed with the special function zprint (provided
on the CD-ROM) for this particular phasor addition is
given in Table 2-3. Help on zprint gives
ZPRINT

print out compl ex# in rect
and polar form
usage :
zprint(z)
z = vector of complex numbers
'3:§:-..

DEMO: ZDrill

The MATL AB code that generates Fig. 2- 15 can be
found on the CD and is aJso contained in the first lab
(also on the CD). It uses the special MATLAB fu nctions
(provided on the CD-ROM) zprint, zvect, zcat,
ucplot, and zcoords to make the vector plots.

LAB: #2 Introduction to Complex
Exponentials

Phase
1. 222

-2.793
2.475

Ph/pi
0 .38 9
-0.889
0 .788

Ph(deg)
70 . 00
- 160.00
14 1 . 79

In summary, all we have to do to get the cosine signal
representation of the sum is:

(a) Obtain the phasor representation Xk
each of the individual sign als.

= A keir/Jt

of

(b) Add the phasors of the individual signals to get
X
X 1 + X2 + · •• Aeitl>. This requires polarto-Cartesian-to-polar format conversions.

=

=

= Aei<fleiwo
Take the real part to get x(I ) = me(Aeir/Jeiwo
Acos(w0t +</>) = x,(t) +x2(1) + ....

(c) Multiply X by e 1WO' to get z(t)
(d)

1

•

1

}

~

In other words, A and </> must be calculated by doing

a vector sum of all the Xk phasors.
~ EXERCISE 2.9:

Consider the two sinusoids,

= 5cos(2n( IOO)t +1r/3)
x 2(t ) = 4cos(2,r(IO0)t ,r/4)
x 1(t)

2-6.5

Summary of the Phasor Addition
Rule

In this section, we have shown how a real cosine
signal can be represented as the real part of a complex
exponential signal (complex rotating phasor). and we
have applied this representation to show how to simplify
the process of adding several cosine signals of the same
frequency.
N

x(t)

= L Ak cos(wot + </Jd = A cos(wot + </>)
k= l

Obtain the phasor representations of these two signals,
add the phasors, plot the two phasors and their sum in the
complex plane, and show that the sum of the two signals
is
x 3 (t)

= 5.536cos(2,r(J00)t + 0.2747)

In degrees the phase should be 15.74°. Examine the plots
in Fig. 2-16 to see whether you can identify the cosine
waves x1 (t), x2(t), and X3(1) = x, (t) + x 2 (t) .

2-7
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Figure 2-16: Two sinusoids and their sum, .r3(t)
Xi (1)
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+ X2(t).
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Physics of the Tuning Fork

In Section 2-1, we described a simple experiment in
which a tuning fork was seen to generate a signal whose
waveform looked very much like that of a sinusoidal
signal. Now that we know a lot more about sinusoidal
signals, it is worthwhile to take up this issue again. ls
it a coincidence that the tuning-fork signal looks like
a sinusoid, or is there a deeper connection between
vibrations and sinusoids? In this section, we present a
simple analysis of the tuning-fork system that shows that
the tuning fork does indeed vibrate sinusoidally when
given a displacement from its equilibrium position. The
sinusoidal motion of the tuning-fork tines is transferred
co the s1mounding air particles, thereby producing the
acoustic signal that we hear. This simple example
illustrates how mathematical models of physical systems
that are derived from fundamental physical principles
can lead to concise mathematical descriptions of physical
phenomena and of signals that result.

2-7.1

Equations from Laws of Physics

A simplified drawing of the tuning fork is shown in
Fig. 2-17. As we have seen experimentally, when
struck against a firm surface, the tines of the tuning fork

(a)

(b)

Figure 2-17: (a) Tuning fork. (b) The coonlinate system
needed to write equation1> for the vibration of the tine.

vibrate and produce a "pure" tone. We are interested in
deriving the equations that describe the physical behavior
of the tuning fork so that we can understand the basic
mechanism by which the sound is produced.9 Newtorl's
second law. F = ma.will lead to a differential equation
whrn,e solution is a sine or cosine function, or a complex
exponential.
When the tuning fork is struck, one of the tines is
defonned slightly from its rest position, as depicted in
Fig. 2- I 7(b). We know from experience that unless the
deformation was so large as Lo break or bend the metal,
there would be a tendency for the tine to return to its
original rest position. The physical law that governs this
movement is Hooke's law. Although the tuning fork
is made of a very stiff metal, we can think of it as an
9

Toe generntion and propagation of sound are treated in any
general college physics text.
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elastic material when the deformation is tiny. Hooke's
law s tates that the restoring force is directly proportional
to the amount of deformation. If we set up a coordinate
system as in Fig. 2-17(b), the deformation is along the
x - axis, and we can write

d2 x

where m is the mass of the tine, and the second derivative
with respect to time o f position x is the acceleration of
the mass along the x-axis. Since these two forces must
balance each other (i.e., the sum of lhe forces is zero),
we get a second-order differential equation that describes
the motion x(t) of the t ine for all values of time t

= - kx(t)

= COS<.()Qt

w here the parameter Wo is a constant tJ1at must be
determined. The second derivative of x(t) is

= dr 2 (cos wat )
=

d

Since this equation must be satisfied for all 1, it follows
that the coefficients of cos <.vot on both sides of the
equation must be equal, which leads to the following
algebraic equation

-m w5 = -k
(2.24)
Therefore, we conclude that one solution of the
differential equation is

(2.23)

This particular differential equation is rather easy to
solve, because we can, in fact, guess the solution. From
the derivative properties of sine and cosine functions, we
are motivated to try as a solution the function

d2

w5 cos <.vol = - k cos Wot

This equatjon can be sol ved for Wo, obtaining

F =ma= m dt 2

d 2 x (t)
~

d 2 x(t)
m -2- =-kx(t)
-m

where the parameter k is the elastic constant of the
material (i.e., its stiffness). The minus sign indicates that
this restoring force acts in the negative direction when the
displacement of the tine is in the positive x direction; i.e.,
it acts to pull the tine back toward the neutral position.
Now this restoring force due to stiffness produces an
acceleration as dictated by Newton's second law; i.e.,

x(t )

Notice that the second derivative of the cosine function is
the same cosine functio n multiplied by a constant (-w~).
Therefore, when we substitute x(t) into (2.23), we get

dt

F=-kx

d 2x(t)
,n - -2dt

SINUSOIDS

From our model, x (t ) describes the motion of the
tuning-fork tine . Therefore we conclude that the tines
oscillate s inusoidally. This motion is, in turn, transferred
Lo the particles of air in the locality of the tines thereby
producing the tiny variations in air pressure that make up
an acoustic wave. The fom1ula for the frequency lets us
draw two conclusions:
(a) Of two tuning forks having the same mass, the stiffer
one will produce a higher frequency. This is because
the frequency is proportional to -/k, which is in the
numerator of (2.24).

dt (-wo sin Wot)

= - wlcoscvot

(b} Of two tunfog forks having the same stiffness, the
heavier one will produce a lower frequency. This

2-8
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TIME SIGNALS: MORE THAN FORMULAS
is because the frequency is inversely proportional
to the square root of the mass, ,/iii., which is in the
denominator of (2.24 ).
DEMO: Tuning Fork

2-7.2

General Solution to the Differential
Equation

There are many possible solutions to the tuning-fork
differential equation (2.23). We can prove that the
foUowing function
x(t)

= A cos(wot + <P)

will satisfy the differential equation (2.23) by substituting
back into (2.23), and taking derivatives. Once again the
frequency must be w0 = .Jkfm. Only the frequency c.uo
is constrained by our simple model; the specific values
of the parameters A and¢ are not important. From this
we can conclude that any scaled or time-shifted sinusoid
with the correct frequency will satisfy the differential
equation that describes th"' motion of the tuning fork's
tine. This implies that an infinite number of different
sinusoidal wavefo,m s can be produced in the tuning fork
experiment. For any partfoular experiment, A and ¢
would be determined by the exact strength and timing of
the sharp force that gave the tine its initial displacement.
However, the frequency of all these sinusoids will be
determined only by the mass and stiffness of the tuningfork metal.

• EXERCISE 2.10: Demonstrate tJ1at a complex
exponential signal can also be a solution to the tuningfork differential equation:
2

k
-ddtx2 = --x(t
)
m

By substituting z(t) and z*(t) into both sides of the
differential equation, show that the equation is satisfied
for all t by both of the signals
z(t )

= X eiwo,

and

z*(t)

= X* e-i/JJ()I

Determine the value of wo for which the differential
equation is satisfied.

2-7.3

Listening to Tones

The observer is an important part of any physical
experiment. This is particularly true when the experiment
involves listening to the sound produced. Jn the tuningfork experiment, we perceive a tone with a certain pitch
(related to the frequency) and loudness (related to the
amplitude). The human ear and neural processing system
respond to the frequency and amplitude of a sustained
sound like that produced by the tuning fork, but the
phase is not perceptible. This is because phase is really
due to an arbitrary definition of the starting time of the
sinusoid; i.e., a sustained tone sounds the same now as
it d id 5 minutes ago. On the other hand, we could pick
up the sound with a microphone and sample or display
the signal on an oscilloscope. In this case, it would
be possible to make precise measurements of frequency
and arnpLitude, but phase would be measured accurately
only with respect 10 the time base of the sampler or the
osciIloscope.

2-8 Time Signals: More Than
Formulas
The purpose of this chapter has been to introduce the
concept of a sinusoidal signal and to illustrate how
sinusoidal signals can arise in real situations. Signals, as
we have defined them, are varying patterns that convey or
represent information. usually about the state or behavior
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of a physical system. We have seen by both theory and
observation that a tuning fork generates a signal that can
be represented mathe matically as a sinusoidal signal. ln
the context of the tuning fork, the cosine wave conveys
and represents information about the state of the tuning
fork. Encoded in the sinusoidal wavefonn is information
such as whether the tuning fork is vibrating or at rest,
and, if it is vibrating, its frequency and the amplitude of
its vibrations. This information can be extracted from
the signal by human listeners, or it can be recorded for
later processing by either humans or computers.
3
' ~ ;;,,

SINUSOIDS
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Figure 2- 18: A short segment of an orchestra music
signal.

DEMO: Clay Whistle

Although the solution to the differential equation of
the tuning fork (2.23) is a cosine function, the resulting
mathematical formula is simply a model that results from
an idealization of the tuning fork. ll is important to recall
that the signal is a separate entity from the formula. The
actual waveform produced by a tuning fork is probably
not exactly sinusoidal. The signal is represented by the
mathematical formula x(t) = A cos(wot +c/>). which can
be derived from an idealized model based on physical
principles. This mode l is a good approximation of reality,
but an approximation nevertheless. Even so, this model
is exlremely useful since it leads directly to a usefu l
mathematical representation of the signaJ produced by
the tuning fork.
In the case of a complicated signal generated by
a musical instrument, the signal cannot be so easily
reduced to a mathematical fonnula. Figure 2- 18 shows
a short segment of a recording of orchestra music. Just
the appearance of the waveform suggests a much more
complex situation. Although it oscillates like the cosine
wave. it clearly is not periodic (at least, as far as we can
see from the given segment). Orchestra music consists
of many instruments sounding different notes together.
If each instrument produced a pure sinusoidal tone at
the frequency of the note that is assigned to it, then
the composite orchestra signal would be simply a sum

of sinusoids with different frequenc ies, amplitudes. and
phase shifts. While this is far from being a correct
model for most instruments, it is actually a highly
appropriate way to think about the orchestra signal. In
fact. we will see very soon that sums of sinusoids of
different frequencies, amplitudes, and phase shifts can
result in an infinite variety of waveforms. Indeed, it
is true that almost any signal can be represented as
a sum of sinusoidal signals. When this concept was
first introduced by Jean-Baptiste Joseph Fourier in 1807,
it was received with great skepticism by the famous
mathematicians of the world. Nowadays. this notion
is commonplace (although no less remarkable). The
mathematical and computational techniques of Fourier
analysis und~rlie the frequency-domain analysis tools
used extensively in e lectrical engineering and other areas
of science and engineering.

2-9 Summary and Links
We have introduced sinusoidal signals in this chapter.
We have attempted to show that they arise naturally
as a result of simple physical processes and that they
can be represented by familiar mathematical functions,
and also by complex exponentials. The value of the

2• 10 PROBLEMS
mathematical representation of a signal is twofold. First,
the mathematical representation provides a convenient
formula to consistently describe the signal. For example.
the cosine signal is completely described in terms of j ust
tlu-ee parameters. Second, by representing both signals
and systems through malhematical expressions, we can
make precise statements about the interaction between
signals and systems.
'"~
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Finally, the CD-ROM also contains a wealth of solved
homework problems that may be used for practice and
self-study.
..i&

2-1 O Problems
P·2.1 Define x (l) as

LAB: #1 Introduction to MATLAB

In connection with this chapter, two laboratories
are found on the CDROM. Lab #I involves some
introductory exercises on the ba,;ic elements of the
MATLAB programming environment, and its use for
manipulating complex numbers and plotting sinusoids.
Appendix B is also available for a quick overview of
essential ideas about M ATLAB. Labs #2a and #2b deal
with sinusoids and phasor addition. In these labs,
students must re-create a pbasor addition demonstration
similar to Fig. 2•15. Copies of the lab write-ups are also
found on the CD-ROM.

x(t)

(a) A tuning-fork movie that shows the experiment of
striking the tuning fork and recording its sound.
Several recorded sounds from different tuning forks
are available, as well as sounds from clay whistles.
1·'S'--;

= 3 cos(euot -

,r/4)

For wo = 1r/ 5, make a plot of x(t) that is valid over the
range - 10 S t S 20.

P·2.2 Figure P-2.2 is a plot of a sinusoidal wave. From
the plot, determine values for the amplitude (A), phase
(</>), and frequency (wo) needed in the representation:
x(t )

= A COS(Wol + </>)

Give the answer as numerical values, including the units
where applicable.

LAB: #2 Introduction to Complex
Exponentials

On the CD· ROM, one can find the following resources:

NOTE: Hundreds of Sofved Problems

x (t)

~ V \1\/\
o

- 10

- 20..__ _.__ __._........_.____...____,,~_ __.__ __.
- 20 - 10
0
10 20
30
40
Time r (msec)
Figure P-2.2

DEMO: Links to Many Demos

(b) A drill program wrillen in M ATLAHfor working with
the amplitude, phase, and frequency of sinusoidal
plots.
(c) A set of movies showing rotating phasor(s) and

how they generate sinusoids through the real part
operator.

P·2.3 Make a carefully labeled sketch for each o f the
following functions.
(a) Sketch cos 0 for values of 0 in the range O s 0 S
61r .

(b) Sketch cos(0.2,rt ) for values of r such that three
periods of the function are shown.

32

CHAPTER 2

(c) Sketch cos (2,r r / To) for values oft such that three

periods of the function are shown. Label the
horizontal axis in terms of the parameter T0 .

SINUSOIDS

P-2.7 Simplify the following expressions:
(a) 3ei1r/ 3 + 4e- /1r/ 6
(b) ( ./3 _ j3) 10

(d) Sketch cos (2n t / To + 1t /2) for values of r such that

three periods of the function are shown.

(c) ( ./3 - j3)- 1
(d)

P-2.4 Use the series expansions for e", cos(0), and
sin(0) given here to verify Euler's formula.
:r

e·

=

3
x2
x
l +x +- +-+--·
2!
3!

cos(0)

= 1-

sin(0)

=0 -

02

04

+ -4! + •••
2!

-

03
-

3!

05

(./3 -

j3)'13

(e) 9le {je- i1r/ 3 }

Give the answers in both Cartesian form (x + jy) and
polar form (re18 ).
P-2.8 Suppose that MATLAB is used to plot a sinusoidal
signa.1. The following MATLAB code generates the signal
and makes the plot. Derive a fonnula for the signal; then
draw a sketch of the plot that will be done by M ATLAB.

+ - + ...
5!

P-2.5 Use complex exponentials (i.e., phasors) to show
the following trigonometric identities:

dt = 1/100 ;
t t = - 1 : dt : l;
Fo
2;
zz
300*exp(j * (2*pi * Fo* (tt
xx :: real( zz ) ;

-

0 .7 5))) ;

%

plot( tt, xx), grid on
title( 'SECTION of a SINUSOID'

xlabe l('TIME

(sec) ' )

P-2.9 Define x(t ) as

Hint: Write the left-hand side of each equation as the real
part of a complex exponential.

x(r)

= 2 sin(Wot + 45°) + cos(evot)

(a) Express x (I) in the form x(t )
P-2.6 Use Euler's formula for the complex exponential
to prove DeMoivre's formula

(cos0 + j sin0)"
Use it to evaluate ( ¾ + j ~)

= cosn0 + j sin n0

(b) Assume that wo

range - 1 s t
in the plot?

~

= A cos(Wof + <f>).

= Sn. Make a plot of x(t) over the
2. How many periods are included

(c) Find a complex-valued signal z(t) such that x(l)

100
•

!ne{z(t) ) .
../

=
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P-2.10 Define x(t) as
x(t)

= 5 cos(wt ) + 5 cos(wt + 120°)
+ 5 cos(wt -

i.e.. find Wo, <J,. and A such that the waveform is
represented by

120°)

Simplify x(t) into the standard sinusoidal form: x(t) =
A cos(wt + </J). Use phasers to do the algebra, but also
provide a plot of the vectors representing each of the three
phasors.

6
4
2

P-2.11 Solve the following equation for 0:

me{(l

+ J)e j 9 } = -1

Give the answers in radians. Make sure that you find all
possible answers.

x(t) 0

-2
--4

-6~~ -~ -~ -~ -~ ~ -~ -~ -8 -6 --4 - 2
0
2
4
6
Time t (msec)

Figure P-2.14

P-2.12 Give two possible complex-valued solutions to

the following differential equation:
2

d x(t)
-=dt 2

lO0 x(t)

P-2.13 Define the following complex exponential

signal:

=

(a) Make a plot of s,(t) ~m(s(t)} . Pick a range of
values fort that will include exactly three periods
of the signal.

=

(b) Make a plot of q(t) ~ m{s(t)}, where the dot
means differentiation with respect to time l. Again
plot three cycles of the signal.

~

DEMO: Rotating Phasors

P-2.14 For the sinusoidal waveform shown in Fig.
P-2.14, determine the complex phasor representation

X

= AeltJ>

P-2.15 De fine x(t) as
x(t)

=

5 cos(wr

+ ½,r) + 7 cos(wr

- ¾,r)

+ 3 cos(wt)

Express x(l) in the form x(r) = A cos(wt + </J). Use
complex phasor manipulations to obtain the answer.
Explain your answer by giving a phasor diagram.
P-2. 16 The phase of a sinusoid can be related to time

shift as follows:
x(t )

= Acos(2,rfot +¢)=A cos(2,rfo(t -

r,))

In the following parts, assume that the period of the
sinusoidal wave is T0 = 8 sec.

=

(a) "When t 1 - 2 sec, the value of the phase is </>
TC / 2." Explain whether this is True or False.

=

(b) "When t 1 = 3 sec, the value of the phase is <J,
3,r/4." Explain whether this is True or False.

=

(c) "When t 1 = 7 sec, the value of the phase is <J,
rr/4." Explain whether this is True or False.

=
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P-2.17 Define x(I) as
x(t)

= 5 cos(wt + ¾rr) + 4cos(wt + }rr)
+ 4cos(wt

+ !n)

=

(a) Express x(t) in the form x(t}
A cos(wt +</>)by
finding the numerical values of A and ¢.
(b) Plot all the phasors used to solve the problem in (a)
in the complex plane.

SINUSOIDS

P-2.21 In a mobile radio system (e.g.• cell phones),
there is one type of degradation that can be modeled
easily with sinusoids. This is the case of multipath
fading caused by reflections of the radio waves interfering
Suppose that a
destructively at some locations.
transmitting tower sends a sinusoidal signal, and a mobile
user receives not one but two copies of the transmitted
signal: a direct-path transmission and a reflected-path
signal (e.g., from a large building) as depicted in Fig.
P-2.21.

P-2.18 Solve the following simultaneous equations by
using the phasor method. ls the answer for A 1, A 2 , ¢ 1,
</>i unique? Provide a geometrical diagram to explain the
answer.

REFLECTOR

= A 1 cos(wot + ¢1) + A2 cos(W<,t + </>i)
sin(wot) = 2A cos(c.vot + </>i) + A2cos(wot + </>2)

cos(wot)

Velocity= c

I

P-2.19 Solve the following equation for M and v,.
Obtain all possible answers. Use the phasor method, and
provide a geometrical diagram to explain the answer.
5cos(wol)

= Mcos(wot -

rr/6) +5cos(wot

- - - - - O - - - - - - VEHICLE

X

+ 1/1)

Hint: Describe the figure in the z-plane g iven by the set
{z : z Seit - 5) wherc0 ~ 1/J ~ 2rr.

Figure P-2.21

P-2.20 Let x[n] be the complex exponential sequence

The received signal is the sum of 1he two copies. and
since they travel different distances they have different
time delays. If the transmitted signal is s(t ). then the
received signal10 is

=

xln]

= ?ei<0.22"11 - 0.25,.i

defined for n = - oo, ... , - 1, 0, I. 2 .. .. , oo. lf we
define a new sequence y[n] to be the second differe nce
y [n]

= x[n + 1] -

r(t)
2x[nj +x [n - 1]

it is possible to express y[11] in the form
y[n ]

= s(t -

ti)+ s(t - ti )

for all n,

= Aei<won+tP>

Determine the numerical values of A, </>, and WO-

In a mobile phone/scenario, the distance between
the mobile user and the transmitting tower is always
1°For s implicity we are ignoring propagation losses:

When a radio
signal propagates over a distance R, its amplitude will be reduced by
an amount that is proportional to l / R2.
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2- 10 PROBLEMS
changing. Suppose that the direct-path distance is

d1 =

Jx 2 + 106

(meters)

where x is the position of a mobile user who is moving
along the x-axis. Assume that the reflected-path distance
is

d2

= Jex - 55)2 + 106 + 55

=

(c) T he amplitude of the received signal is a measure of
its strength. Show that as the mobile user moves, it
is possible to find positions where the signal strength
is zero. Find one such location.

(meters)

(a) The amount of the delay (in seconds) can be

computed for both propagation paths. using the fact
that the time delay is the distance divided by the
speed of light (3 x 108 mis). Detenn ine t 1 and t 2 as
a function of the mobile's position (x).
(b) Assume that the transmitted signal is

s(l)

=

Determine the received signa l when x
0. Prove
that the received signal is a sinusoid and find its
amplitude, phase, and frequency when x
0.

= cos(300x J061tt)

(d) If you have access to M ATLAB write a script that
will plot signal strength versus position x, thus
demonstrating that there are numerous locations
where no sig nal is received. Use x in the range

-JOO_::: X

_:::

100.

E R

C H

Spectrum
Representation
This chapter introduces the concept of the spectrum ,
a compact representation of the frequency content of a
signal that is composed of sinusoids. In Chapter 2, we
learned about the properties of sinusoidal wavefonns of
the form

where Xo = Ao is a real constant, and Xk = AkeN'• is
the complex amplitude (i.e., phasor) f.£!:_lhe complex
exponential of frequency fk. We will see that it is useful
ro show this infomrntion in a graphical representation.
This visual form allows us to see inten·elationships
among the different frequency components and their
relative amplitudes quickJy and easily.

= A cos(2rr/ot + ¢) = !lte { Xei 2ir/0
X = Aeitl> is a phasor, and we showed
1

x(r)

}

where
how
phasors can simplify the addition of sinusoids of the
same frequency. In this chapter, we will show how more
complica ted waveforms can be constructed out of sums
of sinusoidal signals of different amplitudes, phases,
and frequencies. As we will define it, the spectrum is
simply the collection of amplitude, phase, and frequency
information that allows us to express the signal in the
form

3-1

One of the reasons that sinusoids are so important for
our study is that they are the basic building blocks
for making more complicated signals. Later in this
chapter, we wiJI show some extraordinarily complicated

N

x(t )

=

Ao+

The Spectrum of a Sum of
Sinusoids

L Ak cos(2rrfkt + <Pk)
k=I
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3- 1 THE SPECTRUM OF A SUM OF SINUSOIDS
waveforms that can be constructed from rather simple
combinations of basic cosine waves. The most general
and powerful method for producing new signals from
sinusoids is the additive linear combi11atio11, where a
signal is created by adding together a constant and N
sinusoids, each with a different frequency, ampliLude, and
phase. Mathematically, this signal may be represented by
the equation
N

x(t)

= Ao+ L Ak cos(2rrfkt + <Pk)

(3.1)

k=l

where each amplitude, phase, and frequency 1 may
be chosen independently. Such a signal may also
be represented in terms of the complex amplitude
representations of the individual sinusoidal components;
i.e.,
N

x(r)

= Xo + L me { Xkeibrfi, J

(3.2)

A=I

where Xo = Ao represents a re2I constant componen1,
and each complex amplitude

equal to one-half the sum of that number and its complex
conjugate. Equation (3.3) also shows that each sinusoid
in the sum decomposes into two rotating phasors, one
with positive frequency, / 4 , and the other with negative
frequency, - fkWe define the two-sided spectnun of a signal
composed of sinusoids as in (3.3) to be the set of
2N + l complex amplitudes and the 2N + I frequencies
that specify the signal in the representation of (3.3).
To be specific. although it is a somewhat awkward
mathematical notation, our definition of the spectrum is
j ust the set of pairs
{ (0, Xo).

(11, ½X1). (- /1, ½Xr), .. .
(ft. ½x,.) . (-fk, ½x;), ...

I

(3.4)

Each pair (/k, ½Xd indicates the size and relative phase
of the sinusoidal component contributing at frequency
fk- It is common to refer to the spectrum as the
frequency-domain represe11tatio11 of the signal. Instead
of giving the time waveform itself (i.e., the time-domajn
representation), the frequency-domain representation
simply gives the information required to synthesize it
with (3.3)
Example 3-1: Two-Sided Spectrum

represents the magnitude and phase of a rotating phasor
whose frequency is fkThe in.verse Euler formula gives a way to represent
x (t) in the alternative form
(3.3)
As in the case of individual sinusoids, this fonn follows
from the fact that the real part of a complex number is
1For

this chapter, we prefer cyclic frequency fk to radi,m
frequency cok = 27Tfk, because it is easier to describe physical
quantities such as musical notes in Hz.

For example, consider the sum of a constant and two
sinusoids:
.x(t) = 10 + 14cos(200rrt - T{/3)

+ 8cos(500irt + rr/2)
When we apply the inverse Euler formula, we get the
following five tenns:
x(t) = 10 + 7e-j,r/3 e j2rr(IOO),

+

4ei"rrf2ej2n(250)r

+ 7ej,r/ 3e-j2.rr(I00)1

+ 4e- jrr/ 2e-j2rr(250)1

(3.5)

Note that the constant component of the signal. often
called theDC component, can be expressed as a complex

CHAPTER 3
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exponenLial signal with zero frequency, i.e., IOejo, = 1O.
Therefore, in the list form suggested in (3.4), the
spectrnm of this signal is the set of five rotating phasers
represented by

- 250

{(0, 10), (100, 7e- 1" 13), (-100, 7efrr/ 3),
(250, 4e1" 12), (-250, 4e-j" 12) } ■

3-1 .1 Notation Change
The relationship between Xk and the spectrum involves
special cases because the factor of½ multiplies every Xk
in the spectrum (3.4), except for X0 . The companion
formul as such as (3.3) are cumbersome. Therefore. we
introduce ak as a new symbol for the complex amplitude
in the spectrum, and define it as follows:

fork= 0
fork!- 0

(3.6)

This allows us to say that the spectrum is the set of
(fk, ak) pairs. The primary motivalion for this notational
change is to simplify the formulas for the Fourier series
coefficients developed later in Section 3-4. For example,
equation (3.3), which is similar to the Fourier series
synthesis formula, can now be written as a single compact
summation
x(t)

=

N

L akei21rf,,

(3.7)

k= - N

where we have defined / 0

3-1.2

4e -J1rli

= 0.

Graphical Plot of the Spectrum

A plot of the spectrum is much more revealing than the
list of Uk> ad pairs. Each frequency component can be
represented b y a vertical line at the appropriate frequency,
and the length of the line can be drawn proportional

SPECTRUM REPRESENTATION

10

?ei1113

-100

0

7e -11rl3

100

250

f

Spectrum plot for the signal x(t) =
10 + l4cos(200ITt - rr/3) + 8 cos(SOO,rt + 1l/2). Units
of frequency (/) are Hz. Negative frequency components
should be included for completeness even though I.bey
are conjugates of the corresponding positive frequency
components.

Figure 3-1:

to the magnitude, la1. I- This is shown in Fig. 3- 1 for
the signal in (3.5). Each spectral line is labeled with
the value of ak to comp lete the information needed to
define the spectrum. This simple but effective plot makes
it easy to see two things: the relative location of the
frequencies, and the relative amplitudes of the sinusoidal
components. This is why the spectrum plot is widely
used as a graphical representation of the signal. As
we will see in Chapters 4 and 6, the frequenc~c!omain
representation is so useful because it is often very easy
Lo see how systems affect a signal by determining what
happens to the signal spectrum as it is transmitted through
the system. This is why the spectrum is Lhe key to
understanding most complex processing systems such as
radios, televisions. CD players, and the like.
Notice that, for the example in Fig. 3-1, the complex
amplitude o f each negative frequency component is the
complex conjugate of the complex amplitude at the
corresponding positive frequency component. This is
a general property of the spectrum whenever x(t) is a
real signal. because the complex rotating phasors with
positive and negative frequency must combine to form a
real signal (see Fig. 2-13(b) and the movie found on the
CD-ROM).
DEMO: Rotating Phasors

3-2

BEAT NOTES

A general procedure for computing and plotting the
spectrum for an arbitrarily chosen signal requires the
study of Fourier analysis. However, by assuming that
the signal of interest is the sum of a constant and one
or more sinusoids, we can begin to explore the virtues of
the spectrum representation. For a signal where we know
the sinusoidal wavefonns that comprise it, the procedure
is straightforward. Tt is necessary only to express Lhe
cosines and sines as complex exponentials (by using
the inverse Euler relation) and then to plot the complex
amplitude of each of the positive and negative frequency
components at the corresponding frequency. In other
words. if it is known a priori that a signal is composed
of a finite number of sinusoidal components, the process
of analyzing that signal to find it<; spectral components
involves writing an equation for the signal in the form of
(3.3), and picking off the amplitude, phase. and frequency
of each of its rotating phasor components.
In many other cases, spectrum analysis is not so simple,
but it is nevertheless possible. For example, it is possible
to represent any periodic waveform (even discontinuous
signals) as a sum of complex exponential signals where
the frequencies are all integer multiples of a common
frequency, called thefwzdame11talfreq11e11cy . Likewise,
most (nonperiodic) signals can also be represented as
a superposition of complex exponential signals. The
mathematical tools for doing this analysis are called
Fourier series (see Section 3-4) and Fourier transforms
(Chapter 11 ). Before tackling the general case, we will
show examples where the sum of just a few sinusoids can
be used to produce audio signals that are interesting to
hear. and we will relate the sounds to their spectra.
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sound like a warble, is best heard by picking one of
the frequencies to be very small (e.g., IO Hz), and the
other around I kHz. Some musical instruments naturally
produce beating tones. Another use for multiplying
sinusoids is modulation for radio broadcasting. AM
radio stations use this method, which is called amplitude
modulation.

LAB: #3 AM and FM Sinusoidal Signals

3-2.1

Although the signal is produced by multiplying two
sinusoids, our spectrum representation demands that the
signal be expressed as an additive linear combination
of complex exponential signals. Other combinations of
sinusoids would also have to be rewritten in the additive
form in order to display their spectrum representation.
This is illustrated by the following example.

Example 3-2: Spectrum of a Product

For the special case of a beat signal formed as the
product of two sinusoids at 5 Hz and ½Hz
x(t)

Beat Notes

When we multiply two sinusoids having different
frequencies, we can create an interesting audio effect
called a beat note. The phenomenon, which may

= cos(Jl'l) sin(l0JTt)

(3.8)

it is necessary to rewritex (t) as a sum before its spectrum
can be defined. The following technique for doing this
relies on the inverse Euler fonnula
x(I)

3-2

Multiplication of Sinusoids

=(

eJn:1

+ e- Jrr1 )

e- J101r1 )
2j

(e1101r1 _

2

= ¼e- Jn:f'.!eJl11r1 + ¼e-11r /2eJ9rr ,
_ le- prf'J.e- 19:rr _ le-Jrr/2e- jl l1r1
-I

4

= ½cos(llJTt - rr / 2) + ½cos(9JT, - rr /2)

(

_)
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From the second and third lines of this derivation, it
is obvious that there are four terms in the additive
combination, and the four spectrum components are at
frequencies± 11 rr and ±9rr rad/sec which convert to 5.5,
4.5, -4.5, and - 5.5 Hz. lt is worth noting that neither
of the original frequencies (5 Hz and ½Hz) used to define
x(t) in (3.8) are in the spectrum.
■

~ EXERCISE 3.1 : Let x(t) = sin 2 ( JOm) . Find
an additive combination in the form of (3.7) for x(t),
and then plot the spectrum. Count the number of
frequency components in the spectrum. What is the
highest frequency contained in x(t)? Use the inverse
Euler formula rather than a trigonometric identity.

-h

-/1

SPECTRUM REPRESENTATION

1
0

.. f

/1 le h

Figure 3-2: Spectrum of the beat signal in (3. 10). The
negative frequency lines are centered around f = - le-

cosines, and thereby have a fonn that is easier to plot in
the time domain.The analysis proceeds as foll ows:
x(t)

= cos(2rrf1t) + cos(2JTfit)
= me { ej2rrf11} + ffie { ej2nf21 }
= !He {ej2rrCJr-/11I/ + ei2rr(/,.+/6)1 }

3-2.2

= ~le {eJ2,rf,., (e-iur/111 + ej2,rfA1) }
= me {ej:2,r/ rt (2 COS (2nfC.f)) }

Beat Note Waveform

Beat notes are produced by adding two sinusoids with
nearly identical frequencies, (e.g., by playing two
neighboring piano keys). The example in (3.8) and (3.9)
suggests that the product of two sinusoids is equivalent to
a sum. Thus we can derive a general relationship between
any beat signal, its spectrum, and the product form if we
start with an additive combination of two closely spaced
sinusoids:
x (t)

= cos(2rrf t ) + cos(2rr fi t )
1

(3.10)

The two frequencies can be expressed as / 1 = fe - ft..
and h = l e+ fa. , where we have defined a center
frequency f,.. = ½(.f1 + h) and a deviation frequency
.fa = ½(h - /1 ), which we assume is much smaller than
fc• The spectrum of this beat signal is plotted in Fig. 3-2.

~

DEMO: Spectrograms of Simple Sounds

Using the complex exponential representation of the
two cosines, we can rewrite x(t ) as a product of two

(3.11 )

= 2 cos(2rrf6 t) cos(2rrfct)

\

Example 3-3: Time-Domain Plot of a Beat
Note

For a numerical example, we take Jc
20 Hz so that
x (t )

= 200 and ft,. =

= 2 cos(2,r (20)t) cos(2rr (200)t)

(3. 12)

A time-domain plot of x(t) is given in Fig. 3-3(b).

■

Figure 3-3(a) shows the two sinusoidal components,
2 cos(2rr(20)t) and cos(2rr(200)t), that make up the
product in (3.12). The plot of the beat note is constructed
by first drawing 2 cos(2JT(20)t) and its negative version
- 2 cos(2rr (20)t ) to define boundaries inside of which we
then draw the higher frequency signal. These boundaries
are called the signal's envelope. The resulting beat note
is plotted in Fig. 3-3(b), where it can be seen that the
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3-2 BEAT NOTES

(a) Multiplicative Components
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Figure 3-3: Multiplicative components of a beat note
with fc = 200 Hz and ft:. = 20 Hz. T he time interval
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(b) Waveform of a Beat Note
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Figure 3-4: Beat note with f c = 200 Hz and f 6.
Nulls are now ½(1/h) = 55.6 msec apart.

100

= 9 Hz.

between nulls is ½0//6.)
25 msec. which is dictated
by the frequency difference.

effect of multiplying the higher-frequency sinusoid (200
Hz) by the lower-frequency sinusoid (at 20 Hz) is to
change the envelope of the peaks of the higher-frequency
waveform. If we listen to such an x(t ) we can hear that
the ft. variation causes the signal to fade in and out
because the signal envelope is rising and falling, as in
Fig. 3-3(b). This is the phenomenon called "beating" of
tones in music.

spectrum for x(t) in Fig. 3-3 contains frequency components at ±220 H z and ± 180 Hz, while the spectrum for
■
Fig. 3-4 has frequencies ± 209 Hz and ± 191 Hz.
Musicians use this beating phenomenon as an aid in
tuning two instruments to the same pitch. When two
notes are close but not identical in frequency, the beating
phenomenon is heard. As one pitch is changed to become
closer to the other, the effect disappears, and the two
instruments are then "in tune."

Example 3-4: Decreasing ft.

If f A is decreased to 9 Hz, we see in Fig. 3-4(a,b)
that the envelope of the 200 Hz tone changes much more
slowly. The time interval between nulls of the envelope
is ½(I / !4.). so the more closely spaced the frequencies of
the sinusoids in (3. J0). the slower the envelope variation.
These figures are simplified somewhat by using cosines
for both terms in (3.10), but other phase relationships
would give similar patterns. Finally, remember that the

3-2.3

Amplitude Modulation

LAB: #3, AM and FM Sinusoidal Signals
Multiplying sinusoids is also useful in modulation for
communication systems. Amplitude modulation is the
process of multiplying a low-frequency signal by a highfrequency sinusoid. It is the technique used to broadcast
AM radio: In fact "AM" is just the abbreviation for

CHAPTER 3
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(a) Multiplicative Components
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Figure 3-6: AM signal f e = 700 Hz and fa = 20 Hz.
The higher carrier frequency makes it possible to see
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the outline of the modulating cosine without dniwing the
envelope.

Time, (msec)

Figure 3-5: AM signal fc = 200 Hz and /6 = 20 Hz.
The motlulating signal has been superimposed as a light
colored line to show its effect.

amplitude modulation. The AM signal is a product of
the form
x(l)

= v(r) cos(2T{f,:T)

(3.13)

where it is assumed that the frequency of the cosine term
(/~ Hz) is much higher than any frequencies contained in
the spectrum of v(l ), which represents the voice or music
signal to be transmitted. The cosine wave cos(2rrfc-O in
(3.13) is called the carrier signal. and its frequency is
called the carrier.frequency.
With our basic knowledge of the specu·um at this point,
the form of v(t) in (3.13) must be restricted to be a sum
of sinusoids, but that is s ufficient to understand how the
modulation process works.
'{fi'~

The primary difference between this AM signa\ and
the beat signal is that the envelope never goes to zero.
This is because the DC component (5) is greater than
the amplitude (4) of the 20-Hz component. When the
carrier frequency becomes very high compared to the
frequencies in v(t) as in Fig. 3-6, it is possible to see
the outline of the modulating cosine without drawing the
envelope signal explicitly. This characteristic simplifies
the i.mplemen1a1ion of a detector circuit in AM broadcast
receivers.
In the frequency domain, the AM signal spectrum is
nearly the same as the beat signal. the only difference
being a relatively large term at f
le- The spectrum
can be derived by first breaking the time-domain signal
into two terms

=

Example 3-5: Amplitude Modulation

If we let v(t) = 5 +4cos(407Tt) and fr= 200 Hz,
then the AM signal is a multiplication similar to the beat
signal:
x(t)

A plot of this signal is given in Fig. 3-5, where it can be
seen that the effect of multiplying the higher-frequency
sinusoid (200 Hz) by the lower-frequency sinusoid (at 20
H z) is to "modulate" (or change) the amplitude envelope
of the carrier waveform-hence the name ampl itude
modulation for a signal like x(t).
■

x(t)

= [5 +4cos(40rrt)] cos(4007Tf)

(3. 14)

= 5cos(400Jtt) +4cos(40nt)cos(400T{t)
(3. 15)

3-3
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Figure 3-7: Spectrnm of the AM signal in (3.16) and
Fig. 3-5, where Jc = 200 Hz and /6 = 20 Hz.

every To secs. The time intervaJ To is called the p eriod
of x(r): if it is the smallest such repetition intervaJ, it
is caJled the J1111damental p eriod . For example, the
signal x(t) = cos2 (4m) has a period of ½ sec, but its
fundamental period is To ¼ sec. In this section, we
show that periodic signals can be synthesized by adding
two or more cosine waves that have harmonically related
frequencies; i.e., aJl frequencies are integer multiples of
a frequency Jo. ln other words, the signal would be
synthesized as the s um o f N + 1 cosine waves2

=

N

and then using our previous knowledge aboul lhe beat
signaJ to get the following additive combination for the
spectrum:
x(t)

= iei400m + ei440111 + eiY.Orr,

x (t ) = Ao +

L Ak cos(2rrkJot + <Pk )

(3.17)

k= I

where the frequency,
(3. 17) is

fk, of the k th cosine component in

(3.16)

h =kfo
Thus there are six spectral components for x(t) at lhe
frequencies ± 220 Hz and± 180 Hz, and also at the carrier
frequency ±200 Hz (Fig. 3-7). It is interesting to note
that the spectrum for x(I) contains two identical subsets,
one centered at .f ft. and the other at f
J... T hese
subsets each contain three spectral lines, and it is easy to
show thal each subset is just a frequency shifted version
of the two-sided spectrum of v(t). ln Chapter 11 we will
show that this is true for a much broader class of signals.

=

=-

Derive the spectrum of v(r) =
5 + 2 cos(21r (20)!) and plot it as a function of frequency.
Compare this result to the spectral plot for the AM signal
in Fig. 3-7.

The frequency fA is called the k th harmonic of Jo because
it is an integer multiple of the basic frequency Jo, which
is called lhe ftmdam ental frequency.
,•_;g.

Example 3-6: Calculating

Periodic Waveforms

=

A periodic signal satisfies the condition that x(z + T0 )
x(t) for all t, which states that the signal repeats its vaJues

/o

The fundamental frequency is the largest Jo such that
fk
kf0 . ln mathematical tenns. this is the greatest
common diviso,; so we can state

=

/o = gcd UA)

N:,,:-,; EXERCISE 3.2:

3-3

(hannonic frequencies)

For example. if the signal is the sum of sinu. oids with
frequencies 1.2, 2, and 6 Hz, then Jo = 0.4 Hz, because
1.2 Hz is the 3rd harmonic. 2 Hz is lhe 5th harmonic, and
6 Hz is lhe I 5 th harmonic.
■
What is the period of x(r)? Since each cosine in (3.17)
has a period of I/ Jo, the sum must have exactly the same
period and x(t + I / Jo) = x(t). Thus lhe period of x(t) is
2 The DC componeni

is a cosine signal with zero frequency.
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=

To 1/fo, the reciprocal of the fundamental frequency.
I//o is the smallest possible period, it is also
Since, To
the fu ndamental period.
Using the complex exponential representation of the
cosines, we can write (3.17) as

=

=

L

Table 3-1: Complex amplitudes for the periodic signal that
approximates the vowel ''ah". The a1; coefficients are given
for po itive indices k, but the values for negative k are the
conjugates, 0 - k =

ar

akej'21rkfor

k=- N

= ao + 2me

It I

(3.18)

akei2:rrkfo1

k= l

/k

a,,

6

100
200
300
400
500
600

0
386 + j6IOI
0
-4433 + j 14024
24000- j4498
0

Mag
0
6 l 13
0
14 708
24418
0

15
16
17

1500
1600
1700

0
828 - j6760
2362 + jO

0
6811
2362

k
1

N

x(t)

SPECTRUM REPRESENTATION

2
3
4

5

(Hz)

Phase
0
1.508
0
1.877
-0.185

0
-1.449
0

()

where ak was defined by (3.6) in Section 3-1. l.

~ EXERCISE 3.3: Show that one possible period of
the complex exponential signal vk(t) = ei'brkfot is To =
I//o. Also show that the fundamental period is 1/{k/o).

3-3.1

Synthetic Vowel

As an example of synthesizing a periodic signal, consider
a case where the sum in (3.18) contains nonzero terms for
{a:1::2, a±4, a±s, a±16, a:1::11 }, and where the fundamental
frequency is /o
I 00 Hz. The numerical values of
the complex amplitudes are listed in Table 3- 1. This
signal approximates the waveform produced by a man
speaking the vowel sound "ah." The two-sided spectrum
of this s.i gnal is plotted in Fig. 3-8. Note that all the
frequencies are integer multiples of 100 Hz, even though
there is no spectral component at 100 Hz itself. Also
note that the negative frequency components have phase
angles that are the negative of the phase angles of the
corresponding positive frequency components, because
the complex amplitudes for the negative frequencies are
the complex conjugates of the complex amplitudes for the
corresponding positive frequencies. Note that Fig. 3-8
shows the spectrum as two plots, one for the magnitudes
and one for the phases. This is in contrast to Fig. 3-1,

=

where it was convenient to make just one plot and label
Lhe spectral components with their complex amplitudes.
The synthetic vowel signal has ten spectral cop,ponents, but only five sinusoidal terms when the real
part is taken as in (3. 18). It is interesting to examine
the contribution of each real sinusoidal component
separately. We can do this by successively plotting the
wavefonns corresponding to only one sinusoid, then two
sinusoids, then three, etc. Figure 3-9 (top) shows a plot
of the k = 2 sinusoidal term in Table 3-1 alone. Note that
since the frequency of Lhis component is 2/o 200 Hz,
the waveform is periodic with period 1/200 = 5 msec.
The next panel of Fig. 3-9 shows shows x 4 (t ) which is a
plot of the sum of the k 2 and k 4 terms.
Now notice that the two frequencies are multiples of
200 Hz, so the period of x 4 (t) is sti ll 5 msec. Figure
3-9 (middle) shows a plot of the sum of the first three
terms, x 5 (t). Now we see that the period of the waveform
is increased to lO msecs. This is because the three
frequencies, 200, 400, and 500 Hz are integer multiples

=

=

=
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Vowel: Magnitude Spectrum
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Vowel: Phase Angle Spectrum
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Figure 3-8: Spectrum of signal defined in Table 3-1. The
magrutude is an even function with respect to / = 0; the
phase is odd.

of I00 Hz; i.e., the fundamental frequency is now I 00
Hz. Figure 3-9 (bottom) shows x 17 (t), the sum of all
the tem1s in Table 3-1. Note that the period of x 17 (t) is
To 10 msec, which equals 1/ Jo, even though there is
no component with frequency Jo. The signal x 17 (r) is
typical of waveforms for vowel sounds in speech. The
high frequencies in the signal contribute the fine detail
in the wavefonn. This is evident in Fig. 3-9 as the
waveform becomes increasingly complicated and more
rapidly varying as higher-frequency components such as
the 16th and 17th harmonics are added.

JO

0

x5(t )

20

30

40

= x4(t) + 29le{a5 ei211'(S/ol1}

5xl~
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10
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40
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3-3.2

DEMO: Vowel Synthesis

Example of a Nonperiodic Signal

When we add harmonically related complex exponentials, we get a periodic result. What happens when

x17(t)

= x16(t ) + 2!He{a17ei2,r(l7/o)

1}

I~~
0

10

20

30

40

Time t (msec)
Figure 3-9: Sum of all five terms in Table 3-1. The 200Hz term is shown in the top panel; additional terms are
added one at a time until the entire vowel signal is created
(bollom).
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Figure 3-10: Sum of cosine waves of harmonic
frequencies. The fundamental frequency of x1, (t) is 10
Hz.

the frequencies have no simple relation to one another?
The sinusoidal synthesis formula
N

x(t)

= Ao+

L Ak cos(2T(f1J + <h)
k= I

0

SPECTRUM REPRESENTATION

0.5

1.5

2

Time t (sec)

Figure 3-Jl : Sum of three cosine waves with
nonhannonic frequencies, .r2(t). No matter how hard you
try. you cannot find an exact repetition in this signal.

A plot of x 11 (t) is shown in Fig. 3-10 using a "strip
chart" formal. T he plot com,ists of three Lines, each one
containing 2 sec of the signal. The first line starts at
t = 0, the second at t = 2, and the third at t = 4. This
lets us view a long section of the signal, which in t' is
case is clearly periodic, with period equal ro I/ IO sec.

N

=Ao+

L (½AkeN'1ej2.JrfA1 + ½A~e- ilf>•e- J21rft')
k=l

is still valid, but now we will make no assumptions about
the individual frequenc ies f,..
Wi.th a simple example, we want to demonstrate that
perioilicity is tied to harmonic frequencies. We can do
this by taking a specific example. Consider the harmonic
(t ) made up from the first, third, and fifth
signal
harmonics of a square wave3 with fundamental frequency

x,,

Jo = IO Hz:
x,1 (1) = 2cos(20T(t) -

j cos(20rr(3)z) + ~ cos(207f(S)f)

3We will discuss the square wave spectrum later in Sec. 3-6.1.

DEMO: Spectrograms: Simple Sounds:
Square Wave

Now we create a second signa l that is j ust a slight
perturbation from the first. Define x 2{1) to be the sum of
three sinusoids:
x2(t ) =2cos(20m) -

j cos(20rrJ81)

+ ~ cos(20,r mt)
111e amplitudes are the same. but the frequencies have
been changed slightly. The plot of in Fig. 3-11 shows
that x 2 (t) is not periodic.
The spectrum plots in Fig. 3-12 will help explain the
difference between the signals in F igs. 3-11 and 3-10.
In Fig. 3-l2(a), the frequencies are integer multiples
of a common frequency, Jo
IO Hz, so the waveform

=
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sy11thesized with a sum ofharmo11irally related sinusoids,
l

-31

I

::q
- 50

-30

I

I

111

- 10 0

I

-JI

10

30

although lhe sum may need an infinite number of tem1s.
This is the mathemalical theory of Fourier series which
uses the following representation:

I

3I
50

]lo

f

(a)

x(t)

=

00

L

a,. ej(2Jr/ To)J.1

(3.19)

k=- oo

1

1

31
-30J3

-31

I

I

I

111 -11

-20./2 - 10 0

20/2

10

I

31

30,J) • f

(b)

Figure 3-12: Spectrum of (a) the harmonic wavef01m
in Fig. 3- 10 which has a period of 0.1 set:, and (b) the
nonharmonic waveform in Fig. 3-11 that is not periodic.

of Fig. 3- 10 is periodic with period To = l / IO sec.
The waveform of Fig. 3-11 is 11011periodic. We can
justify lhis in the " frequency domain" by examining
Fig. 3-12(b), which shows tl,at the . peclrum of the signal
in Figs. 3- I I does not have a fundamental Frequency,
since the freq uencies are not integer multiples of a
common fundamentaJ frequency. T hese spectrum plots
show "how much" of each cosine wave is in t11e sum,
and they are very similar. However, the frequencies
are slightly differenl: 20J2 28.28 · · · ~ 30 and
30J3 = 51. 96 • • • ~ 50. T hese slighl shifts of frequency
make a dramatic difference in the lime waveform.

=

3-4

Fourier Series

The examples in Sec. 3-3 show I.hat we can synthesize
periodic waveforms by using a sum of harmonically
related sinusoids. Now, we want to describe a general
the01y that shows how any periodic signal can be

where To is the fundamental period of the periodic
signal x (t). The k1h complex exponential in (3. I 9)
has a frequency equal to fk
k/T0 Hz, so all the
frequencies are integer multiples of the fundamental
frequency Jo = l/To Hz.-1
There are two aspects of the Fourier theory: analysis
and synthesis. Starting from x(t) and calculating [a.d is
called Fourier analysis. The reverse process of starting
from {a* I and generatingx(1) is called Fourier synthesis .
The formula in (3. 19) is the general synthesis formula.
When the complex amplitudes are conjugate-symmetric,
i.e.,
= t11e synthesis fonn ula becomes a sum of
sinusoitls of the form

=

a_,. a;,

00

x(t ) =Ao+

L Ak

cos((2rc/To)kt + <Pk )

(3.20)

k= I

=

where Ao a0 , and the amplitude and phase of the k'h
term comes from the polar fonn, a,. = ½Akeitl>t. fn
other words, t11e condition
is sufficient for the
synthesized waveform to be a real fu nction o f time.
By clever c hoice of the complex amplitudes
in
(3. 19), we can represent a number of interesting periodic
wavefom1s. such as square waves. triangle waves, and
so on. The fact that a discontinuous square wave can be
represented with an infinite number of sinusoids was one
of the amazing claims in Fourier's famous thesis of 1807.

a_,. = a;

a,.

4There are lhree ways to refer to the fundament.al frequem:y:
radian frequency wo in rad/sec. cyclic frequency Jo in Hz, or with the
period
in sec. Each one ha~ its merits in certain situation~. The
relationship among these is wo = 2.JrJo 2rr/ To.

7o

=
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It took many years before mathematicians were able to
develop a rigorous convergence proof to verify Fourier's
claim.

SPECTRUM REPRESENTATION

integral of a complex exponential over an integral number
of periods is zero. In equation form,

I

To

3-4.1

Fourier Series: Analysis

To

I

dt

J
7g

ej(2rT/ T0 Jk1

dt

=

(3.21)

e j(2rr/ To )kl

'To

j(2rr/T0 )k

0

where To is the fundamental period of x(f). A special
case of (3.2 1) is that the DC component is obtained by
To

=;

I

ei<2:r/ To)kTo _

- - - - j (2rr / To)k

0

ao

(3.23)

=

0

x(t) e-j(2rr/ To)k1

=0

where To is a period of the complex exponential whose
frequency is <.1h
(2rr/To)k, and k is a nonzero integer.
Here is the integration:

To

= 2.._

dt

0

How do we derive the coefficientc; for the harmonic sum
(3. 19), i.e., how do we go from x(t) to ak? The answer is
that we use the Fourier series integral to perform Fourier
analysis. The complex amplitudes for any periodic signal
can be calculated with the Fourier integral

ak

e j(br/ To)41

0

f

x(t)dt

(3.22)

= 0

=

The numerator is zero because e j 2trk
I for any integer
k (positive or negative). This fact can also be justified
if we use Euler' s formula to separate the integral into its
real and imagin ary pans and then integrate cosin4 and
sine separately-each one over k complete periods:

0

f

Tn

A common interpretation of (3.22) is that ao is simply
the average value of the signal over one period.
The Fourier integral (3.21) is convenient if we have a
formu la that defines x (t) over one period. lwo examples
will be presented later to illustrate this point. On the other
hand, if x(t) is known only as a recording, then numerical
methods such as those discussed in Chapter 13 will be
needed.

0

f

To

e j(1.ir/Tolkr dt

=

cos((2rr / T0 )kt) dt

0
To

+j

f

sin((21r /To)kt) dt

=0

0

In this section, we present a derivation of the Fourier

A key ingredient in the infinite series representation
(3.1 9) is the form of the complex exponentials, which
all must repeal with the same period as the pe1iod of the
signal x(t), which is T0 . If we define vdt) to be the
complex exponential of frequency Wk = (2ir/ To)k, then

series integral formula (3.2 1). The derivation relies on a
simple property of the complex exponential signal- the

(3.24)

3-4.2

Fourier Series Derivation

3-4
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Even though the minimum duration period of vk (r) is
smaller than To, the following shows that v" (t) still
repeats with a period of To:
vk(t + To)=

k

= ethe exponent becomes zero. so the integral is

f

To

ei(2-T/ To>k(t+To)

f

To

=

dt

eiC21r/ToHl.-t),

0

eiOt

dt

0

= ei<2rr/ To)kt ei(2"l/To)kTo
= ei(2rr/ To)kt ej2rrk

To

=

f

ldt

= To

0

e

where again we have used ei2rrk = I for any integer k
(positive or negative).
Now we can generalize the zero-integral property
(3 .23) of the complex exponential to involve two signals:5

Otherwise, when k I- the exponent is nonzero and we
can invoke the zero-integral property in (3.23) to get

f

ei<2Jr/To)(k-l )1

dt

==

0

f

Vk(t)ve(t) dt

=

I

~o

0

ifk=/= l
if k

ei(2rr/ To)mt

dt

=0

0

=

Orthogonality Property

To

f

To

To

(3.25)

=e

where m
k - e =I= 0. ■
The orthogonality property of complex exponentials
(3.25) simplifies the rest of the Fourier series derivation.
If we assume that (3. 19) is valid,
x(t)

where the * superscript in v;(i) denotes the complex
conjugate.
Proof: Proving the orthogonality property is straightforward. We begin with

00

L

=

a keJ(211/ Tolk1

k=- oo

then we can multiply both sides by the complex
exponential v7(l) and integrate over the period T0 •

f

To

f

Tu

f

To

Vk(t)vt(t)dt

=

0

ei(2rr/1o)k,e-jt2--r/ToHt dt

x(t)e-j(2rr/ To)t1

dt

=

0

0

J
To

=

ei(2rr/T0)(k -t)t dt

0

There are two cases to consider for the last integral: when
5The integral in (3.25) is called the "inner product'' between uk (I )
and 11e(t), sometimes <lenule<l 11s (uk(t), ve(t)).

=

f
k=-oo

Gk

(l
O

,i<'•/ To)l•-t>•

dt ) = aeTo
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Notice that we are able to isolate one of the complex
amplitudes (at ) in the fi na l step by applying the
orthogonality property (3.25).
The crucial step above occurs when the order of the
infinite summation and the integration is swapped. This
is a delicate manipulation that depends on convergence
properties of the infinite series expansion. It was also
a topic of research that occupied mathematicians for a
good part of the early 19th century. For our purposes, if
we assume that x(t) is a smooth fu nction and has only a
finite number of discontinuities within one period, then
the swap is permissible.
The final ana lysis formula is obtained by dividing both
sides of the equation by To and writing ac on one side of
the equation. Since ecould be any index. we can replace
e with k to obtain
Fourier Analysis Equation
ak

=~
To

f
To

x(t)e-i('b r/ 7i1Jk1

di

(3.26)

=

!!;,

Fourier Synthesis Equation
00

=

Example 3~7: Fourier Serles without
Integration

Determine the Fourier series coefficients of the signal:
x(t)

= sin3 (3nt)

Solution: There are two ways to get the a1: coefficients:
plug x(t) into the Fourier integral (3.26), or use the
inverse Euler formula to expand x(t) into a sum of
complex exponentials. It is far easier to use the latter
approach. Using the inverse Euler formula for sin(·), we
get the following expansion of the sine-cubed function:

x(I)

where wo = 2,r / Iii = 2,rJo is the fundamental frequency
of the periodic signal x(t). This analysis fonnula goes
hand in hand with the synthesis formula for periodic
signals, which is

L

akei<2rr/To)k,

(3.27)

k=-oo

3-5

that define the spectrum of x(t). In order to illustrate
1his general connection between the Fourier series and
the spectrum, we use the "sine-cubed" signal. First, we
derive the ak coefficients for x(t) sin3 (3nt), and then
we sketch its spectrum.

e j3m _ e -j3m )

0

x(t)

SPECTRUM REPRESENTATfON

=(
2j
= - ~i (e 19"' _

-

J.ej9rrt
8

3ei6rri e- i 31" +3ef\1r, e-i1J1r, -e- 1911'' )

+ =11e
J3rr1 + ll. e- j31u + =1e- j9rr,
8
R
II

<t28)
We see that (3.28) contains four frequencies: w = ±3,r
and w = ±9,r radls. Since gcd(3n, 9,r) 3,r, the
fundamental frequency is w0 3,r rad/sec. The Fourier
series coefficients are indexed in terms of the fundamental
frequency, so

=

Spectrum of the Fourier Series

When we discussed the spectrum in Section 3-1. we
described a graphical procedure for drawing the spectrum
when x(t ) is composed of a sum of complex exponentials.
By virtue of the synthesis fonnula (3.27), the Fourier
series coefficients ak are, in fact, the complex am plitudes

3

ak

=

0

fork = 0

,=j~

fork=±l

0
fork= ±2
±·I fork= ±3
ls

0

for k

= ±4, ±5, ±6, ...

=

(3.29)

3-6

FOURIER ANALYSIS OF PERIODIC SIGNALS

This example shows thal it is not always necessary 10
evaluate an integral to obtain the {ak) coefficients.
■
Now we can draw the spectrum (Fig. 3- 13) because we
)<now that we have four nonzero a k components located
at the four frequencies: <JJ
-9;rr, - 3n, 3n, 9,r)
rad/sec.
We prefer to plot the spectrum versus
frequency in hertz in this case, so the spectrum lines
are at f = -4.5. -1.5, 1.5, and 4.5 Hz. The second
harmonic is missing and the third harmonic is at 4.5 Hz.
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~ EXERCISE 3.5: Make a sketch of the spectrum
of l11e signal defined by:

=(

~

EXERCISE 3.4:
Use the Fourier integral to
determine all the Fourier series coefficients of the "sinecubed" signal. 1n other words, evaluate the integral

for all k.
Hints: Find the period first, so that the integration
interval is known. ln addition, you might find it easier to
convert the sin 3 (-) func tion to exponential form (via the
inverse Euler formula for sin(•)) before doing the Pourier
integral on each of four different terms. If you then invoke
the orthogonality p roperty on each integral, you should
get exactly the same answer as (3.29).

-4.5

- 1.5

0

1.5

4.5

f

Figure 3-13: Spectrum of the "sine-cubed" signal derived
from its Pourier series coefficients. Only the range from
- 5 to +5 H z is shown. The complex amplitude of each

spectrum line is equal to the Fourier series coefficient ak
for that frequency, kfo-

x(t)

=

I
L --ei"'
+jk
3

h=-3 '

3-6

Fourier Analysis of Periodic
Signals

We can synthesize any periodic signal by using a sum of
si nusoids (3.27), as long as we constrain the frequencies
to be harmonically related. To demonstrate Fourier
synthesis of waveshapes that do not look at all sinusoidal,
we will work out the details for a square wave and a
triangle wave in this section. The resulting fonnulas
for their Fourier coefficients ak are relatively compact.
Figure 3-14 shows the relationship between Fourier
analysis and Fourier synthesis using representative plots
for the square wave case. If you have access 10 M ATLAB,
it is straightforward to write a Fourier Synthesis Program
that tak~ a list of frequencies and a list of complex
amplitudes and then produces a signal as the sum of
several complex exponentials according 10 the finite
Fourier synthesis summation formu la

XN(t)

=

N

L

akej(21r/ To)k1

(3.30)

k= -N

This MATLAB programming exercise is described in more
detail in the music synthesis lab.
LAB: #4 Synthesis of Sinusoidal Signals
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SPECTRUM REPRESENTATION
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=

L
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-To
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Figure 3-14: Major components of Fourier analysis and synthesis showing the relationship between the original periodic
signal x(t), its spectrum, and the synthesized signal XN(t) that approximates the original.

3-6.1

The Square Wave

\

The simplest example to consider is the periodic square
wave, which is defined for one cycle by
S(l)

=

1 for O ~ r < ¾To
1
0 for 2To ::::: t ::::: To

1

□□

-2To

(3.31)

Figure 3-15 shows a plot of this signal which is called a
50% duty cycle square wave because it is off (equal to
zero) during half of its period.
We will derive a formula that depends on k for the
complex amplitudes a1,;. . First of all, we substitute the
definition of x(t ) into the integral (3.26) and obtain

- To -½To

'6 □ [.
To

2To t

Figure 3-15: Plot of the square-wave signal whose "duty
cycle" is 50%.
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The upper limit becomes ½To, because the signal x(t) is
zero for ½To .::: t .::: To. Next, we perfom1 the integration
and simplify:

Notice that the formula for ak does not depend on the
pericxl, To, but this is not usually the case. Also, the
magnitude of these coefficients decreases as k --+ oo,
so the high frequency terms contribute less when
synthesizing the waveform via (3.30).

I

l )
ak

=

( To

e- i(21r/To)k1 12To

-j(2rr/To)k

0

= (_!._) e-j(2Jr/ ToJk(½7o) _
To

3-6.1.1
e-i(2rr/ ToJk(O)

The Fourier series coefficient for k = 0 bas a special
interpretation as the average value of the signal x(t). If
we repeat the analysis integral (3.26) for the case where
k = 0, then

- } (2rc / T0 )k

1

e-j,rk -

- j2rrk

Since e- j1r = - 1, we can write the following general
formula for the Fouiier series coefficients of the square
wave.
l - (-l)k
fork f. 0
j21rk
There is one shortcoming with this formula forak; it is not
valid when k = 0 because k appears in the denominator.
Therefore. we must evaluate o 0 separately using (3.22)

½ro

ao = _!._
To

f

DC Value of a Square Wave

( 1 )e- 101 dt

f

To

ao = _!_

To

x(r )dr

(3.33)

0

The integral is the area under the function x(t) for one
period. If we think of the area as a sum and realize
that dividing by To is akin to dividing by the number of
elements in the sum, we can interpret (3.33) as the average
value of the signal. 1n the specific case of the 50% dutycycle square wave, the average value is ½ because the
signal is equal to+ 1 for half the period and then O for the
other half. This checks with the earlier calculation that

ao - l2·

0
I

2 To
= -To1 / (I) dt

= -To1 (I:;~ To) = 2I

0

The formula for ak when k f. 0 has a numerator that is
either O (for k even) or 2 (for k odd), because (- l l
alternates between + 1 and -1. Therefore, the final
answer for the Fourier series coefficients of the square
wave has three cases:
k

= ±1, ±3. ±5, .. .

k

= ±2, ±4, ±6, .. .

k=O

1n the synthesis formula (3.27), che aocoefficient is an
additive constant, so a change in its value will move the
plot of the signal up or down vertically. The terminology
"DC" comes from electric circuits, where a constant
value of current is called direct current, or DC. It is
common to call ao the DC coefficient. or DC term, in
a Fourier expansion. Finally, one should note that the
frequency of DC is f = 0.

3-6.2
(3.32)

Spectrum for a Square Wave

Figure 3-16 shows the spectrum for the 50% duty cycle
square wave analyzed in (3.32) when the fundamental
frequency is 25 Hz. Since at = 0 fork nonzero and even,
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Figure 3-16: Spectmm of a square wave derived from its Fourier series coefficients. Only the range from k = - 13 to +13
is shown. With a fundamental frequency of 25 Hz. thi~ corresponds to frequencies ranging from - 325 Hz to +325 Hz.

the only frequencies present in the spectrum are the odd
harmonics at ±25, ± 75, ± 125, and so on. The complex
amplitudes of the odd harmonics are the Fourier series
coefficients, ak = - j /(nk), and these are used as the
labels on the spectrum lines in F ig. 3-16. Also the figure
shows that the magnitude of these coefficients drops off
as 1/ k.
&~

Sum of DC. 1st and 3rd Harmonics
X3(1)! ~

0~

0

0.02
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Sum of DC and 1. t through 7th Harmonics

DEMO: Spectrograms: Simple Sounds
x7(t)½ ~
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0

Using a simple MATLAB M -fi le, a synthesis was done via
(3.30) with a fundamental frequency of .fo 25 Hz, and
.fk
k.{0 . The fundam ental period is To = I /25 0.04
secs. In Fig. 3- 17, the plots are shown for three different
cases where the number of terms in the sum is N = 3,
7, and 17. Notice how the period of the synthesized
waveform is always the same, because it is determined
by the fundamental frequency.
The synthesis fonnula (3.30) usually can be simplified
to a cosine form. For the particular case of the square
wave coeffi cients (3.32), when we take the DC plus first
and third harmonic terms, we get the sum of two cosines
plus the constant (DC) level given in equation (3.34). As
more harmonic terms are added, a square-wave signal

=

=

.

0

Synthesis of a Square Wave

=

0.02

0.04

0.06

0.08

'

0. 1

Sum of DC and Isl through 17th Harmoni s
X17(t) I """~""""
I

i
0 L__
0

_Jl:!.:::::::::::~- - ~:::::::::::~----'
0.04
0.06
0.1
0.08

0.02

Time t (sec)

Figure 3-17: Summing hannonic components via (3.30):
N = 3 (top panel); N = 1 (middle) and N = 17 (bottom).
The DC level of ½ is included in each synthesis.

waveshape would be approximated better with th.is sum
of cosines. However, notice what happens in Fig. 3-17 as
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I .
l
-~---·
= - -1 e- J.3wor + -l-e-J<t. JOt + ao +-el'""'+
- -eJ-""11'

- j3rr

- jrr

jrr

j3rr

(3.34)

= -2I + -rr2 cos(euot -

2
rr/2) + - cos(3Wot - rr/2)
3rr

N increases; the sum of cosines appears to converge to

the constant values + 1 and 0, but the convergence is not
uniformly good-the "ears" at the discontinuous steps
never go away completely. This behavior, which occurs
at any discontinuity of a waveform, is called the Gibbs
phenomenon, and it is one of the interesting subtleties
of Fourier theory that is extensively studied in advanced
treatments.
LAB: #4 Synthesis of Sinusoidal Signals

{'}» . ,

DEMO: Fourier Series

3-6.4 Triangle Wave
Another interesting case that is still relatively simple
is that of a triangle wave shown in Fig. 3-18. The

mathematical formula for the triangle wave consists of
two segments. We have to give the definition of the
waveform over exactly one period, so we do that for the
time interval O .:::: t ::: To:

x(t)

=

for O.:::: t < ½To
12(To - !)/To for ½To .:::: t < To

2r/To

(3.35)

where T0 = 0.04 sec in Fig. 3- 18. Unlike the square
wave, the triangle wave is a continuous signal.
Now we attack the Fourier integral for this case to
derive a formu la for the (ak} coefficients of the triangle
wave. We might suspect from our earlier experience that
the DC coefficient has to be found separately, so we do
that first. Plugging into the definition with k = 0, we
obtain

~1
To

i

Triangle Waveform (Period= 0.04 secs)

ao =

li.V\/\/\
0

0.02

0.04

0.06

0.08

Timer (sec)
Figure 3-18: Periodic tiiangle

wave.

0.1

To

x(t)dt

0

If we recognize that the integral over one period is. in
fact, the area under the triangle, we get

0.12

I
1
I
I
a0 = -(area)= -(To)( 7 ) = 2
To
To
-

(3.36)
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For the general case where k =/:- 0, we must break the
Fourier series analysis integral into two sections because
the signal consists of two pieces:

SPECTRUM REPRESENTATION

Sum of DC, 151 and 3n1 Harmonics

!. ____ .____ ._____.,___ .____,
I~

x3(I)

½ro

ak

=.. .!._
To

f

(2t/To)e-i(2ir/ To)kr

f

(3.37)

To

To

(2(To - t)/To)e- i<'hr/Tolkr dt

I

0

0.06

0.08

0. 1

e-ikrr ak

=

1

rr2k2

-2

I
O
J

2

0.04

0.06

0.08

0.1

k

= ± 1, ±3, ± 5, .. .

k

= ± 2, ± 4, ±6, .. .

Figure 3-19: Summing harmonic components for the
triangle wave via (3.30): first and third hannonics
(top panel): up to and including the eleventh harmonic
(bottom).

(3.38)

Since e- ikrr = (- 1)k. the numerator in (3.38) equals
either O or - 2, and we can write the foUowing cases
for a11:

TC2k 2

0.02

Time t (sec)

After integration by parts and many tedious aJgebraic
steps, the integral for ak can be written as

=

0.04

, , t)iVVV

2 ro

ak

0.02

Sum of DC and 1•1 through I Ith Harmonics

0

+ _!__

0

dt

2"' EXERCISE 3.7: Make a plot of the spectrum
for the triangle wave (similar to Fig. 3-16 for the square
wave). Use the complex amplitudes from (3.39) and
assume that /o = 25 Hz.

(3.39)

k=O

Once again, this particular formula is independent of To,
the fundamentaJ period of the triangle wave.

EXERCISE 3.6: Starting from (3.37), derive the
formula (3.39) for the Fourier series coefficients of the
triangle wave. Use integration by parts to manipulate the
integrands which contain terms of the form te-i<ar/To)kr.

3-6.5

Synthesis of a Triangle Wave

The ideal triangle wave in Fig. 3-18 is a continuous
signal, unlike the square wave which is discontinuous.
Therefore, it is easier to approximate the triangle wave
with a finite Fourier sum (3.30). Two cases are shown
in Fig. 3-19, for N = 3 and 11. The fundamental
frequency is equal to /o = 25 Hz. In the N = 11 case
the approrimation is nearly indistinguishable from the
triangularly-shaped waveform. Adding harmonics for
N > 11 will not improve the synthesis very much. Even
3 case is reasonably good, despite using only
the N

=
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DC and two sinuosoidal terms. We can see the reason for
this by plotting the spectrum (as in Exercise 3.7), which
will show that the high frequency components decrease
in size much faster those of the square wave.

:L.1JL.1_1J
Error with Isi through 71h Harmonics

l

le,(tll

0

EXERCISE 3.8: For the N = 3 approximation
of the triangle wave, derive the mathematical formula for
the sinusoids; similar to what was done in (3.34) for the
square wave.

0.02

0.06

0.08

0.1

Error with I through 17'" Harmonics

0.02

3-6.6

0.04
st

0.04
0.06
Time t (sec)

0.08

0.1

Convergence of Fourier Synthesis

We can think of the finite Fourier sum (3 .30) as making
an approximation to the true signal; i.e.,
x(t) :::::: XN(l)

=

N

L

akejC2rr/To)kt

k=-N

In fact, we might hope that with enough complex
exponentials we could make the approximation perfect.
This leads us to define an error signal, eN (t), as the
difference between the true signal. and the synthesis with
N terms, i.e.• eN(t) = x(t) - XN(t). We can quantify
the error by measuring a feature of the error, such as its
maximum magnitude. This would be called the worstcase error.

Eworst

Figure 3-20: Error magnitude when approximating a
square wave with a sum of harmonic components via
(3.30): N = 7 (top panel) and N = 17 (bottom).

= I E(O.
max lx(t) To]

XN(t)I

(3.40)

Now we can compare the N = 3 and N = l 1 approximations of the triangle wave by comparing their worstcase errors. If Fig. 3-19 is zoomed, these errors can be
measured and the result is 0.0497 for N = 3 and 0.0168
for N = I I. Because the triangle wave is continuous, the
ma~imum error decreases to zero as N ➔ oo (i.e., there
is no Gibbs' phenomenon). This is not the case for the

discontinuous square wave where the maximum error is
always half the size of the jump in the waveform right
at the discontinuity point with an overshoot of about 9%
of the size of the discontinuity on either side. T his is
illustrated in Fig. 3-20 for N = 1 and N = 17. Fig. 3-20
was generated by using the Fourier coefficients from
(3.32) in a MAnAB script to generate a plot of the worstcase error.

3-7 Time-Frequency Spectrum
We have seen that a wide range of interesting waveforms
can be synthesized by the equation
N

x(l)

=Ao+

L Ak cos(2nfkt + </>k)

(3.41)

k=I

These wavefom1s range from constants, to cosine signals,
to general periodic signals, to complicated-looking
signals that are not periodic. One assumption we
have made so far is that the amplitudes, phases, and
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OCTAVE - i

Figure 3-21: Sheet music notation is a time-frequency
diagram.
Figure 3-22: Piano keys can be numbered from 1 to 88.
Three octaves are shown. Middle C is key 40. A-440 is
key 49.

frequencies in (3.41) do not change with time. However.
most real-world signals exhibit frequency changes over
time. Music is the best example. For very short time
intervals, the music may have a "constant" spectrum, but
over the long term, the frequency content of the music
changes dramatically. Indeed, the changing frequency
spectrum is the very essence of music. Human speech is
another good example. Vowel sounds, if held for a long
time, exhibit a "constant'' nature because the vocal tract
resonates with its characteristic frequency components.
However, as we speak different words. the frequency
content is continually changing. In any event, most
interesting signals can be modelled as a sum of sinusoids
if we let the frequencies, amplitudes, and phases vary
with time. Therefore, we need a way to describe such
time-frequency variations. This leads us to the concept
of a time- frequency spectrum or spectrogram.
The mathematical concept of a time-fre,qucncy
spectrum is a sophisticated idea, but the intuitive notion
of such a spectrum is supported by common, everyday
examples. The best example to cite is musical notation
(Fig. 3-21). A musical score specifies how a piece is to be
played by giving the notes to be played, the time duration
of each note. and the starting t1me of each. The notation
itself is not completely obvious. but the horizontal "axis"
in Fig. 3-21 is time, while the vertical axis is frequency.
The time duration for each note varies depending on
whether it is a whole note, half note, quarter note, eighth,

sixteenth. etc. In Fig. 3-21 most of the notes are sixteenth
noles, indicating that the piece should be played briskly.
If we assign a time duration to a sixteenth note, then
all sixteenth notes should have the same duration. An
eighth note would have twice the duration of a sixteenth
note, and a quarter note would be four times longer than
a sixteenth note, and so on.
The vertical axis has a much more complicated
notation to define frequency. If you look carefully at
Fig. 3-21. you will see that the black dots that mark
the notes lie either on one of the horizontal lines ~r in
the space between two lines. Each of these denores a
white key on the piano keyboard depicted in Fig 3-22, and
each key produces a different frequency tone. The black
keys on the piano are denoted by "sharps" (tl) or flats"
(t>) . Figure 3-21 has a few notes sharped. The musical
score is divided into a treble section (the top five lines)
and a bass section (the bottom five lines). The vertical
reference point for the notes is "middle C," which lies on
an invisible horizontal line between the treble and bass
sections (key number 40 in Fig. 3-22). Thus the bottom
horizontal line in the treble section represents the white
key (E) that is two above middle C; that is, key number
44 in Fig. 3-22.
Once the mapping fro m the musical score to the piano

3-7
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keys has been made, we can write a mathematical formula
for the frequency of each note. A piano, which has
88 keys, is div ided into octaves containing twelve keys
each. The meaning of the word octave is a doubling
of the frequency. Within an octave, the neighboring
keys maintain a constant frequency ratio. Since there
are twelve keys per octave, the ratio (r) is

r

12

=2

==>

r = 2 1112 = 1.0595

With this ratio, we can compute the frequencies of aH
keys if we have one reference. The convention is that the
A key above middle C, called A-440, has frequency 440
Hz. Since A-440 is key number 49 and middle C is key
number 40, the frequency of middle C is
!middle C

music, although two of the lab projects on the CDROM investigate methods for syntbesizing waveforms
to create songs and musical sounds. What is interesting
about musical notation is thal it uses a two-dimensional
di.splay to indicate frequency content that changes with
time. If we adopt a similar notation, we can specify
how to synthesize sinusoids with time-varying frequency
content. Our notation is illuslrated in Fig. 3-23.

LAB: #4 Synthesis of Sinusoidal Signals
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Figure 3-23: Ideal time-frequency diagram for playing
the C-major scale. T he horizontal dotted lines correspond
to lhe five lines in the treble staffof sheet music (Fig. 3-21 ).

= 440 X 2C4D-49l/ ll ~ 261.6 Hz

It is not our objective to explain how to read sheet

.~--..
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LAB: #5 FM Synthesis for Musical Instruments

Stepped Frequency

The simplest example oftime-varying frequency content
is to make a waveform whose frequency stays constant
for a short duration and then steps 10 a higher (or lower)
frequency. An example from music would be to play a
scale that would be a succession of notes progressing over
one octave. For example, the C-major scale consists of
playing the notes {C, D,E,F, G, A, B,C} one after another,

starting at middle C. This scale is played completely on
the white keys. The frequencies of these notes are:
Middle C
262 Hz

D
294

E
330

F
349

G
392

A
440

B
494

C
523

A graphical presentation of the C-major cale is shown
in Fig. 3-23. It should be interpreted as follows:
Synthesize the frequency 262 Hz for 200 msec. then the
frequency 294 Hz during the next 200 msec. and so on.
The total wavefonn duration will be 1.6 sec. In music
notation, the notes would be written as in Fig. 3-24(top),
where each note is a quarter note.

3-7.2

Spectrogram Analysis

The frequency content of a signal can be considered from
two points of view: analysis or synthesis. For example,
the ideal time- frequency diagram in Figure 3-23 specifies
a rule for syntbesizing the C-maj or scale. Analysis is a
more challenging problem. as we saw in Section 3-4,
where the Fourier series analysis integral (3.26) was
given.
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Figure 3-24: Musical notation for the C-major scale,
and the corresponding spectrngram computed using
MATLAD's specgram function.

Analysis for time-varying frequencies is usually
considered a subject reserved for advanced graduate
courses. One reason is that we cannot write a simple
mathematical formula like the Fourier series integral to
do the analysis. On the other hand, excellent numerical
routines are now available for time- frequency analysis.
Specifically, we can compute a spectrogram, which is
a two-dimensional function of time and frequency that
displays the time variation of the spectral content of a
signal.
•8'--J
_.., DEMO: Spectrograms: Real Sounds: Piano

In MATLAB, the function specgram will compute Lhe
spectrogram, and its default values work well for most
signals. 6 Therefore, it is reasonable to see what son
of output can be produced by the specgram function.
Figure 3-24 shows the results of applying specgram
to the stepped-frequency sinusoids that make up the Cmajor scale. The calculation is performed by doing a
6Toe SP First toolbox contains an equivalent function called
spectgr.

frequency analysis on short segments of the signal and
plotting the results at the specific time at which the
analysis is done. By repeating this process with slight
displacements in time, a two-dimensional array is created
whose magnitude can be displayed as a grayscale image
whose horizontal axis is time and whose vertical axis
is frequency. The time ax.is must be interpreted as the
"time of analysis" because the frequency calculation is
not instantaneous; rather, it is based on a finite segment
of the signal-in this case, 25.6 msec.
It is quite easy to identify the frequency content due
to each note, but there are also some interfering artifacts
that make the spectrogram in Fig. 3-24 less than ideal. ln
Chapter 13, we will undertake a discussion of frequency
analysis in order to explain how the spectrogram is
calculated and how one should choose the analysis
parameters to get a good result. Even though the
spectrogram is a highly advanced idea in signal analysis,
its application is relatively easy and intuitive, especially
for music signals which are described symbolicall y by a
notation that is very much like a spectrogram.

3-8

Frequency Modulation: Chirp
Signals

\

Section 3-7 revealed the possibility that interesting
sounds can be created when the frequency varies as a
function of time. In this section, we use a different
mathematical formula to create signals whose frequency
is time-varying. We will also pursue this idea in Lab #5.
~

3-8.1

LAB: #5 FM Synthesis for Musical Instruments

Chirp or Linearly Swept Frequency

A "chirp" signal is a swept-frequency signal whose
frequency changes linearly from some low value to a
high one. For example, in the audible region, we might
begin at 220 Hz and go up to 2320 Hz. One method
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Therefore, we adopt the following general notation for
the class of signals with time-varying angle functio n:

Stepped Frequency Sinusoids

3v\M/ WWJWi~
1

0

I

2

3

4

5

6

Time t (msec)

x(t)

= ffie{Aei"<1>} = A cos(,ft(t))

(3.43)

where ,ft(t) denotes the angle function versus time. For
example, we can create a signal with quadratic angle
function by defining

Figure 3-25: Stepped-frequency sinusoid, with six
frequencies changing from 30 Hz to 80 Hz in IO Hz
increments. The frequency changes once per millisecond.

,ft(t)

= 2rr µ.r 2 + 2rrfot + </J

(3.44)

Now we can define the instantaneous frequency for
tllese signals as the slope of the angle function (i.e., its
derivative)

for producing such a signal would be to concatenate
a large number of short constant-frequency sinusoids,
whose frequencies step from low to high. This approach
has one notable disadvantage: The boundary between
the sho1t sinusoids will be discontinuous unless we are
careful to adjust the initial phase of each small sinusoid.
Figure 3-25 shows a time waveform where the frequency
I, 2, 3, 4, 5
is being stepped. Notice the jumps at t
secs, which, in this case, are caused by using </J 0 for
each small sinusoidal segment.
A better approach is to modify the formula for the
sinusoid so tJ1at we gel a time-varying frequency. Such
a formula can be derived from the complex-exponential
point of view. lf we regard a constant-frequency sinusoid
as the real part of a complex (rotatin_g) phasor

=

=

(3.42)
then the angle Junction 7 of this signal is the exponent
(w0 r + </J) which obviously changes linearly with time.
The time derivative of the angle function is WO, which
equals the constant frequency.
7 Here we use the term angle function to mean the angle of the
cosine wave. Recall that the constant ¢ is the pho.fe-shift.

W;(l)

d
= -dt
,ft(t)

(rad/sec)

(3.45)

where the units of w;(t ) are rad/sec, or, if we divide by
2rr

l d

f;(r)

= 2rr

dr 1/t(t )

(Hz)

(3.46)

we obtain Hz. If the angle funct ion of x (t) is quadratic,
then its frequency changes linearly with time; that is,
f;(t)

= 2µ,t + Jo

The frequency variation produced by the time-varying
angle function is called frequency modu lation, and
signals of this class are called FM signals. Finally,
since the linear variation of the frequency can produce
an audible sound similar to a siren or a chirp, the linear
FM signals are also called chirp sig nals, or simply chilps.
DEMO: Spectrograms: Chirp Sounds

The process can be reversed because (3.45) states that
the instantaneous frequency is the derivative of the angle
function ,ft(t). Thus, if a certain linear frequency sweep
is desired, the actual angle function needed in (3.43) is
obtained from the integral of w;(t ).
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Example 3-8: Synthesize a Chirp Formula

f •~

Suppose we want to synthesize a frequency sweep
from / 1 220 Hz to h = 2320 Hz over a 3-second time
interval, i.e., the beginning and ending times are t = 0
and t = T2 = 3 sec. First of all, it is necessary to create
a formula for the instantaneous frequency

=

f;(t)

=

Ji - /1

-

-t

T2

+ !1 =

2320 - 220
3
t

f
I

=

f (

2320 - 220
u
3

+ 220)

0.0l

0.02

0.04

= cos(2rr( 100 + 5000t)t)

JilJDAMMMNJ
0.0l

0.02

0.03

0.04

= cos(2rr(500)r)

-1 ......___._.._.__........__._.....____.__.._.___.__._..........__.,_.___._____,
0
0.01
0.02
0.03
0.04
Time t (sec)

= 700rrt 2 + 440.nt + (/J
where the phase shift, </>, is an arbitrary constant. The
chirp signal is x(t) = cos(ift(t)).
■

A Closer Look at Instantaneous
Frequency

lt may be difficult to see why the derivative of the angle
function would be the instantaneous frequency.
following experiment provides a clue.

0.03

~MNWWWWW\J\NWW

du

0

3-8.2

0

Constant Frequency 500 Hz: x2(t)

I

2rc

x, (t) = cos(2rr(300)t)

-~~AAAAAAAAAA[V
0

w;(u)du

0

=

Constant Frequency 300 Hz:

Chirp 100 to 500 Hz: x(r)

+ 220

Then we must integrate 2rr f; (l) to get the angle function:

if,(t)
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Figure 3-26: Comparing a chirp signal (middle) to
constant-frequency sinusoids (top and boltom). Notice
where the local frequency of the chirp is equal to one of
the sinusoids.

\

The

(b) Now make a plot of the signal synthesized in (a). In
Fig. 3-26. this ploc is the middle panel.

(a) Define a "chirp" signal as in Example 3-8 with the

( c) It is difficult to verify whether or nm this chirp signal
will have the correct frequency content However,
the rest of this experiment will demonstrate that
the derivative of the angle fu nction is the "correct"
definition of instantaneous frequency. First of all,
plot a 300-Hz sinusoid, x 1(t) which is shown in the
upper panel of Fig. 3-26.

following p arameters:

= JOO Hz
h = 500 Hz
T2 = 0.04 sec
f1

ln other words, dete1mine µ and Jo in (3.44) to
define x(t) so that it sweeps the specified frequency
range.

(d) Finally, gen erate and plot a 500-Hz sinusoid, x 1(t)
as in the bottom panel of Fig. 3-26.

3.9 SUMMARY AND LINKS
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(e) Now compare the three signals in Fig. 3-26 with
respect to the frequency content of the chirp.
Concentrate on the frequency of1J1echirp in the lime
range 0.019 ~ t ~ 0.021 sec. Notice that the 300Hz sinusoid matches the chirp in this time region.
Evaluate the theoretical f;(t) in this region.

= 0.04s)
where the chirp frequency is equal (locally) to
500 Hz.

(f} It is possible to find another region (near t

=

We have seen that for signals of the fo1m x(c)
A cos(i/f (t)), the instantaneous frequency of the signal
is the derivative of the angle function 1/J(t). If l/t(t) is
constant, the frequency is zero. If 1/J(t) is linear, x(I) is
a sinusoid at some fixed frequency. If ifr{t) is quadratic.
x(t) is a chirp signal whose frequency changes linearly
versus time. More complicated variations of lfr(t) can
produce a wide variety of signals. One application of
FM signals is in music synthesis. This application is
illustrated with demos and a lab on the CD-ROM.
Ni:.-~

DEMO: Spectrograms: Chirp Sounds
DEMO: FM Synthesis

3-9 Summary and Links
This chapter introduced the concept of the spectrum, in
which we represent a signal by its sinusoidal componenLS.
The spectrum is a graphical presentation of the complex
amplitude for each frequency component in the signal.
We showed how complicated signals can be formed from
relatively simple spectra, and we presented 1he essential
concepts of the Fomier series so that we could form lhe
spectrum of arbitrary periodic signals. Finally, we ended
with a discussion of how the spectrum can vary with
time.

Al this point, so many clifferenl demonstrations and
projects can be done that we must limit our list somewhat.
Among lhe laboratory projects on the CD-ROM are
three devoted 10 different aspects of the spectrum. The
first (Lab #3) contains exercises on the Fourier series
representation of the square wave and a sawtooth wave.
The second (Lab #4) requires s tudents to develop a music
synlhesis program to play a piece such as Bach's "Jesu,
Joy of Man's Desiring." This synthesis must be done
with sinusoid,;, but can be refined with extras such as a
tapered amplitude envelope. Finally, Lab #5 deals with
beat notes, chirp signals, and spectrograms. The second
part of this lab involves a music synthesis method based
on frequency modulation. The FM synthesis algorithm
can produce realistic sounds for instruments such as a
clarinet or a drum. I n addition, there is one more lab that
involves some practical systems that work with sinusoidal
signals, such as a Touch-Tone phone. This lab, however,
requires some knowledge of fi ltering so it is reserved for
Chapter 7. Write-ups of the labs can be found on the
CD-ROM.
DEMO: Links to Many Demos

The CD-ROM also contains many demonstrations of
sounds and their spectrograms:
(a) Spectrograms of simple sounds such as sine waves,
square waves, and other harmonics.
(b) Spectrograms of realistic sounds, including a piano
recording, a synthetic scale, and a synthesized music
passage done by one of the students who took an
early version of lhis course.
(c) Spectrograms of chirp signals that show how the
rate of change o f the frequency affects the sound
you hear.
(d) An explanation of the FM synthesis method for
emulating musical instruments. Several example
sounds are included for listening.
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(e) Rotating Phasors

- 50

-175

Finally, the reader is reminded of the large numbec of
solved homework problems that are available for review
and practice on the CD-ROM.

4e- i"12

3-1 O Problems
P-3.1 A signal composed of sinusoids is given by the
equation

= 10cos(800nt + n/4)

0

50

175

f

Figure P-3.2

P-3.3 Let x(t)

+ 7 cos( l 200nt -

?e-jrr/3

4ei"12

~ NOTE: Hundreds of Solved Problems

x(t)

11

?eirr/3

(f) Vowel Synthesis

= sin3 (27m).

(a) Detennine a formula for x(t) as the real part of a
sum of complex exponentials .
(b) What is the fundamental period for x(t)?
(c) Plot the spectrum for x(t).

n /3) - 3 cos( 1600n t )

(a) Sketch the spectrum of this signal, indicating
the complex size of each frequency component.
Make separate plots for real/imaginary or magnitude/phase of the complex amplitudes at each
frequency.
(b) ls x(t) periodic? If so, what is the period?
(c) Now consider a new signal defined as y(t ) =
x (t) + 5cos(l000nt + n/2). How is the spectrum
changed? Is y(t ) periodic? lf so, what is the period?

P-3.4 lo Sectio n 3-2.2, we discussed a simple example
of the "beating" of one cosine wave against another. In
this problem, you will consider a more general case. Let
x(r)

= A cos[21r(fc -

h)tl + B cos[2n<Je + JA)t]

For the ca e discussed in Section 3-2.2, the amplitudes
are equal, A= B = ].
(a) Use phasors to obtain a complex signal z(t) ~ch
that
x(t )

P-3.2 A signal x (t) has the two-sided spectrum
representation shown in Fig. P-3.2.

(a) Write an equation for x(t) as a sum of cosines.
(b) Is x(t) a periodic signal? If so, determine its
fundamental period and its fundamental frequency.

(c) Explain why "negative" frequencies are needed in
the spectrum.

= flte{z(t)}

(b) By manipulating the expression for z(t) and then
taking the reaJ part, show that in the more general
case above, x(t ) can be expressed in the fonn
x(t)

= C cos(2rr/6t) cos(2nfct)

+ D sin(2rr/6 t ) sin(2rrfct)
and find expressions for C and D in terms of A and
B. Check your answer by substituting A = B = l.

3-10
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P-3.7 Consider a signal x(t) such that

(c) Find values for A and 8 so that
x(t)

= 2 sin(2:nft,t) sin(2:nfct)

x(t)

Plot the spectrum of this signal.

= 2cos(w 1r) cos(<.uit)
= cos((wi + w1)t] + cos[(wi -

wi)t]

where O < w1 < w2.

P-3.5 Consider the signal
x(t)

= 10 + 20cos(2rr(100)t + ¼rr) + 10cos(2rr(250)t)

(a) Using Euler's relation, the signalx(t) defined above
can be expressed as a sum of complex exponential
signals using the finite Fourier synthesis summation
(3.30)
Determine values for Jo, N and all the complex
amplitudes, ax. It is not necessary to evaluate any
integrals to obtain ak.
(b) ls the signal x(t) periodic?

If so, what is the

fundamental period?
(c) Plot the spectrum of this signal versus / in Hz.

P-3.6 An amplitude-modulated (AM) cosine wave is
represented by the formu la
x(t)

= [12+7sin(m -

3rr)]cos(l3rrr)

(a) Use phasors to show that x(t) can be expressed in

the form
x(t)

= A1 cos(w1 t + 4>1)
+ A2 cos(w2r + ¢2) + A3 cos(w3t + (/)3)

where w 1 < wi < W3; i.e., find values of the
parameters A 1. A2, A3, 4>1, ¢2, (/)3, w1. wi, W3.
(b) Sketch the two-sided spectrum of this signal on a
frequency axis. Be sure to label important features
of the plot. Label your plot in tenns of the numerical
values of A;, </>;, and w;.

(a) What is the general condition that must be satisfied
by wi - w1 and <vi+ w1 so that x(t) = x(t + To),
i.e., so that x(t) is periodic with period T0 ?

(b) What does the result of (a) imply about w1 and wi?
For example, is wi an integer multiple of cv1?

P-3.8 A periodic signal is given by the equation
x(t)

= 2 + 4cos(40JTt -

31r)

+ 3 sin(601rt) + 4 cos(l20m -

½1r)

(a) Detennine the fundamental frequency Wo, the
fundamental period To, the number of terms N. and
the coefficients ak in the finite Fourier representation
(3.30) for the signal x(t) above. It is possible to do
this without evaluating any integrals.
(b) Sketch the spectrum of this signal indicating the
complex amplitude of each frequency component.
Indicate the complex amplitude values at the
appropriate frequencies.
There is no need to
make separate plots for real/imaginary parts or
11,agnirude/phase.

(c) Now consider a new signal defined by adding one
more sinusoid y(t) x(t ) + 10cos(50rrt - rr/6).
How is the spectnun changed? Is y(t) still periodic?
If so, what is the fundamental period?

=

=

P-3.9 A periodic signal x(t) x(t + To) is described
over one period -T0 /2 ~ r ~ To/2 by the equation
X(l)

=

where fc < To/2.

!

l forltl<tc
O
for fc < ltl

~

To/2
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(a) Sketch the periodic fu nction x(t) over the time
interval -2To < t < 27i> for the case ,,. = Tu/4.

x(t)

(b) Determine the DC coefficient ao.

(c) Determine a formula for the Fourier series
coefficients ak in the finite Fourier representation
(3.30). Your final result should depend on le- and To.
(d) Sketch the spectrum of x(t) for the case Wo =
2rr (100) and le = To/4. Use a frequency range from
- lOeuo to+ IOeuo.
(e) Sketch the spectrum of x(t) for the case Wo =
2rr(100) and tc
To/ 10. Use a frequency range
from -10wo to + lOcuo.

=

(0 From your res ults in (d) and (e), what do you
conclude about the relationship between tc and the
relative size of the high-frequency components of
x(t)? When tc decreases, do the high-frequency
components get bigger or smaller?

P-3.10 The periodic wavefonn in Fig. P-3. 10 has the
property of half-wave symmetry; i.e., the last half of the

Figure P-3.10

(b) Prove that the DC coefficient ao is zero for any
periodic signal having half-wave symmetry. Hint:
Split the integral for ao into two parts.

(c) Prove that all the even indexed Fourier series
coefficients are zero for a signal with half-wave
symmetry; i.e., a,. 0 if k is an even integer.

=

P-3.11 A signal x(t ) is periodic with ~eriod Tu = 8.
Therefore, it can be represented as a Fouri\!r series of the
form

period is the negative of the first half. M ore precisely,
signals with half-wave symmetry have the property that
x(t

+ To/2) = -x(t)

- oo < t < oo

(a) Suppose that x(t) is a periodic signal with half-wave
symmetry and is defined over half a period by

=t

=

L
00

akei<2,r/8)A,

k= - co

(3.47)

In this problem we will show that this condition has an
interesting effect on the Fourier series coefficients for the
signal.

x(t)

x (l)

l t is known that the Fourier series coefficients for this
representation of a particular signal x(t ) are g iven by the
integral

=if

0

ak

(4

+ t )e-j(2n/ 8Jkt dt

-4

for O ::5 t < To/2

where T0 is the period of the signal.
periodic signal for - To ::5 t .::: To.

Plot this

(a) In the integral expression for a l above, the integrand
and the limits define the signal x(t). Determine an
equation for x (t) that is valid over one period.

3- 10
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(b) Using the result from part (a), draw a plot of x(t)
over the range - 8 ::.: t ::.: 8 seconds. Label your plot
carefully.

P-3.13 Make a s ketch of the spectrum of the signal
defined by
3

(c) Determine the DC value of x(l).

x ( t)

= sin(I0t) (

. )
I +1 jk eJkt

~
3

=

P-3.12 A periodic sjgnal x (t) with a period To
10 is
described over one period, 0 ::.: t ::.: 10, by the equation

O s r ::.: 5
5<tSIO
This signal can be represented by the Fourier series (3.19)
which is valid for all time -oo < t < oo.
(a) Sketch the periodic function x (t) over the time
interval -10 S t S 20.
(b) Determine the DC coefficient of the Fourier
series, ao.

Hint: use Euler's formula on Lhe sin(10t) term, and then

multiply into the summation in order to get the Fourier
series coefficients of x(t).

P-3.14 We have seen that a periodic signal x(t) can
be represented by its Fourier series (3.19). It turns out
that we can transform many operations on the signal
into correspoodjng operations on the Fourier coefficients
a1:. For example, suppose that we want to consider
a new periodic signal y (t) =
What would the
Fourier coefficients be for y (t )? The ans wer comes from
differentiating the Fourier series representation

d~t-

(c) Use the Fourier analysis integral (3.21) to find a1,
the first Fourier series coefficient (i.e., fork = 1).

v (t )
·

dx(t)
=- = -dtd [ ~
~
dt

a1:eJ·k WO' ]

L=-oo

(d) If we add a constant value of one to x(t), we obtain
the signal y(t)
I + x(t) with y (t) given over one
period by

=

y(I) -

g

0 ::_;

l $

a1: [(jkWo)eikwot]

L= -cx:

5 < 1 $ 10

L

Thus, we see that y(t) is also in the Fourier series form
co

y (t )

oc

=

L

=

5

This signal can also be represented by a Fourier
series, but with different coefficients:
y(t)

ex:

bke j kwor

k=- oo

Explain how bo and b 1 are related to a0 and a 1• Note:
You should not have to evaluate any new integrals
explicitly to answer this question.

=

L b1:ei "-"Xi

1

,

where b1:

= (jkwo)a1:

k=-oo

so the Fourier series coefficients of y(t) are related to
the Fourier series coefficient<; of x(t ) by b1:
(jkwo)ak.
This is a nice result, because it allows us to find the
Fourier coefficients without actually differentiating x(t).

=
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and without doing any tedious evaluation of integrals to
obtain the Fourier coefficients b,.. It is a general resull
that holds for every periodic signal and its derivative.
We can use this style of manipulation to obtain some
other useful results for Fourier series. In each case below,
use (3.19) as the starting point and express the U1e given
definition for y(t) as a Fourier series and then manipulate
the equation so that you can pick off an expression for
the Fourier coefficients bk as a function of the original
coefficients a1;..

=

(a) Suppose that y(t)
Ax(t) where A is a real
number; i.e., y(t) is just a scaled version of x(t).
Show that the Fourier coefficients for y(t) are
bk= Aak.
(b) Suppose that y(t) = x(t - td) where td is a real
number; i.e., y(t) is j ust a delayed version of x(t).
Show that the Fourier coefficients for y(t ) in this
case are b1. = ake- ikwo,,,.

P-3.15 Consider the periodic function x(t) plotted in
Fig. P -3.15.

SPECTRUM REPRESENTATION

=

(b) Define a new signal as y(t) 2r(t - To/2), and
then sketch the waveform of y(t ). Use the results
of Problem P-3.14 to w1ite down the Fourier series
coefficients b0 and bk for k # 0 for the pe1iodic
signal y(1) without evaluating any integrals.

P-3.16 We have seen that musical tones can be modelled
mathematically by sinusoidal signals. If you read music
or play the piano, you know that the piano keyboard is
divided into octaves, with the tones in each octave being
twice the frequency of the corresponding tones in the
next lower octave. To calibrate the frequency scale, the
reference tone is the A above middle C, which is usually
called A-440, since its frequency is 440 Hz. Each octave
contains 12 tones, and the ratio between the frequencies
of successive tones is constant. Thus, the ratio must
be 2 1112 • Since middle C is njne tones below A-440,
its frequency is approximately (440)2- 9112 ~ 261.6 Hz.
The names of the tones (notes) of the octave struting with
middle C and ending with high C are:
Note name
Note number

C

40

C"
41

D

Ei,

42

43

G
47

G"
48

A

BP B

C

49

50

52

E
44

F

F"

45

46

Frequency
Note name
Note number

=i □

- 2To

-To

rff □
1o

Frequency

L~
2To t

Figure P-3.15

(a) Find the "DC" value a0 and the other Fourier
coefficients ak for k # 0 in the Fourier series
representation of x(t).

F"

46

51

440

(a) Make a table of the frequenc ies of the tones of the
octave beginning with middle C. assuming that the
A above middle C is tuned to 440 Hz.
(b) The above notes on a piano are numbered 40 through
52. If n denotes the note number and f denotes the
frequency of the corresponding tone, give a formula
for the frequency of the tone as a function of the
note number.
(c) A chord is a combination of musical notes sounded
simultaneously. A triad is a three-note chord. The
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D-maj or chord is composed of the tones of D, F#,
and A sounded simultaneously. From the set of
corresponding frequencies determined in (a), make
a sketch of the essential features of the spectrum
of the D-major chord assuming that each note is
realized by a pure sinusoidal tone. Do 1101 specify
the complex phasors precisely.
P-3.17 A chirp signal is one that sweeps in frequency
from w1 = 2rrf1 to w2 = 2rrfi as time goes from t = 0
to t == T2. The general formula for a chirp is
x(r )

= A cos(at + f3t + </>) = cos(i/t(t))
2

(3.48)

where
1/f (t)

= a t 2 + /31 + </>

The derivative of 1/f (t ) is the instantaneous frequ ency
which is also the frequency heard if the frequencies are
in the audible range.
d

W; (t)

= dt 1/f (t)

radians/sec

(3.49)

(a) For the chirp in (3.48). determine formulas for the
beginning frequency (w1) and the ending frequency
(cv-i) in terms of a, fj, and T2.
(b) For the chirp signal

x (t)

= !1te(el<40,2+211+ 1J>}

derive a formu la for the illsta11taneous frequency
versus time.
{c) Make a plot of the instantaneous frequency (in Hz)
versus time over the range 0 ~ t ~ 1 sec.

(a) Use the following parameters to define a chirp
signal:

T2 = 2sec
In other words, determine a and fJ in (3.48) to define
x(t) so that it sweeps the specified frequency range.
(b) The rest of this problem is devoted to a MATLAB

experiment that will demonstrate why the derivative
of the angle function is the "correct" definition of
instantaneous frequency. First, make a plot of the
instantaneous frequency Ji (t) (in Hz) versus time.
(c) Now make a plot of the signal synthesized in
(a). Pick a time-sampling interval that is small
enough so that the plot is very smooth. Put this
plot in the middle panel of a 3 x 1 subplot, i.e.,
subplot (3 , 1, 2).
(d) Now generate and plot a 4-Hz sinusoid. Put this
plot in the upper panel of a 3 x I subplot, i.e.,
subplot ( 3 , 1, 1) .
(e) Finally, generate and plot an 8-Hz sinusoid. Put
this plot in the lower panel of a 3 x I subplot, i.e.,
subplot ( 3, 1, 3) .
(f) Compare the three signals and comment on the

frequency content of the chirp. Concentrate on the
frequency of the chirp in the time range 1.6 ::: t :s 2
sec. Which sinusoid matches the chirp in this time
region? Compare the expected Ji(t) i n this region
to 4 Hz and 8 Hz.

P-3.19 The plots in Fig. P-3.19 show waveforms on the
P-3.18 To see why the derivative of the angle function
would be the instantaneous frequency, repeat the
experiment of Section 3-8.2.

left and spectra on the right. Match the wavefonn letter
with its corresponding spectrum number. In each case,
write the formula for the signal as a sum of sinusoids.
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Sampling and Aliasing
This chapter is concerned with the conversion of
signals between the analog (continuo us-Lime) and digital
(discrete-rime) domains. The primary objective of
our presentatio n is an understanding of the sampling
theorem , which states that when the sampling rate is
greater than twice the highest frequency contained in the
spectrum of the analog signal, the original signal can be
reconstructed exactly from the samples.
The process of converting from digital back to analog
is calledr eco11sh·uctio11 . A common example is given by
audio CDs. Music on a CD is sampled at 44, I 00 times
per second and stored in a digital form from which a CD
player reconstructs the continuous (analog) waveform
that we listen to. The reconstruction process is basically
one of interpolation because we must ''fill in" the missing
signal values between the sample times t,, by constructing
a smooth curve through the discrete-time sample values
x(t,,) . Although this process may be studied as time-

domain interpolation. we will see that a spectrum or
frequency-domain view is very helpful in understanding
the impon.ant issues in sampling.

4-1 Sampling
Sinusoidal waveforms of the form
x(t )

= A cos(wt + ¢)

(4. 1)

are examples of conti111w 1ts-time signals.
It is
also common to refer to such signals as analog
signals because both the signal amplitude and the
time variable are assumed to be real (not discrete)
numbers.
Continuous-time signals are represented
mathematically by functions of time, x(t), where t
is a continuous variable.
In earlier chapters, we
have "plotted" analog waveforms using MATLAB, but
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actually we did not plot the continuous-time waveform.
lnstead, we really plotted the wavefonn only at isolated
(discrete) points in time and then connected those points
with straight lines. lndeed, digital computers cannot
deal with continuous-time signals d irnctly; instead,
they must represent and manipulate them numerically
(as with MATLAB), or sometimes symbolically (as
with Mathematica or Maple) . The key point is that
any computer representation is discrete. (Recall the
discussion in Section 2-4 on p. 15.)
A discrete-time signal is represented mathematically
by an indexed sequence of numbers. When stored
in a digital computer, the signal values are held in
memory locations, so they would be indexed by memory
address. We denote the values of the discrete-time
signal as x[n], where n is the integer index indicating
the order of the values in the sequence. The square
brackets [ ] enclosing the argument 11 allow us to
differentiate between the continuous-time signal x(t) and
a corresponding discrete-time signal x [11]. 1
We can obtain discrete-time signals in either of the
following ways:
(a) We can sample a continuous-time signal at equally
spaced time instants, r,,
nTs; that is.

=

x[n]

= x(,zTs)

- oo < n < oo, (4.2)

where x(t) represents any continuously varying
signal, e.g., speech or audio. The individual values
of x[n] are called samples of the continuous-time
signal. The fixed time interval between samples,
T.~. can also be expressed as a fixed sampling rate,
fs, in samples per second:
1

f, == Ts
1The terminology

samples/sec.

for discrete-time signals is not universal, so we
may occasionally use the word sequence in place of signal, or the
adjective digital in place of discrete-time, to refer to x[n ].

SAMPLING AND ALIASING

Ideal
C-to-D
Converter

x[n] = x(nTs)

Figure 4-1: Block diagram representation of the
ideal continuous-to-discrete (C-to-D) converter. The
parameter T, specifies uniform sampling of the input
signal every Ts seconds.

Therefore, an alternative way to write the sequence
in (4.2) is x[n] == x(n/fs)Sampling can be viewed as a transforrw.rtion or
operation that acts on a continuous-time signal x(t)
to produce an output which is a corresponding
discrete-time signal x[n]. In engineering. it is
common Lo call such a transformation a system,
and represent it graphically with a block diagram
that shows the input and output signals along with
a name that describes the system operation. The
sampling operation is an example of a system whose
input is a continuous-time signal and whose output
is a discrete-time signal as shown in Fig. 4-1. The
system block diagram of Fig. 4-1 represents the
mathematical equation in (4.2) and is caUed an ideal
co11ti11uous-to-discrete (C-to-D) converter.
Its
idealized mathematical form is useful for analysis,
but an actual hardware system for doing sampling
is an analog-to-digital (A-to-D) converter, which
approximates the perfect sampling of the C-to-D
converter. A-to-D converters differ from ideal C-toD converters because of real-world problems such
as amplitude quantization to 12 or 16 bits, jitter
in the sampling times, and other factors that are
difficult to analyze. Since these factors can be made

4-1
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negligible with careful design, we can safely confine
our presentation to rhe ideal C-to-D system .

(b) We can also compute the values of a discrete-time
signal directly from a formula. A simple example
is
w [n]

= 11 2 -

511 + 3

which determines the sequence of values
{3, -1, - 3, -3, - 1, 3, 9, .. . } corresponding to
0 , J. 2, 3. 4 , 5, 6 , . . . . Although
the indices n
there might be no explicit underlying continuoustime signal that is being sampled, we will
nevertheless often refer to the individual values
of the sequence as samples. Discrete-time signals
described by formulas will be very common in our
study of discrete-time signals and systems.

=

When we plot discrete-time signals, we will use
the format shown in Fig. 4-2, which shows eight
values (samples) of the sequence w[n]. Such plots
show clearly that the signal has values only for
integer indices; in between, the discrete-time signal
is undefined.

20
w[n] 10

4-1.1

Sinusoidal signals are examples of continuous-time
signals that exist in the "real world" outside the computer,
and for which we can also write a simple mathematical
formula. Because more general continuous-time signals
can be represented as sums of sinusoids, and because the
effects of sampling are easi ly understood for sinusoids,
we will use them as the basis for our study of sampling.
If we sample a signal of the fonn of (4.1 }, we obtain
x[n]

2

4
Time Index (11)

6

Figure 4-2: Plotting fonnat for discrete-time signals;
sometimes called a "lollypop" or "tinker-toy" plot. In
MATLAB, the function stem will produce this plot, so
many students also refer to this as a "stem plot."

= x(nT.,)

= A cos(wnTs + </>)
=
where we have defined

A cos(wn

+ </>),

(4.3)

wto be

Normalized Radian Frequeucy
A~

T - w
fs

(4.4)

W-Ws--

The signal x[11] in (4.3) is a discrete-time cosine
signal, and wis its discrete-time f requency. We use
a " hat" over w to denote that this is a new frequency
variable. It is a normalized version of the continuoustime radian frequency with respect to the sampling
frequency. Since w has units of rad/sec, the units
of
= wT1 are radians; i.e., w is a dimensionless
quantity.
This is entirely consistent with the fact
that the index n in xln] is dimen sionJess. Once the
samples are taken from x(r ), the time scale infom1ation
The discrete-time signal is just a
has been lost.
sequence of numbers, and these numbers carry no
information about the sampling period, Ts, used in
obtaining them. An immediate implication of this
observation is that an infinite number of continuoustime sinusoidal signals can be transformed into the same

w

0

Sampling Sinusoidal Signals
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discrete-time sinusoid by sampling. AJI we need lo
do is change the sampling period inversely proportional
to the input frequency of lhe continuous-time sinusoid.
For example, if w = 200rr rad/sec and Ts = I /2000 sec,
then w= 0. lrr rad. On the other hand, if w = IO00rr
rad/sec and Ts = I/ 10000 sec, w is still equaJ to O. lrr
rad.
The top panel of Fig. 4-3 shows x(t) = cos(200rrt), a
continuous-time sinusoid with frequency / 0 = l 00 Hz.
The middle panel of fig. 4-3 shows the samples taken
with sampling period Ts = 0.5 msec. The sequence
is given by the formula x [n] = x(nTs) = cos(0.brn),
so the discrete-time radian frequency is w0 0. l rr.
(Since w0 is dimensionless, it is redundant to specify
its units as rad.) The sampling rate in this example
is f, = 1/T.., = 2000 samples/sec. The sample values
are plotted as discrete points as in the middle panel of
Fig. 4-3. The po ints are not connected by a continuous
curve because we do not have any direct information
about the value of the function between the sample
values. In this case, there are 20 sample values per period
of the signal, because the sampling frequency (2000
samples/sec) is 20 times higher than the frequency of
the continuous signal ( I 00 Hz). From this discrete-time
plot, it appears that the sample values alone are sufficient
to visually reconstruct a continuous-time cosine wave,
but without knowledge of the sampling rate, we cannot
tell what the frequency w should be.
Another example of sampling is shown in the bottom
panel of Fig. 4-3. In this case, the 100 Hz sinusoid
is sampled at a lower rate <is = 500 samples/sec)
resulting in the sequence of samples .x ln] = cos(0.4rrn).
In this case, the discrete-time radian frequency is
w= 0.4rr. The time between samples is Ts= J/l = 2
msec, so there are only five samples per period of the
continuous-time signal. We see that without the original
wavefo1m superimposed, it would be difficult to djscem
the precise waveshape of the original continuous-time
sinusoid.
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Continuous Waveform: x(t)

= cos(2Jr IOOt)
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Figure 4-3: A continuous-time I00-Hz sinusoid (top) aud
two discrete-time sinusoids formed by sampling at f, =
2000 samples/ ec (middle) and at/, = 500 samples/sec
(bottom).

·•~ EXERCISE 4.1:
If the sampling rate is
= IO00 samples/sec. and the continuous-lime signal
is x(t) = cos(wt), what value of w wiU give a sequence
of samples identical to the discrete-time signal shown in
the bottom panel of Fig. 4-3?
fs

At first glance, Exercise 4.1 appears to ask a rather
simple question because the formula in (4.4) can be
solved for win terms off, and w. Then it is easy to obtain
the answer for Exercise 4. 1 as w = (0.4rr) Is = 400rr
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rad/sec. But is this the only possible answer? In order to
understand this question and find its answer, we need to
look more closely at the sampling operation and a concept
that we will call aliasing.

4-1.2

0

The Concept of Aliasing

A simple definition of the word aliasing would involve
something like "two names for the same person, or thing."
Let us now turn to the question of how aliasing aii ses
in a mathematical treatment of discrete-time signals,
specifically for discrete-time sinusoids. T he sinusoid
x 1[n ] = cos(O.4.1r11) is the mathematical formula for the
plot shown in the bottom panel of Fig . 4-3, so it is
one "name" that identifies that signal. Now consider
another sinusoid , x 1 [n ] = cos(2.4rrn), apparently with
a differe nt frequency. To see how a plot of x2[11]
would look, we invoke the simple trigonometric identity
cos(0 + 2rr) = cos(0) to obtain
x2[n]

= cos(2.4rrn)

= cos(O.4rr11 + 2rrn)
= cos(O.4rrn)
because 2rrn is an integer number of periods of the cosine
function . .In other words, this phenomenon that we are
calling aliasing is solely due to the fact that trigonomettic
functions are periodic with period 2,r.
DEMO: Sampling Theory Tutorial

Figure 4-4 shows that the stem pJms of these two
signals, x 1[11] cos(O.4nn) and .x2[nl cos(2.4rrn),
are identical. Figure 4-4 also shows continuous plots
of the signals cos(O.4nt) and cos(2.4rrt), which when
samp led with T. = I would give x 1[n) and x 2 [n].
It is clear from Fig. 4-4 that the values of these
continuous cosine signals are equal at integer values,
n. Since x 2 [n l = xdn l for all integers n, we see that
x2[11] = cos(2.4mz) is another name for the same plot,
the same discrete-time signal. It is an alias.

=

=

2

6
8
Time Index Axis, n

4

10

12

Figure 4-4: Illustration of aliasing: two continuous-time
signals drawn through the same samples. The samples
belong to two different cosine signals with different
frequencies, but the cosine functions have the same values
a t 11 = 0, I, 2, 3, ....

T he frequency of x2[11J is w= 2.4rr. whi le the
frequency of x 1[11] is w= 0.4,r. When speaking about
the frequencies, we say that 2.4JT is an alias of O.4.1r.
111ere are many more frequency aliases as the follow ing
problem suggests.

·'<!f- EXERCISE 4.2: Show that 7 cos(8.4rr 11 - O.2,r)
is an alias of7 cos(O.41rn - O.2rr). In addition, find two
more frequencies that are aliases of O.4rr rad.

In the previous exerci. e. it should be easy to see that
adding any integer multiple of 2rr to O.4rr will give an
alias, so the following general formula holds for the
frequency alia. es: 2

we=O.4rr + 2rrf. f. = 0. 1, 2 , 3 . . .. (4.5)
S ince cv = O.4,r is the smallest of all the aliases, it is
sometimes called the principal alias.
However, we are not finished yet. T here are other
Another trigonometric identity states that
aliases.
2The integer f could be negative if we allow negative frequencies,
but we prefer to avoid that case for the time being.
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cos(21r - 0) = cos(0), so we can generate another alias
for x 1[n] cos(0.4rrn) as follows:

Discrete-Time Spectrum of x[n] = cos(0.4rrn)

=

X3 [n]

= cos{ l.6m1)
= cos(2Jr11 - 0.4Jrn)

= cos(0.4rrn)

The frequency of X3 [n] is l.61r. A general fom1 for all
the alias frequencies of this type would be

we = -0.4Jr + 21r e

e = l , 2, 3, ...

(4.6)

For reasons that will become clear later on, these aliases
of a negative frequency are called folded aliases.
If we examine aliasing for the general discrete-time
sinusoid (4.3), an extra complication arises for the folded
case as illustrated by the following analysis:

A cos((21r - w)n - </>)

= A cos(21rn -

wn - <P)

= Acos(- wn - <P)
= A cos(w11 + </>)

(4.7)

Notice that the algebraic sign of the phase angles of the
folded alfases must be opposite to the sign of the phase
angle of the principal alias.

EXERCISE 4.3:
Show that the signal 7 cos(9.6nn + 0.2rr) is an alias of the signal
7 cos(0.4,r 11 - 0.21r). It might be instructive to make
MATLAB plots of these two signals to verify that the phase
must change sign to have identical plots.
t-f!b...._

1n summary, we can write the following general
formulas for all aliases of a sinusoid with frequency evo:
<.VQ,

Wo + 2rre,

21re -

Wo,

(t

= integer)

(4.8)

because the following signals are equal for all n:

A cos(evon + <P)

= A cos( (wo + 2rr e)n + <P)
= A cos((21re - w0 )n - </>)

(4.9)
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I:t1. I.I
-2.4rr

-1.6.rr

- n -.4rr O .4rr rr
Frequency (w)

1.6.rr

I

2.4rr

Figure 4-5: Spectrum of a discrete-time sinusoid. The
principal alias components are at w= ±0.4rr.

If we were to make a stem plot of all of these signals
(with specific numbers for A, </J and e), we would not
be able to tell them apart, as was shown in the example
of Fig. 4-4.

w,

4-1.3

Spectrum of a Discrete-Time Signal

We have seen that it is sometimes very useful to
represent a continuous-time sinusoidal signal by a
spectrum plot. How would we plot the spectrum of a
discrete-time signal? Aliasing makes this problematic
because a given discrete-time sinusoidal sequence could
co1Tespond to an infinite number of different frequencies
w. Our approach will be to take this into account
by making a plot that explicitly shows that there are
many different sinusoids that have the same samples.
Figure 4-5 shows that we do this by drawing tl1e
spectrum representation of the principal alias a long
with several more of the other aliases. 3 In Fig. 4-5,
the spectrum plot includes a representation of the
principal aliasx 1[11) cos(0.4rr 11), and two of the aliases
x 2 [n] = cos(2.4rrn). and x 3 [n] = cos(l.6rr11). Recall
that from Euler's formula, (3.3) on p. 37, the spectrum
of each discrete-time alias signal consists of a positive

=

3we should draw an infinite number of aliases, but we cannot
show them all.
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frequency component and a corresponding component at
negative frequency. Thus, x 1[n} is represented by the
components at ± 0.4;,r and x2[11] is represented by the
black components at ±2.4.rr. and so forth. Another way
of thinking about constructing the plot in Fig. 4-5 is that
the spectrum of the principal alias signal consisting of
components at ±0.4JT was moved up by 2n and down by
2n, i.e., the spectrum was shifted by integer multiples of
2rr.
In the case of the spectrum representation of a
continuous-time signal, the assumption was that all of the
spectrum components were added together to synthes ize
the continuous-time signal . This is not so for the
discrete-time case. We show spectrum representations
of several of the aliases simply to emphasize the fact that
many different frequencies could produce the same timedomain sequence. In the case of a sum of discrete-time
sinusoids, such as

Y1[n]

= 2cos(0.4n11) + cos(0.6mi)

(4. 10)

we would make a plot like Fig. 4-5 for each of the
cosine signals and superimpose them on a single plot.
To synthesize the time-domain signal corresponding to a
given specl'r um representation, we si mply need to select
one signal from each of the distinct alias sets. For
example, (4.10) includes only the principal aliases since
0.4n and 0.6JT are both less than 1r.

"$i EXERCISE 4.4 : M ake a spectrum plot for the
signal of (4.10) similar to Fig. 4-5 showing the principal
alias and two other alias frequencies. How would your
plot change if the signal was

Y2[n]

= 2 cos(0.4Jrn) + cos(2.6Jrn)?

4-1.4 The Sampling Theorem
The plots s hown in Fig. 4-3 naturally raise the question of
how frequently we must sample in order to retain enough
information to reconstruct the original continuous-time
signal from its samples. The amazingly simple answer
is given by the Shannon sampling theorem, one of the
theoretical pillars of modem digital communications,
digital control, and digital signal processing.

Shannon Sampling Theorem
A continuous-time signal x(t) with frequencies no
higher than fu= can be reconstructed exactly from
its samples x[n] = x(nTs), if the samples are taken
at a rate f. = 1/ T.. that is greater than 2fmaxNotice that the sampling theorem involves two issues.
First, it talks about reconstructing the signal from its
samples, although it never specifies the algorithm for
doing the reconstruction. Second, it gives a minimum
samp ling rate that is dependent o n the frequency content
of x(r), the continuous-time signal.
The minimum sampling rate o f 2/mu,. is called the
Nyquist rate.4 We can see examples of the sampli ng
theorem in many commercial products. For example,
audio CDs use a sampling rate of 44.1 kHz for storing
music signals in a digital format. T his number is slightly
more than two times 20 kHz, which is the genera lly
accepted upper limit for human hearing and perception
of musical sounds. In other applications, the Nyquist rate
is significant because we are usually motivated to use the
lowest possible sampling rate in orderto minimize system
cost in terms of storage, processing speed per sample, and
so on.
The Shannon theorem states that reconstruction of a
sinusoid is possible if we have at least two samples
4 Harry Nyquist and Claude Shannon were researchers at Beil
Telephone Laboratorie.~ who each made fundamental contributions to
the theory of sampling and digital communication during the period
from 1920-1950.
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y[nl

Ideal
D-to-C
Converter

J(f)

l s = 1;
Figure 4-6: Block diagram of the ideaJ discreteto-continuous (D-to-C) converter when the sampling
rate is J~ = 1/T,,. TI1e output signal must satisfy
y(n T,) == y i n).

per period. What happens when we don' t sample fast
enough? The simple answer is that aliasing occurs. The
next sections will delve into this issue by using a spectrum
view of the C-to-D conversion process.

4-1.5

Ideal Reconstruction

=

= y ln]l,,=f,,

ampling, and we do not know the formula for y{n ) or
there is no simple formula for ~he signal, things a. re not so
simple. An actual D-to-A cqhverter involves more than
the substitution (4.11 ), because it must also " fill in" the
signal values between the sampling times, r,1 = nTs. In
Section 4-4 we wi ll see how interpolation can be used 10
build an A-to-D converter that approximates the behavior
of the ideal C-to-D converter. Later on in Chapter 12,
we will use Fourier transform theory to show how to
build better A-to-D converters by incorporating a lowpass
(electronic) filter.
If the ideal C-to-D converter works correctly for a
sampled cosine signal, then we can describe its operation
as frequency scaling. For y[n] above, the discretetime frequency is w= 2rrfoTs, and the continuous-time
frequency of y(t ) is w = 2rr/0 . T hus the relationship
appears to be w = w/ T., = wfs• ln fact, we can confirm
the same result if we solve the frequency scaling equation
(4.4) for win terms of

w,

The sampling theorem suggests that a process exists for
reconstructing a continuous-time signal from its samples.
This reconstruction process would undo the C-to-D
conversion so it is called D-to-C conversion. The ideal
discrete-to-continuo us (D-to-C) converter is depicted in
Fig. 4-6. Since the sampling process of the ideal C-toD converter is defined by the substitution t n / j~ as in
(4.2), we would expect the same relationship to govern
the ideal D-to-C converter; i.e.,
y(f)

SAMPLING AND ALIASING

-OO<n<OO

(4. 11)

but this substitution is only true when y(t ) is a
sum of sinusoids. In that special case where y [n l
consists of one or more discrete-time sinusoids, such as
y [n] = A cos(2rrfon Ts +¢), we can use the substitution
in (4.11) to produce y (t) = A cos(2rrf0 t + <t>) at the Dto-C output. This is convenient because we obtain a
mathematical formu la for y(t), but if we only have
a sequence of numbers for y ln] that was obtained by

w=wfs

(4.12)

Thus each frequency component in a discrete-time signal
could be mapped to a frequency component of 1hc
continuous-time output signal. But there is one more
issue: the discre1e-1ime signal has aliases-an infinite
number of them given by (4.8). Which discrete-time
frequency will be used in (4.12)? The selection rule is
arbitrary. but the ideal C-to-D converter always selects
the lowest possible frequency components (the princ ipal
aliases). These frequencies are guaranteed to lie in
the range -rr < w.::: rr, so when converting from w
to analog frequency. the output frequency always lies
between -½J, and +½J1 •
(~

·

DEMO: Continuous-Discrete Sampling

In summary. the Shannon sampling theorem guarantees that if x(t) contains no frequencies higher than J~iax,
and if ls > 2fmax, then the output signal y(t) of the ideal
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.x(r)

Tdcal
C-to-O
Converter

x[nJ

Ideal
D-10-C
Converter

ls= r;I

ls=

-

y(t)

t;

~ EXERCISE 4.5:
Plot the spectrum of the
continuous-time signal x(I) cos(21r (lOO)t + 1rl3).

=

The sampled discrete-time signal
x[n) = x(nl J.)

= A cos((wolfs)n + </>)

Figure 4-7: Sampling and reconstruction system.

D-to-C converter is equal to the signal x (t ), the input to
the ideal C-to-D converter in Fig. 4-7.

4-2 Spectrum View of Sampling
and Reconstruction
We will now present a frequency spectrum explanation
of the sampling process. Because the output of the Cto-O conve1ter is a discrete-time signal with an infinite
number of aliases, we will use the spectrum diagram that
includes all of the aliases as discussed in Section 4- l.3.
Then the folding and aliasing of frequencies in Fig. 4-7
can be tracked via the movement of spectrum lines in the
frequency domain.
DEMO: Aliasing and Folding

4-2.1

Spectrum of a Discrete-Time Signal
Obtained by Sampling

If a discrete-time sinusoid (4.3) is obtained by sampling,
its frequency is given by (4.4). If we include all the
aliases as predicted by (4.8), it is necessary to plot an
infinite number of spectrum lines to have a thorough
representation of the spectrum. Of course, we can only
plot a few of them and perhaps indicate that more exist
outside our plotting range. Suppose that we start with a
continuous-time sinusoid, x(r) = A cos(WQl +</>), whose
spectrum consists of two spectrum lines at ±cvo with
complex amplitudes of½ Ae±jtJ>.

also has two spectrum lines al w= ±wolIs, but it also
must contain all the aliases at the following discrere-time
frequencies:

lV =wolfs+ 21rf

w=-Wol fs+ 2rre

e = o. ±1, ±2, .. .
e=o,±1,±2... .

(4.13)

This illustrates the important fact that when a discretetime sinusoid is derived by sampling, the alias
frequencies all are based on the normalized value, wol/$,
of the frequency of the continuous-time signal. The
alias frequencies are obtained by adding multiples of 21r
radians to the normalized value frequency.
The next sections show a set of examples of
sampling a continuous-time I00 Hz sinusoid of the form
x(t) = cos(21r(I00)t+1rl3). The sampling frequency is
varied to show what happens at different sampling rates.
The examples in Figs. (4-8-4- 11 ) show the discrete-time
spectrum for different cases where Is is above or below
the Nyquist rate. All were constructed with a MATLAB
M-file that plots the location of spectrum components
involved in the sampling proce s.

4-2.2

Over-Sampling

1n most applications, we try to obey the constraint of
the sampling theorem by sampling at a rate higher than
twice the highest frequency so that we wiJI avoid the
problems of aliasing and folding. This is called oversampling. For example, when we sample the 100 Hz
sinusoid, x(t) = cos(21r (1 00)t + 1r13) at a sampling rate
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of .fs = 500 samples/sec, we are sampling two and a half
times faster than the minimum required by the sampling
theorem. The time- and frequency-domain plots are
shown in Fig. 4-8. With reference to the C-to-D and Dto-C blocks in Fig. 4-7, the top panel of Fig. 4 -8 shows
the spectrum of the input signal x(t ), while the bottom
panel shows the spectrum of xrn] = cos(0.41rn + rr/3),
which is the output of the C-to-D converter. The middle
panel shows the time-domain plot of x(t), x[n] and the
reconstructed output y(t ).
For the continuous-time frequency-domain spectrum
representation of the 100 Hz sinusoid (top panel of
Fig. 4-8), the frequency axis is measured in hertz.
Note that the negative-frequency complex exponential
component of the cosine is denoted with a * at the top
of its spectrum line. The middle panel shows x(t).
x[n l, and y(t) together, but keeps the horizontal axis
as time in milliseconds. The bottom plot contains
the spectrum of the discrete-time signal versus the
normalized frequency
According to the frequency
scaling equation (4.4), the input analog frequency of l 00
Hz maps tow = 2rr(l00)/fs = 2rr(l00)/500 = 0.4rr,
so we plot s pectrum lines at w ±0.4rr. Then we aJso
draw all the aliases at

w.

=

w= 0.4rr + 2rce
w= -0.4rr + 2rr e

e= o. ± 1, ±2, .. .
f.

= 0, ± I , ±2, .. .

The D- to-C converter transforms the discrete-time
spectrum lo the continuous-time output spectrum. But
there is one complication: the D- to-C co.overter must
select just one pair of spectrum lines from all Lhe
possibilities given by (4.13). The selection ru]e is
arbitrary, bul in order to be co.osistent with real D-to-A
converter operation, we must assert that the ideal D-to-C
converter always selects the lowest possible frequency
for each set of aliases. These are what we have called
the principal alias frequencies, and in Fig. 4-8 these are
the frequency components that fall inside the dashed
box shown in the bottom panel; i.e., lwl < rr. They

r1
J,
II

Spectrum o f the I00 Hz Cosine Wave
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Figure 4-8: Sampling a 100 Hz sinusoid at fr = 500
samples/sec. The spectrum plot (bottom) shows the
aliased spectrum components as well a.c. the positive and
negative frequency components of the original sinusoid
at w= ±0.4,r rad. T he time-domain plot (middle) shows
the samples x[n] as gray dots, the original signal x(t ) as a
continuous orange line, and the reconstructed signal y(t )
as a dashed black line.

satisfy the relationship , -Jr < w ~ re, and when they
are converted from
to analog frequency, the result is
f = ±0.41r(f$/2rr) ±100 Hz. Since the frequency
components inside the dashed box satisfy Iii.JI < rr, the
spectral lines for the output will always lie between
- f s/2 and+ f s/2 .

w
=

4-2
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ln summary, for the oversampling case where the
original frequency fo is less than fs/2, the original
waveform wilJ be reconstructed exactly. In the present
example, lo = I00 Hz and j~ = 500, so the Nyquist
condition of the sampling theorem is satjsfied, and the
output y(t) equals the input x(t) as shown in the middle
panel of Fig. 4-8.
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Spectrum of the I00 Hz Cosine Wave
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Aliasing Due to Under-Sampling

When ls < 2lo, the signal is under-sampled. For
example, if ls = 80 Hz and Jo = 100 Hz, we can
show that aliasing distortion occurs. In the top panel
of Fig. 4-9, the spectrum of the analog input signal
x(t) is shown, along with a dashed line indicating
the sampling rate at ls = 80 Hz. The spectrum of
the discrete-time signal (in the bottom panel) contains
lines at w= ±2rr(100)/.fs = ±2n(100)/80 = ±2.SJT,
as predicted by the frequency scaling equation (4.4). In
order to complete the discrete-time spectrum we must
also draw alI the aliases at

w= 2.5rr + 2rre
w= - 2.Srr +2rri

e = 0, ±I. ±2, .. .
e= o. ± 1, ±2, .. .

In the middle panel of Fig. 4-9, the 100 Hz sinusoid
(solid orange line) is sampled too infrequently to be
recognized as the original 100 Hz sinusoid. When
we examine the D-to-C process for this ca<;e, we
use the lowest frequency spectrum lines from the
discrete-time spectrum (bottom panel). These are at
w= ±0.5Jr, so we calculate the output spectrum lines at
f = ±0.5rr(fs/2rr) = ±80/4 = ±20 Hz. Another way
to state this result is to observe that the same samples
would have been obtained from a 20 Hz sinusoid. The
reconstructed signal is that 20 Hz sinusoid shown as the
black dashed line in Fig. 4-9 (middle). Notice that the
alias frequency of 20 Hz can be found by subtracting
ls from I00 Hz. Understanding this point is the key to
aliasing.

0

20

40
Time (msec)

Discrete- Time Spectrum of the l 00 Hz Sinusoid

ll --~_li~
-2.51T

- 1.5,r -1T -.51T O

.51T

TC

~ _,_ J

l.5TC

2.51T

Frequency (w)

=

Figure 4-9: Sampling a I 00 Hz sinusoid al fs 80
samples/sec. The time-domain plot (middle) shows the
samples x[11J as gray dots, the original sinusoid x(r) as a
continuous orange line, and the reconstmcted signal y(t)
as a dashed black line. In thiscac;e, y(t) is a20 Hz sinusoid
that passes through the same l>ample points.

The aliasing of sinusoidal components can have some
dramatic effects. Figure 4-10 shows the case where the
sampling rate and the frequency of the sinusoid are the
same. Clearly, what happens is that the samples are
always taken at the same place on the waveform, so we
get the equivalent of sampling a constant (DC), which
is the same as a sinusoid with zero frequency. We can
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Figure 4- 10: Sampling a 100 Hz sinusoid al l s 100
samples/sec. The Lime-domain plol (middle) shows the
samples x[n J as gray dots, the original sinusoid x(I) as
a continuous orange line, and the reconstruc1ed signal
y(t ) as a dashed black line. The di1,crete-Lime spectrum
(bottom) contains only one line at & = 0.

justify this result in the frequency domain by noting
that the discrete-time signal must contain spectrum Jines
at w= ±2n(l00/fs) = ±21r, and also at the aliases
separated by 2.1rf . Thus. one of the aliases lands at
w= 0, and that is the one reconstructed by the D-to-C
converter.

=

Figure 4-11: Sampling a 100 Hz sinusoid at ls 125
samples/sec. The time-domain plot (middle) shows the
samples x[nj as gray dots, the original sinusoid x(t) as a
continuous orange line, and the reconstructed signal y(t )
as a dashed black line. rn this case, y(t) is a 25 Hz sinusoid
that pac;ses through the same sample points.

4-2.4

Folding Due to Under-Sampling

Figure 4-11 shows the case where under-sampling
leads to folding; here the sampling rate is ls = J 25
samples/sec. Once again, the top panel shows the
spectrum of the continuous-time signal with spectrum
lines at ±100 Hz. The discrete-time spectrum (bottom

4-2
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panel) is constructed by mapping ± 100 Hz to the two
spectrum lines at w = ±2rr( H><>/J~)
± I.for, and then
including all the aliases to get Jines at

=

w= 1.6n + 2rrl
w= - I.for + 2rrl

l
l

= 0. ±I, ±2, .. .

= 0, ±I, ±2, .. .

In this case, an interesting thing happens. T he two
frequency components between ±rr are w= ±0.4,r, but
the one at w= +0.4n is an alias of - I .for. This is an
example of folding. The analog frequency of the reconstructed output will be f = OArr(f,/211:) = f,/5 = 25
Hz. An additional fact about folding is that the sign of the
phase of the signal wiII be changed. If the original I 00-Hz
sinusoid had a phase of <I> = +rr /3, then the phase of the
component at aJ = -1.6:ir would be - rr /3, and it follows
that the phase of the aliased component at w +0.4rr
would also be -rr/3. After reconstrnction, the phase of
y(t) would be - rr /3. It is possible to observe this "phasereversal" in the middle panel of Fig. 4-1 1. The input
signal (solid orange line) is going clown at r 0 , while
the reconstructed output (black dashed line) is going up.
This means that when we sample a 100 Hz sinusoid at
a sampling rate of 125 samples/sec. we get the same
samples that we would have gotten by sampling a 25
Hz sinusoid, but with opposite phase.

=

=

4-2.5

500
I000
I 500
2000
Input Frequency fx (Hz)

=

Figure 4 12: Folding of a sinusoid sampled at ls 2000
samples/set:. The apparent frequency is the lowest
frequency of a sinusoid that has exactly the same samples
as the input sinusoid.
9

One striking demonstration of this fact can be made
by implementing the system in Fig. 4-7 and using
a linear FM chirp signal as the input, and then
listening to the reconstructed output signal. Suppose
that the instantaneous frequency of the input chirp
increases according to the fonnula f; ( f)
f,t Hz; i.e.,
2
x(t) cos(rr/s t ). After sampling. we obtain

=

=

x[11] = cos(mi2/fl)

Maximum Reconstructed Frequency

The preceding examples have one thing in common:
the output frequency is always less than ½f,. For a
sampl.ed sinusoid, the ideal D-to-C conven er picks the
alias frequency closest tow = 0 and maps it to tJ1e output
analog frequency via f
w(f5 /2rr). Since the principal
alias is guaranteed to lie between -rr and +rr, the output
frequency will always lie between
_f,, and + ½f,.

=

-½

... LAB: #3 Chirp Synthesis from Chapter 3

~
.,

2500

Once y(r) is recons tructed from x fn], what would you
hear? It turns out that the output frequency goes up and
down as shown in F ig. 4-12.
This happens because we know that the output cannot
have a frequency higher than ½f,, even though the input
frequency is continually increasing. If we concentrate on
a specific input frequency. we can map it to its normalized
discrete frequency, determine all of the aliases, and then
figure out the reconstructed frequency from the alias
closest to w 0. There is no easy formula, so we just

=
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Figure 4-13: The disk attached to the shaft of a motor
rotates clockwise at a constant speed.

consider a few separate cases. First of aJI, when the input
frequency goes from Oto ½ls, wwill increase from Oto
n and the aliases will not need to be considered. The
output frequency will be equal to the input frequency.
Now consider the input frequency increasing from ½/, to
.f,. The corresponding frequency for x[n] increases from
w rr tow = 2n, and its negative frequency companion
goes from w -n tow = - 2rr. The principal alias of
the negative frequency component goes from w= +rr to
= 0. The reconstructed output signal w ill. therefore,
have a frequency going from f
½Is to f
0.
Figure 4-12 shows a plot of the output frequency fv
versus the input frequency _l . As fx goes from ½l s to
f<, the output frequency f,.decreases from ½Is to 0. The
terminology folded frequency comes from the fact that
the input and output frequencies are mirror images with
respect to ½.fs, and would lie on top of one another if the
graph were folded about the ½ls line in Fig. 4-12.

=

w
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Strobe Demonstration

One effective means for demonstrating aliasing is to use
a strobe light to illuminate a spinning object. In fact, this
process is used routinely to set the timing of automobile
engines and gives a practical example where a.liasing is a

@@®
Figure 4- 14: Six successive positions of the spot for a
very high flashing rate. Light spots indicate previous
locations of the dark spot. l11e disk is rotating clockwise,
and the spot appears to move in the same direction.
Angular change is -40° per flash.

desirable effecL In our case, we use a disk attached to the
shaft of an electric motor that rotates at a constant angular
speed (see Fig. 4-13). On this white disk is painted a spot
that is easily seen whenever the strobe light flashes. l o
our particular case. the rotation speed of the motor is
approximately 750 rpm, and the flash rate of the strobe
light is variable over a wide range.
DEMO: Strobe Movies ·

Suppose that the flashing rate is very high, say nine
times the rotation rate, i.e., 9 x 750 = 6750 rpm. In this
case, the disk will not rotate very far between flashes.
In fact, for the 9 x case, it will move only 360°/9 = 40°
per flash, as in Fig. 4-14. Since the movement will be
clockwise, the angular change from one flash to the next
is -40°.
1f the flash rate of the strobe is set equal to 750
flashes/min, i.e., the rotation rate of the disk, then the
spot will appear to stand still. This is aliasing because the
spot makes exactly one revolution between flashes and
therefore is always at the same position when illuminated

4-3
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by the strobe. It is exactly the same situation illustrated
in Fig. 4-10 where the frequency of the sinusoid aliased
to zero. This is not the only flash rate for which the spo t
will appear to stand still. In fact, a slower flash rate that
permits two or three or any integer number of complete
revolutions between flashes will create the same effect.
In our case of a 750-rpm motor, flash rates of 375, 250,
I 87 150, and 125 flashes/min will also work.

!,

2::J

DEMO: Synthetic Strobe Movies

By using flashing rates that are close to these
numbers, we can make the spot move slowly, and we
can also control its direction of motion (clockwise or
counterclockwise). For example, if we set the strobe for
a flashing rate that is just slightly higher than the rotation
rate, we will observe anotl1er aliasing effect. Suppose that
the flashing rate is 806 flashes/min; then the disk rotates
slightly less than one full revolution between flashes.
We can calculate the movement if we recognize that one
complete revolution takes 1/750 min. Therefore,
0

D.0

= - 360

X

= - 360° X

1/806
l/ 750
75
()
806

= - 335° = +25°

Once again, the minus sign indicates rotation in a
clockwise direction. but since the angular change is
almost - 360°, we would observe a small positive angular
change instead, and the spot would appear to move in the
counterclockwise direction, as shown in Fig. 4- 15. The
fact that one can distinguish between clockwise rotation
and counterclockwise rotation is equivalent to saying that
positive and negative frequencies have separate physical
meanings.
[n order to analyze the strobe experiment mathematically, we need a notation for the motion of the spot as a
function of time. The spot moves in an x-y coordinate
system, so a succinct notation is given by a complex

85
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Figure 4- 15: Six successive positions of the spot for a
fla~hing rate that aliases I.be spot motion. Light spots
indicate previous locations of the dark spot. The disk
is rotating clockwise, but the spot appears to move
counterclockwise. Angular change is +25° per fl ash.

number whose real part is x and whose imaginary part is
y. The position of the spot is
p(t)

= x(t) + jy(t)

Furthermore, since the motion of the spot is on a circle
of radius r , the correct formula for p(t) is a complex
exponential with constant frequency.
p(t)

= ,e-/(211/ml-l/1)

(4.14)

The minus sign in the exponent indicates clockwise
rotation, and the initial phase </J specifies the location
of the spot at t = 0 (see Fig. 4-16). The frequency of
the motor rotation fm is constant, as is the radius r . lt
will be convenient to set r = I in what follows so that
the formulas will be less cluttered.
The effect of the strobe light is to sample p(t) at a fixed
rate g iven by the fl ashing rate l s- Thus the position of the
spot at the nib flash can be expressed as the discrete-time
signal
p[n] = p(t)'1=nT,

= p(nTs) =

p(n /fs)
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rotation of the spot can be expressed as

y

d[n J

Plwsor {II 1) Reprt'Sl'IIIS

Posi1io11

1•e1:s111

Tim·

= ,e+i(211'C25/360)11+v,)

where the factor 2n(25/360) equals 25° converted to
radians. The initial phase i/t is set equal to</) in p[n], so
that dL0] = p[0]. Then we can equate p[n] and d[n]. but
we throw in the factor ei211'fll, which is just multiplying
by one
p[n]

Figure 4- 16: The position of the spot on the disk can be
expressed as a rotating phasor p (t) = x(t) + jy(t) versus
time. The frequency J,11 is the rotation rale of the motor
in rpm.

= d[nJei 2rru,

Now with the following analysis we can generate an
equation that can be solved for the fl ashing rates:
re-j(2rr(f.,Jf.)11-t/>l

= r e+j(211'(25/360)11+t/>1 e j'brl11

Substituting into the complex exponential (4.14) we get
p[n j

= re-i(21r(,f,,,/f,

)u-¢)

(4.15)

lf the constraint of the sampling theorem is met (i.e., f, >
21/;nl), then there will be no aliasing in lhe experimenl. In
fact, the angular change from one sample time to the next
wi II be between - 180° and 0°, so the spot wi 11 appear to
rotate clockwise.
The more interesting cases occur when the flashing
rate drops below 211,11 1. Then the disk may make one
or more revolutions between fl ashes. which introduces
the aliasing phenomenon. Using the sampled position
formula (4. 15), we can solve the following type of
problem: Find all possible flashing rates so that the spot
will move counterclockwise at a rate of 25° per flash,
which is equivalent to one revolution every 14.4 flashes.
Assume a constant motor speed offm rpm. One twist to
this problem is that the two rotation rates are specified in
different units.
A systematic approach is possible if we use the
property eilrr c I , whenever eis an integer. The desired

=

So, finally we can solve for tJ1e flashing rate

-J,11

(4. 16)

t, = (5/72) + e

e

where is any integer. S ince we want positive values
for the flashing rate, and since there is a minus sign
associated with the clockwise rotation rate of the motor
(- J,,,), we choose = - 1, -2, -3 •... to generate the
different solutions. For example, when the motor rpm
is 750, the following flashing rates (in flashes/min) wiU
give the desired spot movement:

e

l

- I

-2

-3

-4

is

805.97

388.49

255.92

190.81

4-3

STROBE DEMONSTRATION

rel¢

I

-J,,,

I
0
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Figure 4-17: Analog :,pectrum representing the disk
spinning clockwise (negative frequency) at J,11 rpm. The
units for / are cycles/min.

<"~ EXERCISE 4.6: To test your knowledge of this
concept, try solving for all possible flashing rates so that
the spot will move clockwise at a rate of one revolution
every 9 flashes. Assume the same motor rotation speed
of 750 rpm clockwise. What is the maximum Ha,;hing
rate for this case?

4-3.1

Spectrum Interpretation

The strobe demo involves the sampling of complex
exponentials, so we can present the results in the form
of a spectrum diagram rather than using equations, as in
the foregoing section. The rotating disk has an analog
spectrum given by a single frequency component at
f
J,,, cycles/min (see Fig. 4-17).
When the strobe light is applied al a rate offs Hashes
per minute, the resultfog spectrnm of the discrete-time
signal p(nl will contain an infinite number of frequency
lines at the frequencies

=-

"

Wt=

e=

2TCT
-fm + 2TC<.° =

" + 2TC e
-,v,..

·~

~

t

I

'
-4,r

I

·~

~

I

for
0, ± 1, ±2. ±3, . . . . Equation (4.17) tells us
that there are two steps needed to create the spectrum
(Fig. 4- 18) of the discrete-time signal representing the
sampled motion:

I

·~

I
~

"'

I

~

I·~I
0

~

I

.:

'
2,r

~

·~
I

~

'
4,r

I
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~
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Figure 4- J8: Digital spectrum representing the strobed
disk spinning clockwise al J,11 rpm, but sampled at f s
fla,;hes per minute. The horizontal axis is normalized
frequency: w= 2rrf/fsThe normalized motor
frequency w111 = 2rr (f, 11 / fs) also appears at the aliases
Wt 2rrf. where t is an integer.

=

w,,,,

w,.,

(a) Compute a normalized motor frequency
by
dividing by ls- Then plot a spectrum line al
=
The minus sign represents the clockwise
rotation.

w -w,,,.

(b) Repeat the normalized spectral line for the motor
by shifting it by all integer mu ltiples of 2rr.
This accounts for the aliases of the discrete-ti me
exponential, pin].

How do we use Fig. 4- 18 to explain what we see in the
strobe-light experiment? Fig. 4- 18 contains an infinite
number of spectrum lines, so it offers an infinite number
of possibilities for what we will observe. Our visual
system, however, must pick one and it is reasonable that
we would pick the slowest one. In effect, our human
v isual sys1em is acting as a D-to-C converter. Thus, in the
d iscrete-time spectrum, only the frequency component
0 counts in D-10-C reconstruction, so the
closest
strobed signal p[n] appears to be rotating at that lowest
normalized frequency. However, one last conversion
must be made to give the perceived analog rotation rate in
rpm. The discrete-time frequency (w) must be converted
back to analog frequency (j). In Fig. 4-18, the alias
for f. = 2 js the one closest to zero frequency, so the

tow=

(4. 17)

'

-211'
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corresponding analog frequency is
.
A
l
A f., = 2fs }spot=
- l (w2)fs
= -(4:rr
- Wm)
2:rr

2:rr

J.

111

This may seem like a roundabout way to say that the
observed rotation rate of the spot differs from - J111 by an
integer multiple of the sampling rate, but it does provide
a systematic method to draw the graphjcal picture of
the relative frequency locations. Finally, the spectrum
picture makes it easy to identify the lowest discrete-time
frequency as the one that is ''reconstructed." We will say
more about why this is true jn Section 4-4.
The case where the sampling rate is variable and f,,, is
fixed is a bit harder to solve, but tl1is is the actual situation
for our strobed disk experiment. Nonetheless, a graphical
approach is still possible because the desired spot
frequency defines a line in the discrete-time spectrum,
say cvc1. This line is the one closest to the origin, so we
must add an integer multiple 2,r .e to wc1 to match the
normalized motor rotation frequency.

•
W(f

•

+ 2:rr e = w,,. =

- 2nfm

ls
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special case when yfn) = A cos(21rf0 nT_, + </>), and if
Jo < ½ls, then according to the sampling theorem. the
converter should produce
y(t)

= A cos(2rcJot + <f,).

(4.18)

For sampled sinusoidal signals only, the ideal D-to-C
converter in effect replaces n by fst. On the other
hand, if Jo > ½ls, ilien we know that aliasing or folding
distortion has occurred, and the ideal D-to-C converter
will reconstruct a cosine wave with frequency equal to
the alias frequency tl1at is less than ½fs-

4-4.1

Interpolation with Pulses

How does the D-to-C converter work? In this section, we
explain how the D-to-C converter does interpolation, and
then describe a practical system iliat is nearly the same
as the ideal D-to-C converter. These actual hardware
systems, called digital-to-analog (D-to-A) converters,
approximate the behavior of the ideal 0-to-C system.
A general formula that describes a broad class of Dto-C converters is given by the equation
00

This equation can be solved for the flashing rate fs, but
the final answer depends on the integer .e, which predicts,
by the way, that there are many answers for fs, as we
already saw in (4.16). The result is

f

4-4

r -

- 2,rf,,,

wc1 + 2rre

Discrete-to-Continuous
Conversion

The purpose of the ideal discrete-to-continuous (D-toC) converter is to interpolate a smooth continuous-time
function through the input samples y[n]. Thus, in the

y(t)

=

L

(4. I9)

y[n)p(l - nTs).

n=-oo

where p(t) is ilie characteristic pulse shape of the
converter. Equation (4. 19) states that the output signal is
produced by adding together many pulses, each shifted
in time. 1n other words, at each sample time,,, 11Tf , a
pulse p(t-n Ts ) is emitted with an amplitude proportional
to the sample value y[n] corresponding to that time
instant.5 Note iliat all ilie pulses have a common
waveshape specified by p(t ). If ilie pulse has duration
greater than or equal to Ts, then the gaps between samples
will be filled by adding overlapped pulses.

=

5 A pulse is a continuous-time waveform that is concentrated io
time. Typically, a pulse will be nonz.ero only over a finite interval of
time.

4-4

Obviously, the i mportanl issue is the choice of the pulse
waveform p(t). Unfortunately, we do not yet have the
mathematical tools required to derive the optimal pulse
shape required for exact reconstruction of a waveform
y(t ) from its samples y [n] = y(nTs) as is predicted to be
possible in the Shannon sampling theorem.
~

I

Triangular Pulse

I

I

2

2

·- e-o

G-&0

0

10

-10

0

10

Ideal Pulse (sine)

2nd-Order Cubic Spline

I

2
0

- 10

Zero-Order Hold Interpolation

The simplest pulse shape that we might propose is a
symmetric square pulse of the form

DEMO: Reconstruction Movies

Square Pulse

- 10

4-4.2

p(t)

This optimal pulse shape can be constructed during a
mathematical proof of the sampling theorem. Nonetheless, we will demonstrate the plausibility of (4.19)
by considering some simple (suboptimal) examples.
Figure 4-19 shows four possible pulse waveforms for Dto-C conversion when Is = 200 Hz.

0
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10
0
Time (msec)

-10

0
10
Time (msec)

Figure 4-19: Four different pulses for D-to-C conversion.
= 200 Hz.
Note that the duration of the pulses is one, two, or four
times T, , or infinite for the ideal pulse.

=

1

10

-½Ts < t ~ ½Ts
otherwise

(4.20)

This pulse is plotted in the upper left panel of Fig . 4- 19.
From Fig. 4-19, we see that the total width of the
square pulse is Ts = 5 ms and that its amplitude is I.
Therefore, each lenn y [n)p (t - nTs) in the sum (4.19)
will create a flat region of amplitude y[n] centered on
t = nT5 • This is shown in the top part of Fig. 4 -20, which
shows the original 83 Hz cosine wave (solid gray line), its
samples taken at a sampling rate of 200 samples/sec, and
the individual shifted and scaled pulses, y[n]p(t - nT5 )
(dashed line). The sum ofall the shi fted and scaled pulses
will be a "stairstep" wavefonn, as shown in the bottom
panel of Fig. 4-20, where the gray curve is the original
cosine wave x(t ), and the heavy orange curve shows the
reconstructed waveform using the square pulse.6

~

DEMO: Reconstruction Movies

The space between samples has indeed been fi lled with
a continuous-time waveform; however, it is clear from the
lower part of Fig. 4-20 that the reconstructed wavefonn
for the square pulse is a poor approximation of the
original cosine wave. Thus. using a square pulse in (4.19)
is D-to-C conversion, but not ideal D-10-C conversion.
Even so. this is a useful model. since m any physically
realizable digital-to-analog (D-to-A) converters produce
outputs that look exactly like this!

The sampling period is Ts= 0.005, i.e., fs

6 Sioce a constant is a polynomial of Lero order, and since the effect

of the flat pulse is to " hold'. or replicate each sample for Ts sec, the
use of a Hat pulc;e is called a zero-order hold reconstruclion .
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Zero-Order Reconstruction:

0
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Jo= 83, /,= 200 Hz
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Figure 4-20: D-to-C conversion using a square pulse.

Figure 4-21: D-to-C conversion using a triangular pulse,

Flat regions are characteristic of the zero-order hold.

or linear inte1-polation

4-4.3

Linear Interpolation

The triangular pulse plotted in the upper right panel of
Fig. 4-19 is defined as a pulse consistjng of tJ1e first-order
polynomial (straight line) segments
p(t)

= 110

itl/T.r -1~

~.l

~ Tr

otherwise

(4.2 1)

Figure 4-21 (top) again shows the original 83-Hz cosine
wave (solid gray curve) and its samples. together with
the scaled pulses y[n]p(t -nT.,) (dashed orange) for the
triangular pulse shape. In this case. the output y(t) of the
D-to-C converter at any time t is the sum of the scaled
pulses that overlap at that time instant. Since the duration
of the pulse is 2T_,, and they are shifted by multiples of Ts,
no more than two pulses can overlap at any given time.

The resulting output is shown as the solid orange curve
in the bottom panel of Fig. 4-2 1. Note that the result is
that the samples are connected by straight lines. Also
note that the values at r n½ are exactly correct. This
is because the triangular pulses are zero at ±T,, and only
one scaled pulse (with value yfnj at r = nT..) contributes
11T,,. ln this case. we say that the
to the value at t
continuous-time waveform has been obtained by linear
inre,polalion between the samples. This is a smoother
and better approximation of the original waveform (thln
gray curve). but there is still significant reconstruction
error for this signal.

=

=

4-4.4

Cubic Spline Interpolation

A third pulse shape is shown in the lower left panel
of Fig. 4-J 9. This pulse consists of four cubic spline

4-4
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Cubic-Spline Reconstruction: Jo= 83. fs= 200 Hz

,,,
....

'

0

' ' ....

-I

'

/
/

,/

....

/

0.005

0

' ....

/

''

/

-0.01 -0.005

.,,.

''

0.01

0.015

91
these overlapping pulses. depends o n the two samples
preceding and the two sam ples following that time
instant. The lower panel of Fig. 4-22 shows the original
wavefonn (light gray), the samples. and the output of the
D-to-C converter with "cubic-spline pulse" interpolation
(solid orange curve). Now we see that the approximation
is getting smoother and better, but it is still far from
perfect. We will see that this is because the sampling
is only 2.4 times the highest frequency.

Original and Reconstructed Waveforms

4-4.5

- 1 L..,_..,___ _...___ _...___

-0.01 -0.005

_

...___ _..____ _. . _ _ _

0.005

0

0.01

0.015

Time (sec)

Figure 4-22: D -to-C conversion using a cubic-spline
pulse.

(third-order polynomial) segments. Note that it has a
duration that is twice that of the triangular pulse and four
times that of the square pulse. Also. note that this pulse
has zeros at the key locations:
p(l)

=0

fort

= ±Ts. ±2Ts

and its derivative is smooth at the sample locations.
'Ille reconstruction with the cubic-spline pulses is shown
in Fig. 4-22.
The top panel of Fig. 4-22 shows
the original 83-Hz waveform (solid gray). its samples
(ft = 200 samples/sec), and the shifted and scaled
pulses y[n ]p(t - nT5 ) (dashed orange). Now note that,
for values of t between two adjacent sample times,
four pulses overlap and must be added together in
the sum (4.19). This means that the reconstructed
signal at a particular time i nstant, which is the sum of

Over-Sampling Aids Interpolation

From the previous three examples, it seems that one way
to make a smooth reconstruction of a waveform such as a
sinusoid is to use a pulse p(t) that is smooth and has a long
duration. Then the interpolation formula will involve
several neighboring samples in the computation of each
output value y(t). However, the sampl ing rate is another
important factor. If the original wavefom1 does not vary
much over the duration of p(r ), then we will also obtain
a good reconstruction. One way to ensure this is by oversampling. i.e., using a sampling rate that is much greater
than the frequency of the cosine wave. This is illustrated
in Figs. 4-23, 4-24. and 4-25, where the frequency of
the cosine wave is still Jo 83 Hz. but the sampling
frequency has been raised to /{ = 500 samples/sec.
Now the reconstruction pulses are the same shape as in
Fig. 4-19, but they are much shorter, since
2 msec
instead of 5 msec. The signal changes much less over
the duration of a single pulse, so the waveform appears
"smoother" and is much easier to reconstrnct accurately
using only a few samples. Note that even for the case of
the square pulse (Fig. 4-23) the reconstruction is better,
but still discontinuous; the triangular pulse (Fig. 4-24)
gives an excellent approximation; and the cubic-spline
pulse gives a reconstruction that is indistinguishable from
the original signal on the plotting scale of Fig. 4-25.

=

1: =

1

"-o'-<,1

DEMO: Reconstruction Movies
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Zero-Order Reconstruction:

Jo= 83, Is= 500 Hz

First-Order Reconstruction:

- 1 ,___.____=..,.__

- 1 ~ ~- ~ - -~ - -~ - ~ -- - ' -~
-0.01 -0.005
0
0.005
0.01
0.015

-0.0 l

Original and Reconstructed Waveforms

- I l...-..L---=-..___ __,_______.,-=-_

-0.01

-0.005

0
0.005
Time (sec)

0.015

0

_

_

~

0.005

__.,__

0.01

_

_.___.,,,,

0.015

- I ,___.____-=---_ _ _.__ _-'---"'-_ __,__ __._--=

-0.01

Figure 4-23: D-to-C conversion using a square pulse.
The original 83-Hz sinusoid was over-sampled at Is
500 samples/sec.

=

Figures 4-23, 4-24, and 4-25 show that over-sampling
can make it easier to reconstruct a waveform from its
samples. Indeed, this is why audio CD players have oversampled D-to-A converters! ln the CD case, 4 x or 2x
over-sampling is used to increase the sampling rate before
sending the samples to the D-to-A converter. This makes
it possible to use a simpler (and therefore less expensive)
D-lo-A converter to reconstruct an accurate output from
a CD player.

4-4.6

--0.005

_.__

Original and Reconstructed Waveforms

__...___.__:::!!"
0.01

_

lo= 83, ff= 500 Hz

Ideal Bandlimited Interpolation

So far in this section, we have demonstrated the basic
principles of discrete-to-continuous conversion. We have
shown that this process can be approximated very well by
a sum of pulses (4.19). One question remains: What is

-0.005

0
0.005
Time (sec)

0.0 I

0.015

F igure 4-24: D-to-C conversion using a lriangular pulse
al Is
500 samples/sec.

=

the pulse shape that gives "ideal D-to-C conversion"? In
Chapter 12, we will show that it is given by the following
equation:
•

p(t )

=

1(

srn - t
Ts
1(

-

Ts

for -oo < t < oo

(4.22)

I

The infinite length of this "pulse" implies that to
reconstruct a signal at time t exactly from its samples
requires all the samples, not just those around that
time. The lower right part of Fig. 4-19 shows this
pulse over the interval -2.6Ts < t < 2.6T,. It decays
outside this interval, but never does reach and stay at
zero. Since the pulse has zeros at multiples of Ts, this
type of reconstruction is still an interpolation process,
called bandlimited interpolation. Using this pulse to

4-5
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Cubic-Spline Reconstruction:

Jo= 83, fs= 500 Hz

x(t)

Ideal

x[n]

C-10-D
Convener

]deal
D to C
Converter

Is= r.I

f s --

y( t )

r.I

Figure 4-26: Sampling and reconstruction system.

0

0.005

0.01

0.015

Original and Reconstructed Waveforms

this chapter has been aimed at the goal of establishing
confidence in the Shannon sampling theorem, which,
because of its central importance to our s tudy of digital
signal processing, is repeated here.

Shannon Sampling Theorem
0.005
0
Time (sec)

0.01

0.015

Figure 4-25: D-to-C conversion using a cubic-spline
pulse at Is = 500 samples/sec.

reconstruct from samples of a cosine wave will always
produce a cosine wave exactly. lf the sampling rate
satisfies the conditions of the sampling theorem, the
reconstructed cosine wave will be identical to the original
signal that was sampled. If aliasing occurred in sampling,
the ideal D-to-C converter reconstructs a cosine wave
with the alias frequency that is less than / $/2.

4-5

The Sampling Theorem

This chapter has discussed the issues that arise in
sampling continuous-time signals. Using the example
of the continuous-time cosine signal, we have illustrated
the phenomenon of aliasing, and we have shown
how the original continuous-time cosine signal can be
reconstructed by interpolation. AU of the discussion of

A continuous-time signal x (t) with frequencies no
higher than / max can be reconstructed exactly from
its samples x[n] = x(nTs), if the samples are taken
at a rate ls J/Ts that is greater than 2/ma-,.-

=

A block diagram representation of the sampling theorem
is shown in Fig. 4-26 in terms of the ideal C-to-D and
D-to-C converters that we have defined in this chapter.
The sampling theorem states that for the sampling and
reconstruction system shown in Pig. 4-26, if the input
is composed of sinusoidal signals limited to the set
of frequencies in the range O ~ / ~ !max, then the
reconstructed signal is equal to the original signal that
was sampled; i.e., y(t ) = x(r).
Signals composed of sinusoids such that all frequencies are limited to a "band of frequencies" of the form
0 ~ f ~ !max are called bandlimited signals.7 Such
signals could be represented as
N

xu> = I>.1:cr>

(4.23)

k=O
7The corresponding complex exponential signals would be limited
to the band - /max .$ / :5 !max-
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the D-to-C converter will reconstruct each component
perfectly, and therefore we conclude that

where each of the individual signals is of the form

N

and it is assumed that the frequencies are ordered
so that Jo ?::. 0 and f N ::: /max• As we have seen in
Chapter 3, such an additive combination of cosine signals
can produce an infinite variety of both periodic and
nonperiodic signal waveforms. If we sample the signal
represented by (4.23) and (4.24), we obtain
N

xLn]

= x(n1~) = L

N

xdnTs)

k=O

= LXk[nl

(4.25)

k=O

where xk[n] = Ak cos(wkn + ¢k) with wk= 211:/k/f,.
That is, if we sample a sum of continuous-time cosines,
we obtain a sum of sampled cosines each of which would
be subject to aliasing if the sampling rate is not high
enough.
The final step in the process of sampling followed
by reconstruction in Fig. 4-26 is discrete-to-continuous
conversion by interpolation with
")O

y(t)

=

L

x(n]p(t - nT()

(4.26)

where for perfect reconstruction, p(t) would be given by
(4.22). This expression for the reconstructed output is
a linear operation on the samples x[n]. This means that
the total output y (f) will consist of the sum of the outputs
due to each of the different components xk[n]. We can
see this by substituting (4.25) into (4.26) as in

=

=

,,t~(txdn])

p(t - nT, )

t (t~

x,Ln Jp(t

-nT,))

(4.27)

Now since each individual sinusoid is assumed to satisfy
the conditions of the sampling theorem, it follows that

= I >k(t) = x(t)
k=O

Thus, we have shown that the Shannon sampling theorem
applies to any signal that can be represented as a
bandlimited sum of sinusoids, and since it can be
shown that most real-world signals can be represented as
bandlimited signals, it follows that the sampling theorem
is a very general guide to sampling all kinds of signals. In
Chapter 12, we will demonstrate this more convincingly
using the Fourier transform.

4-6

Summary and Links

This chapter introduced the concept of sampling and the
companion operation of reconstruction. With sampling,
the possibility of aliasing always exists, and we have
created the strobe demo to illustrate that concept in a
direct and intuitive way.
·•~"-,

11 = -00

y(t)

y(t)

DEMO: Links to Many Demos

Lab #6, Digital images: AID and DIA, shows how
sampling applies to digital images. Some aspects of
sampling have already been used in the music synthesis
labs that are associated with Chapter 3, because the
sounds must be produced by making their samples in
a computer before playing them out through a D-to-A
converter.
The CD-ROM also contains many demonstrations of
sampling and aliasing:
(a) Strobe movie filmed using the natural strobing of a
video camera at 30 frames per second.
(b) Synthetic strobe demos produced as
movies.

MATLAB
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95

•) Figure No. 1 con2dis Version 0 ,98
Plot Options

~

--

· .

Exit

x[n) = cos{21t 0.84 n)

Input: cos(2x 16.9 t)

0.5

0.5

0

0

-0.5

-0.5

I

.11.

I

Output: cos(2x 3.1 t)

0.5

I I

0

-0.5

Time (sec)

l ime (sampl~)

-1 '----'---=-~-~-~--=
0
0.1
0.2
0.3
OA
0.5
Time (sec)

Continuous Time Spectrum

Discrete Time Spectrum

Continuous Time Spectrum

0.1

0.2

0.4

0.3

0.5

-1 .__.__.__~_.___.___,___,__~~-J~
0
1 2 3 4 5 6 7 8 9 10

0.6

0 .8

0.6

0 .6

0.4

0 .4

0.2

0.2

Al IASING!

0.6
0.6

'

DA
0.2

0

-20

r

~=

f0

-10

0

10

f (Hz)

16.9 (Hz)

-211

20
(;'

Fbdbn

Phase= o.oo

0

-11

• : 2a (10

"

2 ..

If.)

-20

-10

0
10
I (Hz)

20

f:, = 20.0 (Hz)

.:I J .:J~

~rs Veision 0.98

Figure 4-27: Graphical User Interface (GUI) for con2dis which illustrates aliasing with simultaneous diagrams in both
the time and frequency domains. The user can change the frequencies moving the spectrum lines with a mouse o r by entering
values in the edit boxes.

(c) Reconstruction movies that show the interpolation
process for different pulse shapes and different
sampling rates.

(e) Aliasing and folrung movies that show how the
spectrum changes for different sampling rates.
Again, the CD-ROM contains a large number of solved
homework problems available for review and practice.

(d) A sampling and aliasing MATLAB GUI called
con2dis, shown in Fig. 4-27.

~

NOTE: Hundreds of Solved Problems

96

4-7

CHAPTER 4

Problems

P-4.1 Consider the cosine wave
x(t)

(b) Sampling frequency is ls

= 5 samples/sec.

(c) Sampling frequency is .l

= 15 samples/sec.

= l0cos(88Onr + ¢)

Suppose that we obtain a sequence of numbers by
sampling the waveform at equally spaced time instants
nT5 • In this case, the resulting sequence would have
values
x[n j

SAMPLING AND ALIASING

= x(nT = 1Ocos(880nnTs +</>)
5)

for -oo < n < oo. Suppose that Ts

= 0.0001 sec.

(a) How many samples will be taken in one period of
the cosine wave?
(b) Now consider another waveform y(r) such that
y (t)

= IO cos(wor + </>)

Find a frequency wo > 88On such that y(nTs) =
for all integers 11.
Him: Use the fact that cos(0 + 2m1) = cos(0) if 11
is an integer.
x(nT,)

(c) For the frequency found in (b), what is the total
number of samples taken in one period of x(t)?

P-4.3 Suppose that a discrete-time signal .x[n) is given
by the formula
x [n]

= 2.2cos(O.3nn - n/3)

and that it was obtained by sampling a continuoustime signal x(t) = A cos(2nlot +</>)at a sampling rate
of ls = 6000 samples/sec. Detennine three different
continuous-time signals that could have produced
x[n]. All these continuous-time signals should have
a frequency less than 8 kHz. Write the mathematical
formula for all three.
P-4.4 An amplitude-modulated (AM) cosine wave is
represented by the formula
x(t)

= [10 + cos(2n(2OOO)t)J cos(2rr(la4)t)

(a) Sketch the two-sided spectrum of this signal. Be
sure to label important features of the plot.
(b) Is this waveform periodic? [f so, what is the period?

=

P-4.2 Let x (t) 7 sin ( 11 Jr t). Tn each of the fol lowing
pa1ts, the discrete-time signal x[n] is obtained by
sampling x(t) at a rate l s, and the resultant x[n] can
be written as

x[11]

= A cos(won + </>)

(c) What relation must the sampling rate ls satisfy so
that y(t)
x(t) in Fig. 4-26?

=

P-4.5 Suppose that a discrete-time signal x [n] is given
by the formula

For each pait below, determine the values of A, </>, and

w0 . In addition, state whether or not the signal has been

x[n]

= lO cos(O.2nn -

n/7)

over-sampled or under-sampled.
(a) Sampling frequency is f,

= 10 samples/sec.

and that it was obtained by sampling a continuous-time
signal at a sampling rate offs = 1000 samples/sec.

4-7
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(a) Determine two different continuous-time signals
x. 1(t) and x 2 (t) whose samples are equal to x fn];
i.e., find X1 (l) and x2 (t) such that x [n] = X1 (n. Ts) =
x 2 (n T5 ) if T5 = 0.001. Both of these signals should
have a frequency less than 1000 Hz. Give a formula
for each signal.
(b) lf x[n] is given by the equation above, what signal

will be reconstructed by an ideal D-to-C converter
operating at sampling rate of 2000 samples/sec?
That is, what is the output y(t) in Fig. 4-26 if x[nJ
is as given above?

P-4.6 A nonideal D-to-C converter takes a sequence
y[n] as input and produces a continuous-time output y(t)
according to the relation
CX)

y(t)

L

=

yfn]p(t - 11T5 )

11=-00

where T,, = 0.1 second. The input sequence is given by
the formula
y[n]

=

I

(0.8)"

0

0 .:5 n.:55
otherwise

=

1 -0.05 .:5 I .:5 0.05
0
otherwise

1

carefully sketch the output wavefonn y(t).
(b) For the pulse shape

)=

p(t

1-

10

Ts= 0.01;
Duration= 0 .3;
tt
0 : Ts : Duration;
Fo

394;

xx

9*cos( 2*pi*Fo*tt

+

pi/2 l;

%

stem{ xx)

%<--! NO time axis

(a) Make the stem plot of the signal with n as the
horizontal axis. Either sketch it or plot it using
MATLAB.

(b) For the plot above, determine the correct formula
for the discrete-time signal in the fonn
x[n]

= A cos(won + </>)

(c) Explain how aliasing affects Lhe plot that you see.

P-4.8 The spectrum diagram gives the frequency
content of a signal.

(a) Draw a sketch of the spectrum of

(a) For the pulse shape

p(t)

P-4.7 Suppose that MATLAB is used to plot a sinusoidal
signal. The following MATL AB code generates a signal
x[n] and plots it. Unfortunately. the time ax.is of the plot
is not labeled properly.

JOit! -0.1 .:5 I .:5 0.1

x(r)

= cos(S0JTt) sin(700m)

Label the frequencies and complex amplitudes of
each component.
(b) Determine the minimum sampling rate that can be
used to sample x(I) without aJjasing for any of the
components.

otherwise

carefully sketch the output wavefonn y(t).

P-4.9 The spectrum diagram gives the frequency
content of a signal.
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(a) Draw a sketch of the spectrum of
x(t)

= sin3 (400rrt)

Label the frequencies and complex amplitudes of
each component.
(b) Determine the minimum sampling rate that can be
used to sample x(t) without aliasing for any of its
components.

P-4.10 The intention of the following MATLAB program
is to plot 13 cycles of a 13-Hz sinusoid, but it has a bug.
Fo
To
Ts
tt
xx=

13;

%-- Period
1/Fo;
0.07;
0 : Ts
(13*To);
real (exp(j*(2*pi*Fo*tt - pi/2)));

%

plot( tt, xx)
xlabel('TIME

(sec)'),

(b) Sketch the two-sided spectrum of this signal on a
frequency axis. Be sure to label important features
of the plot. Label your plot in terms of the numerical
values o f A;, </>;, and w;.
(c) Detem1ine the minimum sampling rate that can be
used to sample x(t) without aliasing of any of the
components.

P-4.12 Refer to Fig. 4-26 for the system with ideal Cto-D and D-to-C converters.
(a) Suppose that the discrete-time signal x[n] is
x[nj

(b) Determine ao acceptable value of Ts to get a very
smooth plot of the desired 13 Hz. signal.

=

(b) lf the input x(t) is given by the two-sided spectrum
representation in Fig. P-4. J2, determi ne a simple
fonnula for y(t) when f,
700 samples/sec (for
both the C-to-D and D-to-C converters).

=

I 3e - Jirt 4
7<, -JJn/4

= [3 + sin(rrt)] cos(l3rrt + 1e/2)

(a) Use phasors to show that x(t) can be expressed in

the form

I

-500

I

-200

I
0

I 3ejn/ 4
1eJ31rl4

I

200

I

500 • f

Figure P-4.12

= A1 cos(wit + </>1)
+ A2 cos(w2f + </>2) + A3 COS{WJ! +

10cos(0.13rrn+rr/13)

If the sampling rate is l s = 1000 samples/sec,
detennine two differellf continuous-time signals
x(t)
x 1 (t) and x(t)
x 2 (t) that could have been
inputs to the above system; i.e., find x 1(t) and x2 (t)
such that x[n] = x, (nTs) = x2(117'.s) if Ts = 0.001.

P-4.11 An amplitude-modulated (AM) cosine wave is
represented by the formula

x(t)

=

=

grid on

(a) Draw a sketch of the plot that will be produced by
MATLAB. Explain how aliasing or folding affects the
plot that you see. In particular, what is the period in
the plot, and how many periods do you observe?

x(t)

SAMPLING AND ALIASING

</>J)

where w, < w2 < w3; i.e., find values for the
parametersA 1, A2, A.:i, ¢,. ¢2, <h,, w,, wi, w3.

P-4.1 3 Refer to Fig. 4-26 for the sampling and
reconstruction system. Assume that the sampling rates

4-7
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of the C-to-D ancl D-to-C converters are equal, and the
input to the Ideal C-to-D converter is
x(t)

= 2cos(2n(50)t + n/2) + cos(2rr( l50)t)

(a) If the output of the ideal D-to-C converter is equal
to the input x(t ), i.e..
y(t)

= 2 cos(2rr(50}t + rr / 2} + cos(2rr( l 50)t)

what general starement can you make about the
sampling frequency ls in this case?

f, = 250 samples/sec.,
determine the discrete-time signal x[n] , and give
an expression for x[n] as a sum of cosines. Make
sure that all frequencies in your answer are positive
and less than n radians.

(b) If the sampling rate is

(c) Plot the spectrum of the signal in part (b) over the
range of frequencies -rr ~ w~ rr. Make a plot for
your answer, labeling the frequency, amplitude. and
phase of each spectral component.
(d) If the output of the ideal D-to-C converter is
y(t)

= 2cos(2rr(50)t + rr/2) + I

(b) For the conditions in (a), determine the apparent
speed (in revolutions per second) and direction of
movement of the "strobed" spot.

(c) Now assume that the rotation speed of the disk is
unknown. If the flashing rate is I 3 times per second,
and the spot on the disk moves counterclockwise by
15 degrees with each flash, detemline the rotation
speed of the disk (in rev/sec). If the answer is not
unique, give all possible rotation speeds.

P-4.15 In the rotating disk and strobe demo, we
observed that d ifferent flashing rates of the strobe light
would make the spot on the disk stand still.
(a) Assume that the disk is rotating in the counterclockwise direction at a constant speed of 720 rpm.
Express the movement of the spot on the disk as a
rotating complex pha,;or.
(b) Jf the strobe light can be flashed at a rate of 11 flashes
per second where n is an integer greater than zero,
determine aU possible flashing rates such that the
disk can be made to stand still.

determine the value of the sampling frequency fs•
(Remember that the input x(t) is as defined above.)

Note: The only possible flashing rates are I per
second. 2 per second, 3 per second, etc.

P-4.14 In the rotating disk and strobe demo, we
observed that d ifferent flashing rates of the strobe light
would make the spot on the disk stand still or move in
different directions.

(c) If the flashing rate is 13 times per second, explain
how the spot will move, and write a complex phasor
that gives the position of the spot at each flash.

(a) Assume that the disk is rotating clockwise at a
constant speed of 13 rev/sec. If the flashing rate
is 15 tjmes per second, express the movement of the
spot on the disk as a complex phasor, p[n ). that gives
the position of the spot at the n th flash. Assume that
the spot is at the top when 11 0 (the first flash).

=

P-4.16 The following complex-valued signal
pha<;or:
z[n ] = ei111" 1

where 0 [n J is the phase.

is a
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100
(a) When the phase changes by a constant amount
versus n, the phasor rotates at a constant speed. For
the following phasor:
z[n]

P-4.18 A discrete-time signal x[n ] is known
sinusoid
x[n]

= ej(0.081r11-0.25n)
= 0, 1, 2,
X

l
2.50

n
[11]

be a

= A cos(WQn + ¢)

The values of x [n] are tabulated for n
make a plot of the phasor locations for n
7, 10, 17, 20, 33, 50, and 99.

10

2
0.5226

3
-1.545)

=

1, 2, 3, 4, and 5.

4

5

-3.3457

-4.5677

(b) What is the period of z[n]?

(a) Plotx[n] versus n.
(c) Repeat for the complex phasor that corresponds to
the following chirp signal:

c[n] = ej0.17rn2
In this case, plo t the phasor locations for n
2, 3, 4 , and 7.

for n

(a)

ffie{ej91" 1} =

cos(rr(0.7 x 10- 3),,2)

= 0, 1, 2, ... , 200.
Make a plot of tbe rotating pbasor ei9 L111

/3 =

= 0, 1,

P-4.17 A digital chirp signal is synthesized according
lo the following formula:
x [n] =

(b) Prove (with phasors, not trigonometry) the following identity for the cosine signal:

for n

= 10,

cos(n +

l)Wo + cos(n -

COSflW()

wo.

(c) Now determine the numerical values of A,¢, and
Wo- (fhis is an easy caJculation if you find Wo first.)

P-4.19 A discrete-time signal xtn1 is known to be a
sinusoid
x[11 I = A cos(WQn

=

(c) If the constant frequency digital signal v[n]
cos(0.7 rr11) is played out through a D-to-A converter
whose sampling rate is 8 kHz, what (analog)
frequency will be heard?

for all n

Detemune the value of the constant {3.
Note: f3 does not depend on 11, but it might be a
function of

50, and 100.
(b) If this signal is played out through a D-to-A
converter whose sampling rate is 8 kHz, make a
plot of the instantaneous analog frequency (in Hz)
versus time for the analog signal.

l )Wo

+ <f>)

The values of x[11] are tabulated for 0 :5 n :5 4.
n

xlnJ

0
2.4271

2.9002

2

3

4

2.9816

2.6603

1.9798

Plot x [n], then determine the numerical values of A, <f>,
and WO-

C H A

T E R

FIR Filters
Up to this point, we have focu sed our attention on
signals and their mathematical representations. In this
chapter, webegintoemphasizesystemsorfilters. Strictly
speaking, a filter is a system that is designed to remove
some component or modify some characteristic of a
signal, but often the two terms are used interchangeably.
In this chapter, we introduce the class of FIR (finite
impulse response) systems, or, as we will often refer to
them, FIR filters. These fil ters are systems for which
each output sample is the sum of a finite number of
weighted samples of the input sequence. We will define
the basic input-output structure of the FIR filter as a timedomain computation based on a Jeed-Jonvard difference
equation. The unit impulse response of the filter will
be defined and shown to characterize the filter. The
general concepts of linearity and time invariance will
also be presented. These properties characterize a wide

class of filters that are exceedingly important in both the
continuous-time and the discrete-time cases.
Our purpose in this chapter is to introduce the basic
ideas of discrete-time systems and to provide a starting
point for further study. The analysis of both discrete-time
and continuous-time systems is a rich subject of study that
is necessarily based on mathematical representations and
manipulations.• The systems that we introduce in this
chapter are the simplest to analyze. The remainder of the
text is concerned with extending the ideas of this chapter
to other classes of systems and with developing tools for
the analysis of other systems.
1Systems

can be analyzed effectively by the mathematical
methods of Fourier analysis, which are introduced in Chapters 912 and are covered extensively io more advanced signals and systems
texts.
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x[nl

TNPUT

Discrete-Time
System
T(•)

I--- yin]=
_.. T{xlnl}
OUTPUT

Figure 5-1: Block-diagram representation of a discretetime system.
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Discrete-Time Systems

A discrete-time system is a computational process for
transforming one sequence, called the input signal, into
another sequence called the output signal. As we have
already mentioned, systems are often depicted by block
diagrams such as the one in Fig. 5-1. In Chapter 4. we
used similar block diagrams to represent Lhe operations
of sampling and reconstruction. In the case of sampling.
the input signal is a continuous-time signal and the output
is a discrete-time signal, while for reconstruction the
opposite is true. Now we want to begin to study discreletime systems where the input and output are discretetime signals. Such systems are very interesting because
they can be implemented with digital computation and
because they can be designed so as 10 modify signals in
many useful ways.
ln general, we represent the operation of a system by
the notation
y[n]

= T [x{n]}

which suggests that the output sequence is related to
the input sequence by a process that can be described
mathematically by an operator T. Since a discretetime signal is a sequence of numbers, such operntors
can be described by giving a formula for computing the
values of the output sequence from the values of the input
sequence. For example, the relation
y [n]

= (x[n]}2

FIR FILTERS

defines a system for which the output sequence values are
the square of the corresponding input sequence values.
A more complicated example would be the following
system definition:
y[n]

= max{x{n], x[n - 1I, x[11 -

2)}

In this case, the output depends on three consecutive
input values. Since infinite possibilities exist for defining
discrete-time systems. it is necessary to limit the range
of possibilities by placing some restrictions on the
properties of the systems that we study. Therefore, we
will begin our study of discrete-time systems in this
chapter by introducing a very important class of discretetime systems called FIR filters. SpecificaUy, we will
discuss the representation, implementation, and analysis
of discrete-time FIR systems, and illustrate how such
systems can be used to modify signals.

5-2 The Running-Average Filter
A simple but useful transformation of a discrete-time
signal is to compute a moving average Qr ru1111i11g
average of two or more consecutive numbers of the
sequence, thereby forming a new sequence of the average
values. The FIR filter is a generalization of the idea
of a running average. Averaging is commonly used
whenever data fluctuate and must be smoothed prior
to interpretation. For example, stock-market prices
fluctuate noticeably from day to day, or hour to hour.
Therefore. one might take an average of the stock price
over several days before looking for any trend. Another
everyday example concerns credit-card balances where
interest is charged on the average daily balance.
In order to motivate the general definition of the
class of FTR systems, let us consider the simple running
average as an example of a system that processes an
input sequence to produce an output sequence. To
be specific, consider a 3-point averaging method; i.e.,
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y[11]

[11]
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Figure 5-2: Finite-length input signal, x[11).

f

+ x[ l] + x[2])

yl lJ = ½<xllJ + xL2J + xl3J)
which generalizes to the following input-output equation:

y [n l

= f (x[n] + x[n +I]+ x[n + 2J)

0

I

2

3

4

5

6

n

Figure 5-3: Output of running-average filter, y[n ).

each value of the output sequence is the sum of three
consecutive input sequence values divided by three.
If we apply this algorithm to the triangularly shaped
sequence shown in F ig . 5-2, we can compute a new
sequence called y [n ], which is the output of the averaging
operator. The sequence in Fig. 5-2 is an example
of a finite-length signal. The support of such a
sequence is the set of values over which the sequence
is nonzero; in this case. the support of the sequence is
the finite interval O ::: n ::: 4. A 3-point average of the
values (x [0). x[ I], x[2]) = [2. 4 , 6) gives the answer
½(2 + 4 + 6) = 4. T his result defines one of the output
values. The next output value is obtained by averaging
[x[ l ]. x [2], x[31) = {4, 6, 41 which , yields a value of
14/3. Before going any furt her, we should decide on
the output indexing. For example, the values 4 and 14/3
could be assigned toy[O] and yl1j, but titis is only one of
many possibilities. With this indexing, the equations for
computing the output from the input are
y [O] = (x [0]

-2 -1

11

(5.1)

T he equation g iven in (5. 1) is called a difference
equation. Jt is a complete description of the FIR system
because we can use (5.1 ) to compute the entire output
signal for all index values -oo < 11 < oo. For the input o f
Fig. 5-2, the result is the signal y[n] tabulated as follows:
II

x[11]

y in]

II

<- 2

-2 - I 0

I

2 3 4 5 n>5

2

4

6 4

2 0

0

4

14

4 2

2

0

0

0

0

2

l

0
2

3

'J

0

Note that the values in orange type in the .xf11] row
are the numbers involved in the computation of y [2].
Also note that y[nJ 0 outside of the finite interval
- 2 ::: n ::: 4; i.e., the output also has finite support. The
output sequence is also plotted in Fig. 5-3 . Observe that
the output sequence is longer (has more nonzero values)
than the input sequence, and that the output appears to
be a somewhat rounded-off version of the input; i.e. it
is smoother than the input sequence. T his behavior is
characteristic of the running-average FIR filter.
The choice of the output indexing is arbitrary, but it
does matter when speaking about properties of the filter.
For example, the filter defined in (5.1) has the property
that its output starts (becomes nonzero) before the input

=

104

CHAPTER 5

x[i]
FUTURE

the output value y[n] is the average of inputs at n (the
present), n - I ( one sample previous), and n - 2 (two
samples previous). The difference equation for this filter
is
y[n]

1

Figure 5-4: The running-average filter calculation at the
present time(£ =n) uses values within a sliding window.
Gray shading indicates the past ( < n ); orange shading,
the future(£> 11). Here, the sliding window encompasses
values from both the future and the past.

e

starts. This would certainly be undesirable if the input
signal values came directly from an A-to-D converter, as
is common in audio signal-processing applications. In
this case, n would stand for time, and we can interpret
y [n] in (5.1 ). as the computation of the present value of
the output based on three input values. Since these inputs
are indexed as n, 11 + I , and 11 + 2, two of them are " in
the future." In general, values from either the past or the
future or both may be used in the computation, as shown
in Fig. 5-4. In all cases of a 3-point running average, a
sliding window of three samples determines which three
samples are used in the computation of y [n].
A filter that uses only the present and past values of the
input is called a causal filter, implying that the cause does
oot precede the corresponding effect. Therefore, a filter
that uses future values of the input is called 11011causal.
Noncausal systems cannot be implemented in a real-time
application because the input is not yet available when the
output has to be computed. In other cases, where stored
data blocks are manipulated inside a computer, the issue
of causality is not crucial.
An alternative output indexing scheme can produce
a 3-point averaging filter that is causal. In this case,

FTR FILTERS

= ½<x[n] + x[n -

l] + x [n - 21)

(5.2)

The form given in (5.2) is a causal running averager,
or it may well be called a backward average. Using
the difference equation (5.2), we can make a table of
all output values over the range - oo < n < oo. (Notice
that now the orange-colored values of x [n] are used in
this case to compute y[4] instead of y[2].) The resulting
signal y[n ] has the same values as before, but its support
is now the index interval O .::: n .::: 6. Observe that the
output of the causal filter is simply a shifted version of
the output of the previous noncausal fi lter. T his fi lter is
causal because the output depends on only the present and
two previous (i.e., past) values of the input. Therefore,
the output does not change from zero before the input
changes from zero.
II

n < - 2 - 2 -I 0

l 2 3 4 5 6 7

II

> 7

x [nJ

0

0

0

2 4 6 4 2 0 0 0

0

y [11J

0

0

0

j

2

0

EXERCISE 5.1:
centralized average,·
y [11]

2 4 T14 4 2 J2 0

Determine the output of a

= ½(x[n + l ] +x[n] + x [n -

I])

for the input in Fig. 5-2. Is this filter causal or noncausal?
What is the support of the output for th.is input? How
would the p lot of the output compare to Fig. 5-3?
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xf£]

·- -•

Weighted Sum
of M+ I Point~

Running
onto the
Signal

•

Zero Output

0

e

n-M

Figure 5-5: Operation of lhe M th order causal FIR filter showing various positions of the sliding window of M + I points
under which the weighted average is calculated. When the input signal x [ eJ is also finite length (N points), the sliding window
will run onto and off of the input data, so the resulting output signal will also have finite length.

5-3 The General FIR Filter
Note that (5.2) is a special case of the general difference
equation
M

y[n]

= I >k x[n -

(5.3)

k]

k=O

=

there will be an interval of M samples at the beginning,
where the computation will involve fewer than M + l
nonzero samples as tbe sliding window of the filter
engages with the input, and an interval of M samples at
the end where lhe sliding window of the filter disengages
from the input sequence. It also can be seen from Fig. 5-5
that the output sequence can be as much as M samples
longer than the input sequence.

=

That is, when M
2 and bk= 1/3 for k
0, 1, 2,
(5.3) reduces to the causal running average of (5.2).
If the coefficients bk are not all the same, then we
might say that. (5.3) defines a weighted nm11i11g average
of M + I samples. It is clear from (5.3) that the
computation of y [n] involves the samples x [i] for e
n, n - 1, 11 - 2, ... , 11 - M; i.e., x[n], x [11 - I), x[n - 2),
etc. Since the fi lter in (5.3) does not involve future values
of the input, the system is causal, and, therefore, the
output cannot start before the input becomes nonzero. 2
Figure 5-5 shows that the causaJ FIR fi lter uses x[n] and
the past M points to compute the output. Figure 5-5 also
shows that if the input has finite support (0 ,:::: f. ,:::: N - 1),

=

2Notc that a noncausal system can be represented by (5.3) by
allowing negative values of the summation index k.

Example 5-1: FIR FIiter Coefficients

The FIR filter is completely defined once the set of
filter coefficients {bk} is known. For exan1ple, if the {bk}
of a causal fi Iler are
{bk}= (3, - 1, 2, l }

then we have a length-4 fi lter with M = 3, and (5.3)
expands into a 4-point d ifference equation:
3

y[11]

= L bkx[n -

k]

k=O

= 3x[11) -

x[n - 1] + 2x[n - 2) + x[n - 3)
■
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The parameter M is the order of the FIR filter. The
number of filter coefficients is also called the filter length
(L). The length is one greater than the order; i.e.. L
M + 1. This terminology will make more sense after we
have introduced the z-transform in Chapter 7.

=

x[ nJ = ( t .02)n + ½cos(2rrn/8 + rr/4) for 0 $

<0

0

I
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4

5 6 7

8

x[n]

0

2
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4

2

0

0 0

0

0

y[n]

0
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18 ?

?
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I?
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11

> 8

5-3.1 An Illustration of FIR Filtering

11

~ 40

~l. .Iw1ffl1ro1ffllmlffllmlffllnf.........
0

~ EXERCISE 5.2:
Compute the output
y[n] for the length-4 filter whose coefficients are
{bd = {3, - 1, 2. l ). Use the input signal given in
Fig. 5-2. Verify that the answers tabulated here are
correct, then fill in the missing values.
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Output of 3-Point Running-Average Filter
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50

40

Time Index (11)

To illustrate some of tbe things that we have learned so
far, and to show how FIR filters can modjfy sequences,
consider a signal
x[n]

=

(l.02)" + -21 cos(2rrn/8 +7r/4)

0 ~ 11 ~ 40

0

otherwise

l

This signal is shown as the upper plot in Fig. 5-6. We
often have real signals of this form; i.e., a component
that is the signal of interest (in this case, it may be
the slowly varying exponential component (1.02t) plus
another component that is not of interest. Indeed. the
second component is often considered to be noise that
interferes with observation of the desired signal. In
this case, we will consider the sinusoidal component
½cos(2rrn/8 + rr/4) to be noise that we wish to remove.
The solid, exponentially growing curve shown in each of
the plots i n Fig. 5-6 simply connects the sample values of

Figure 5-6: Illustrntion of running-average filtering.

the desired signal (l.02)" by straight lines for reference
in the other two plots.
Now suppose that x(n I is the input to a causal 3-point
running averager; i.e.,
y3[n]

(tx[n -k])

=½

(5.4)

k=O

=

In this case, M
2 and all the coefficients are equal to
1/3. The output of this filter is shown in the middle plot in
Fig. 5-6. We can notice several things about these plots.
(a) Observe that the input sequence x[n 1is zero prior
ton = 0, and from (5.4) it follows that the output
must be zero for n < 0.
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(b) The output becomes nonzero at n = 0, and the
shaded interval of length M = 2 samples ar the
beginning of the nonzero part of the output sequence
is the interval where the 3-point averager " runs
onto" the input sequence. For 2 .::: n .::: 40, the input
samples within the 3-point averaging window are all
nonzero.

=

(c) There is another shaded interval of length M
2
samples at the end (after sample 40), where the filter
window " runs off of' the input sequence.
-(d) Observe that the size of the sinusoidal component
has been reduced, but that the component is not
eliminated by the tilter. The solid line showing
the values of the exponential component has been
shifted to the right by M /2 = I sample to account
for the shift introduced by the causal filter.
Clearly, the 3-point running averager has removed
some of the fluctuations in the input signal, but we have
not .recovered the desired component. Intuitively, we
might think that averaging over a longer interval might
produce better resulls. The lower plot in Fig. 5-6 shows
the output of a 7-point running averager as defined by

What can we conclude from Lhis example? First, it
appears that FIR fi ltering can modify signals in ways
that may be useful. Second, the length of the averaging
interval seems to have a big effect on the resulting output.
Third, the running-average filters appear to introduce a
shift equal to M /2 samples. All of these observations can
be shown 10 apply to more general FIR fi lters defined by
(5.3). However, before we can fully appreciate the details
of this example, we must explore the properties of FIR
filters in greater detail. We will gain full appreciation of
this example only upon the completion of Chapter 6 .

5-3.2 The Unit Impulse Response
In this section, we will introduce three new ideas: the
unit impulse sequence, the unit impulse response, and the
convolution s um. We will show that the impulse response
provides a complete characterization of the fi lter, because
the convolution sum gives a formula for computing the
output from the input when the unit impulse response is
known.
5-3.2.1 Unit Impulse Sequence
The twit impulse is perhaps the simplest sequence
because it has only one nonzero value, which occurs
at 11 0. T he mathematical notation is that of the
Kronec ker deltaf1111ction

=

In this case, since M = 6 and all the coefficient.<. are equal
to 1/7, we observe lhe following:

o[n ]
(a) The s haded regions at the beginning and end of the
output .u·e now M = 6 samples long.
(b) Now the size of the sinusoidal component is
greatly reduced relative to the input sinusoid , and
the exponential component is very close to the
exponential component of the input (after a shift
of M /2 = 3 samples).

=

1 11= 0

(5.6)

1 n #O
0

It is tabulated in the second row of this table:
II

... -2

- )

0
1

o[n)

0

0

0

o[n - 2]

0

0

0

I 2 3 4 5

6 . ..

0 0 0 0 0 0
0 0 1 0 0 0 0

0
0
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x[n]
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FIR Filter

Figure 5-8: Block diagram showing defi nition of impulse
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response.

Figure 5-7: Shifted impulse sequence, o[n - 2].

A shifted impulse such as 8[11 - 2] is nonzero when
its argument is zero, i.e., n - 2 = 0, or equivalently n =
2. The third row of the table gives the values of the
shifted impulse 8[11 - 2], and Fig. 5-7 shows a plot of
that sequence.
The shifted impulse is a concept that is very useful in
representing signals and systems. Consider, for example,
the signal
x [n]

= 28[n] + 48 [11 + 48[11 -

l]

+ 68[n -

2]

3] + 28[,i - 4]

(5.7)

To interpret (5.7), we must observe that the appropriate
definition of multiplying a sequence by a number is to
multiply each value of the sequence by that number;
likewise, adding two or more sequences is defined as
adding the sequence values at corresponding positions
(times). The following table shows the individual
sequences in (5.7) and their sum:
...

28[n]

0

0

40(11 - l ]

0
0

0

68[n - 2)

48(,i - 3]

20[11 - 4)

0
0

x (n]

0

5 6

...

0

2 0 0 0 0 0 0

0

0
0

0

-2 - 1 0 I

11

2

3 4

0
0

0

0

0

0 4 0 0 0 0 0
0 0 6 0 0 0 0
0 0 0 4 0 0 0
0 0 0 0 2 0 0

0

0

2 4

6

4

2 0 0

0

Clearly, (5.7) is a compact representation of the signal
in Fig. 5-2. Indeed, any sequence can be represented in
this way. The equation
x[n]

=L

(5.8)

xlk]8[n -k]

k

= ••-+ x[-

1]8[11 + 1] + x [0]8[n]

+ x[l ]8[n -

1) + x[2J8[11 - 2)

+ .. .

is true if k ranges over all the nonzero values of the
sequence x[n]. Equation (5.8) states the obvious: The
sequence is formed by using scaled shifted impulses to
place samples of the right size at the right positions.
5-3.2.2

Unit Impulse Response Sequence

When the input to the FIR fi lter (5.3) is a unit impulse
sequence, x[n] = 8[n], the output is. by definition,
the uniJ impulse r esponse, which we will denote by
h[n].3
This is depicted in the block dfagram of
Fig. 5-8. Substituting x [n] 8[n] in (5.3) gives the
output y [n] h[n]:

=

=

h[11]

=~
L
k=Obk 8[11 -

k]

= lb"
0

n = 0,l , 2, . . . M
otherwise

0

As we have observed, the sum evaluates to a single
term for each value of n because each 8[n - k] is nonzero

0

3 we will usually shorten this to impulse response, with 1111it being

0

understood.
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Figure 5-9: Impulse response of3-point running average
filter, h [11 ].
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Figure 5-10: Delayed finite-length input signal, y[n]

x[n - 2] for input of Fig. 5-2.
only when n - k = 0 or n
impulse response is
n

= k. In the tabulated fom1, the

n<O 0 l 2 3 ... M M+l n > M

x[n]

= .S(n]

0

y[n]

= h[n]

0

0 0 0

l

0

0

bo b1 b2 b3 ... bM

0

0

0

0

l o other words, the impulse response h [n l of the
FIR fi lter is simply the sequence of difference equation
coefficients. Since h[n] = 0 for n < 0 and for 11 > M,
the length of the impulse response sequence h[n] is finite.
This is why the system (5.3) is called a ji11ite impulse
response (FIR) system. Figure 5-9 illustrates a plot of
the impulse response for the case of the causal 3-point
running-average filter.

EXERCISE 5.3: Detennine and plot the impulse
response of the FlR system

= L kx[n -

=

=

y [11] =ho · x [n] + b, · x [n - l] + b2 · .x[n - 2)

= 0 • x[11] + 0 •x[n = x[n - 2)

k]

k=O

5-3.2.3 The Unit-Delay System
One impo11ant system is the operator that performs a
delay or shift by an amount no
y[nl

= x [n -

no]

J] + I · x[11 - 2]

Figure 5- l Oshows the output o f the delay system with a
delay of2 for the input of Fig. 5-2 on p. 103. The impulse
response of the delay system is obtained by substituting
8[11) for x[n] in (5.9). For the delay-by-2 case,

10

y[n]

When n 0 = I , the system is called a unit delay . The
output of the unit delay is particularly easy to visualize.
In a plot. the values of x [n] are moved to the right by one
time interval. For example, y[4] takes on the value of
x [3], y[5] takes on the value of x(4], y [6] is x[5], and so
on.
The delay system is actually the simplest ofFIR filters;
it has only one nonzero coefficient. For example, a
system that produces a delay of 2 hac; fi lter coefficients
(bd
[O, 0, 1). The order of this FIR filter is M
2,
and its difference equation is

(5.9)

h[n]

= 8[n -

no]

= 8[n -

2]

=

1 n

10

=2

n f. 2

This impulse response is the signal plotted previously in
Fig. 5-7.

l 10

5-3.3

Convolution and FIA Filters
11 II

A general expression for the FIR filter's output (5.3) can

be derived in terms of the impulse response. Since the
filter coefficients in (5.3) are identical to the impulse
response values. we can replace bk in (5.3) by h[k] LO
obtain
M

y[nj

= I >rk} x[n -

(5.10)

k]

k=O

When the relation between the input and the output of
the FIR filter is expressed in terms of the input and
the impulse response, as in (5.10). it is called a finite
convolution sum , and we say that the output is obtained
by convolving the sequences x[n] and h[n].
5-3.3.1 Computing the Output of a Convolution

The method of tabulating values for the output of an FIR
filter works for short signals, but lacks the generality
needed in more complicated problems. However, there
is a simple interpretation of (5. 10) that leads to a better
algorithm for doing convolution. This algorithm can be
implemented using the tableau in Fig. 5-11 that tracks
the relative position of the signal values. The example in
Fig. 5-1 l shows howtoconvolvex[n] = {2, 4 . 6, 4, 2}
with h[nl = {3, - 1. 2, I}. First of all, we write out the
signals x[nl and h[n] on separate rows. Then we use a
method similar to "synthetic polynomial multiplication"
to form the output as the sum of shifted rows. Each
shifted row is produced by multiplying the x [11] row by
one of the h[k] values and shifting the result to the right
so that it lines up with the h[k] position. The final answer
is obtained by summing down the columns.
The justification of this algorithm for evaluating the
convolution sum comes from writing out the sum in (5.10)
as
y[n]
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= h[0]x[11] + h[l]x[n -

])

+ h.[2)x[n -

2]

+ ...

<0 0

J

2

3

4

5 6 7

11 >

2

4

6
2

4

2

0 0 0

0
0

h[n]

0
0

hlO]xlnl

0

h[ l )x[n -1]

0

h[2]x[n-2]
h[3]x(n -3]

0
0

6 12 18 12 6 0 0 0
0 -2 -4 -6 -4 -2 () 0
0 0 4 8 12 8 4 u
0 0 0 2 4 6 4 2

yin]

0

6 IO 18 16 18 12 8 2

x lnl

3 - I

7

1
0

0
0
0

Figure 5 -11 : Numerical convolution of finite-length
signals via synthetic polynomial multiplication

A term such as xLn - 2] is the x(n] signal with its

values shifted two places to the right. The multiplier
hf2] scales the shifted signal x (n - 2] to produce the
contribution hl2Jx[n - 21, which is the orange row in the
table.

<
"~.._ EXERCISE 5.4:
Use the "synthetic
multiplication" convolution algorithm to compute the
output y [n J for the length-4 filter whose coefficients are
{hkl = {1, -2, 2. - 1}. Use the input signal given in
Fig. 5-2 on p. 103.
Later in this chapter, we will prove that convolution is
the fundamental input- output algorithm for a large class
of very useful filters that includes FIR filters as a special
case. We will show that a general form of convolution
that also applies to infinite-length signals is
00

y fn]

=

L

h [k] x[n - k]

(5.11)

k=-oo

This convolution sum (5. 11) has infinite limits, but
reduces to (5.10) when h[n) = 0 for n < 0 and n > M.

l lJ

5-4 IMPLEMENTATION OF FIR FILTERS
s-3.3.2 Convolution In MATLAB
In MATLAB, FIR systems can be implemented by using
the conv ( ) function. For example, the following
M ATLAB statements
sin(0.07 * pi*(0:50));
ones (11, 1) /11;
yy = conv {hh, xx);

by sequences of their coefficients and use the conv
function lo convolve Lhem, thereby doing polynomial
multiplication.
-~..

DEMO: Discrete Convolution

xx

hh

~ EXERCISE 5.6 : Use MATLA B to compute the
following product of polynomials:

will evaluate the convolution of the 11-point sequence hh
with the 51-point sinusoidal sequence xx. The particular
choice for the MATLAB vector hh is actually the impulse
response of an I ! -point running average system:

h[n]

=

1/ 11 n =0, 1,2, ... , 10

O

1

otherwise

5-4

Implementation of FIR Filters

Recall that the genera] definition of an FIR filter is

That is, all 11 filter coefficients are the same and equal
to 1/11.4

M

y[n]

=L

bk x[n - k]

(5.12)

k=O

,a.. EXERCISE 5.5: In MATLAB, we can compute
only the convolution of finite-length signals. Determine
the length of the output sequence computed by the
MATLAB convolution above.

We have already hinted that this operation called
co,wolution is equivalent to polynomial multiplication.
In Section 7-5, we will prove that this correspondence
is true. At this point, we note that in MATLAB there is
no function for multiplying polynomials. Instead, we
must know that convolution is equivalent to polynomial
multiplication. Then we can represent the polynomials
4 Note that MATLAB indexes all data vectorS starting at 1, while
we index sequences such as xf11] slllrting at 11 = 0. This difference
must be accounted for in MATLAB programs.

We can see that to use {5.12) to compute the output
of the FIR filter, we need the following: (1) a means
for multiplying delayed-input signal values by the filler
coefficients; (2) a means for adding the scaled sequence
values; and (3) a means for obtaining delayed versions
of the input sequence.
We will find it useful to
represent the operations of (5. 12) as a block diagrnm.
Such representations will lead to new insights about the
properties of the system and about alternative ways to
implement the system.
LAB: #6 Digital Images: AID and DIA

5-4.1

Building Blocks

The basic building-block systems we need are the
multiplier, the adder, and the unit-delay operator as
depicted in Fig. 5- 12.
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't,r,
r]

5-4.1.2

x [nJ

Unit

y[11)

Delay

X2f11.J

(a)

(b)

(c)

Figure 5-12: Building blocks for making any LTI
discrete-time system: (a) multiplier, y[nJ ,Bx[n];
(b) adder, y[n]=x1[nJ+ x2[n] ; and (c) unit-delay,

=

, y[n]

= x[n - IJ.
J

5-4.1.1 Multiplier

The first elementary system performs multiplication of a
signal by a constant (see Fig. 5- 12(a)). The output signal
y [n] is given by the rule
y [n]

= .Bxln]

where the coefficient .8 is a constant. This system can
be the hardware multiplier unit in a computer. For
a DSP microprocessor, the speed of trus multiplier is
one of the fundamental limits on the throughput of the
digital filtering process. 1n appl ications such as image
convolution, billions of multiplications per second may
have to be perfom1ed to implement a good filter, so quite
a bit of engineering work has been djrected at designing
fast multipliers for DSP applications. Fmthermore, since
many filters require the same sequence of multiplications
over and over, pipelining the multiplier also results in a
dramatic speed-up of the filtering process.
Notice, by the way, that the simple multiplier is also an
FIR filter, with M = 0, and b0 = f3 in (5.3). The impulse
response of themultiplier system is simply h[n ] = ,Bo[n].

FIR FILTERS

Adder

The second elementary system in Fig. 5-1 2(b) performs
the addition of two signals. This is a different sort of
system because it has two inputs and one output. In
hardware, the adder is simply the hardware adder unit
in the computer. Since many DSP operations require a
multiplication followed immediately by an addition, it
is common in DSP microprocessors to build a special
multiply-accumulate urut, often called a "MADD" or
"MAC" unit. 5
Notice that the adder is a pointwise combination of
the values of the two input sequences. It is not an FIR
filter, because it has more than one input; however, it is a
crucial building block of FIR filters. With many inputs,
the adder could be drawn as a multi-input adder. but,
in digital hardware, the additions are typically done two
inputs at a time.

5-4.1.3

Unit Delay

The third elementary system performs a delay by one
unit of time. It is represented by a block diagram, as
in Fig. 5-12(c). In the case of discrete-time filters, the
time dimension is indexed by integers, so this delay
is by one "count" of the system clock. The hardware
implementation of the unit delay is actually perfo,med
by acquiring a sample value, storing it in memory for one
clock cycle, and then releasing it to the output. The delays
by more than one time unit that are needed to implement
(5. 12) can be implemented (from the block-ruagram point
of view) by cascading several unit delays in a row.
Therefore, an M -unit delay requires M memory cells
configured as a sruft register, which can be implemented
as a circular buffer in computer memory.
5 For example. the Texas Instruments C64 DSP can perform up to

2.4 billion 16-bit multiply-adds per second {ca. 2001).
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and past output values are involved in the computation of
the output.
Strictly speaking, the structure of Fig. 5- 13 is a blockdiagram representation of the equation

xr11J
Unit
Delay

- y [n}

(((box[n] + bix[n - l)) + b2x[n - 2]) + b3x[11 - 31)

x [n - l]

Unit
Delay
x[n - 2)

Unit
Delay
xfn - 3]

y [n]

Figure 5-13: Block-diagram structure for the third-order
FIR filter.

5-4.2

=

Block Diagrams

In order to create a graphical representation that is useful
for hardware structures, we use block-diagram notation ,
which defines the interconnection of the three basic
building blocks to make more complex structures. In
such a directed graph, the nodes (i.e.,junction points) are
either summing nodes, splitting nodes, or input-output
nodes. The connections between nodes are either delay
branches or multiplier branches. Figure 5- 13 shows the
general block diagram for a third-order FIR digital filter
(M = 3). T his structure shows why the FIR filter is
also called a f eed-forward difference equation, since
all paths lead forward from the input to the output. There
are no closed-loop paths in the block diagram. In Chapter
8 we will discuss filters with feedback, where both input

which clearly expands into an equation that can be
represented as in (5.12). The input signal is delayed
by the cascaded unit delays, each delayed signal is
multiplied by a filter coefficient, and the products are
accumulated to fonn the sum. Thus, it is easy to see that
there is a one-to-one correspondence between the block
diagram and the d ifference equation (5.12) of the FIR
filter, because both are defined by the fil ter coefficients
{bk}. A useful skill is to start with onerepreseotation and
then produce the other. The structure in Fig. 5-13 displays
a regularity that makes it simple to define longer filters;
the number of cascaded delay elements is increased to
M. and then the filter coefficients {b1:) are substituted
into the d iagram. T his standard structure is called the
direct f orm. Go ing from the block diagram back to the
difference equation is j ust as easy, as long as we stick
to direct form. Here is a simple exercise to make the
con·espondence.

EXERCISE 5.7:
Detennine the difference
equation for the block d iagram of Fig. 5-14.

5-4.2.1

Other Block Diagrams

Many block diagrams will implement the same FfR fi lter,
in the sense that the external behavior from input to output
will be the same. Direct form is just one possibility.
Other block diagrams would represent a different internal
computation, or a different order of computation. In
some cases, the internal multipliers might use different
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These can be reduced to one equation involving only
xfn] and y[11] by eliminating variables, ayis done
with simultaneous equations.

3

xln]

Let us try this procedure on the simple but useful
example shown in Fig. 5-15. First of all, we observe that
the internal signal variables {v1[n], v2 [n], v3 [n]} have
been defined in Fig. 5-15 as the inputs to the three delays.
Then the delay outputs are, from top to bottom, u3[n - l],
v 2 [n - I], and v 1[n - I). We also notice that t>J[n ] is a
scaled version of the input x[n]. In addition, we write
the three equations at the output of the three summing
nodes:

Unit
Delay

2

x[n - I l

Unit
Delay

-I

x[n- 2]

Unit
Delay

= box[n] + v ,[n v,[n] = b1x[n] + vi [n tJ:?[n] = b2xf11] + V3[n -

-2

x[n - 3)

FIR FILTERS

y[n]

ylnl

Figure 5-14: Third-order FIR filter in direct form.

coefficients. After we have studied the z-transform in
Chapters 7 and 8. we will have the tools to produce many
different implementations.
When faced with an arbitrary block diagram, the
following four-step procedure may be used to derive the
difference equation from the block diagram.
(a) Give a unique signal name to the input of each unitdelay block.
(b) Notice that the output of a unit delay can be written
in terms of its input.
(c) At each summing node of the strucrure, write a
signal equation. Use the signal names introduced
in steps 1 and 2.
(d) At this point, you will have several equations
involving x [n], y [n], and the internal signal names.

u3(11]

l]
l)
I]

= b3x[n]

Now we have four equations in fi ve ·•unknowns." To
show that this set of equations is equivalent to the direct
form, we can eliminate the v1[n I by combining the
equations in a pairwise fashion.

v2[11)

= b2x[n] + b3x(11 -

I]

y [n ]

= bo.x[n] + b1x(11 -

11 + ll2[n - 2)

= boxln ] +

b1x[n - I]+ b2x [n - 2) + b3x[11 - 3J

Thus, we have derived the same difference equation as
before, so this new structure must be a different way of
computing the same thing. Tn fact, it is widely used and
is called the transposed fonn for the FIR filter.

"~ EXERCISE 5.8: Explain why Fig. 5-15 is called
the transposedform of the direct fonn shown in F ig. 5-13?

5-5
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onto special DSP architectures can be managed by
using the block diagram w ith special compilers that
translate the block d iagram into optimized code for
the DSP chip.

x[n]

(c) Finite word-length effects are important if the filter
is constructed using fixed-point arithmetic. Tn this
case, round-off error and overflow are important
real-world problems that depend on the internal
order of computation.

y[11l

Figure 5-15: Transposed form block diagram structure
for the third-order FIR filter.

5-4.2.2

Internal Hardware Details

A block diagram shows dependencies among the different signal variables. Therefore. different block diagrams
that implement the same input-output operation may
have dramatically different characteristics as far as their
internal behavior goes. Several issues come to mind:
(a) The order of computation is specified by the block
diagram. In high-speed applications where parallelism or pipelining must be exploited, dependencies
in the block diagram represent constraints on the
computation.
(b) Partitioning a filter for a VLSI chip would be

done (at the highest level) in terms of the block
diagram. Likewise, algorithms that must be mapped

Now that we know something about convolution and
the implementation of FIR filters, it is time to consider
discrete-time systems in a more general way. In the next
section, we will show that FIR fi lters are a special case of
the general class of linear time-invariant systems. Much
of what we have learned about FIR filters will apply to
this more general class of systems.

5-5

Linear Time-Invariant (LTI)
Systems

In lhis section, we discuss two general properties
of systems. These properties, linearity and time
invariance, lead to simplifications of mathematical
analysis and greater insight and understanding of system
behavior. To facilitate the discussion of these properties,
il is useful to recall the block-diagram representation of a
general discrete-time system shown in Fig. 5-l on p. !02.
This block diagram depicts a transfonnation of the input
signal x[n] into an output signal yl11]. It will also be
useful to introduce the notation
x[n)

1----4

y [n]

(5.1 3)

to represent this transformation. In a spec1fic case, the
system is defined by giving a formula or algorithm for
computing all values of the output sequence from the
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values of the input sequence. A specific example is the
square-law system defined by the rule:
y [n]

= (x[n))2

(5.14)

Another example is (5.9), which defines the general delay
system; still another is (5.12), which defines the general
HR fi lter and includes the delay system as a special case.
We will see that these FlR filters are both linear and timeinvariant, while the square-law system is not linear.

xln)
_,_

Delay
by110

x[11 - noJ

FIR FILTERS

System

w[nJ

w[n] will equal y[n -n0 ] when
the system is Time-Invariant

xfn]

Delay
byno

y[n] -

System

y fn_-

5-5.1 Time Invariance
A discrete-time system is said to be time-invariant if,
when an input is de layed (shifted) by no, the output
is delayed by the same amount. Using the notation
introduced above, we can express this condition as
x [n - no]

1-+

y [n - no]

(5. I 5)

wherexLn] ~ y [n]. Thecondition mustbe true forany
choice of 11 0 , the integer that dete,m i nes the amount of
shift.
A block-diagram view of the time-i nvariance property
is given in Fig. 5- 16. l n the upper branch. the input
is shifted prior to the system; in the lower branch, the
output is shifted. Thus, a system can be tested for timeinvariance by checking whether or not w[n.J = y [n - 110 ]
in Fig. 5-16.
Consider the example of thc square-law system defined
by (5.14). If we use the delayed input as the input to the
square-law system, we obtain
w [n]

= (x [n -

(xf111)2 and

= (x [n. -

A second simple example is the time-flip system,
defined by the equation

y [n ]

= x (-

111

This system simply reverses the order of "flips" the inplll
sequence about the origin. If we delay the input and then
reverse the order about the origin, we obtain
w f11 )

= x [(- n) -

110)

= xf-n -

no]

However. if we first fl ip the input sequence and then delay
it, we obtain a different sequence from w [n ] ; i.e., since
y[n] = x [- n]
y [11 - no] = x [- (n - no)]= x L-n

+ no]

Thus, the time-fl ip syste m is nor time-invariant.

110))2

If x [n.] is the input to the square-law system, then y [n) =
y [n - no]

Figure 5-16: Testing time-invariance property by
checking the interchange of operations.

no])2

= w l n]

so the square-law system is time-invariant.

'°" EXERCISE 5.9:
equation
y [n]

Test the system defined by the

= nx[n]

to determine whether it is a time-invariant system.

5-5 LINEAR TIME-INVARIANT (LTI) SYSTEMS
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5-5.2 Linearity
Linear systems have the property that if x, ln] ~ y 1[n]
and x2[11] ~ Y2[n ]. then
x[n]

x2[11]

= ax,[n] + .Bx2[nJ
i--.

y[n ]

= ay1[n] + ,8y2[11]

(5.16)

This mathematical condition must be true for any choice
of the constants a and ,8. Equation (5.16) states that if
the input consists of a sum of scaled sequences, then
the corresponding output is a sum of scaled outputs
corresponding to the individual input sequences. A
block-diagram view of the linearity property is given
in Fig. 5-17, which shows that a system can be tested
for the linearity property by checking whether or not
w[n] = y[n] .
The linearity condition in (5.16) is equivalem to the
principle of superposition: If the input is the sum
(superposition) of two or more scaled sequences. we
can find the output due to each sequence acting alone
and then add (superimpose) the separate scaled outputs.
Sometimes it is useful to separate (5.16) into two
f3
1 we get the condition
conditions. Setting a

= =

x[n]

= x ,[n] + X2[n]

x 1[n)

y[n]

yfn] =ay 1 [n)

win]
System

Y2l11l

y[n]

System

Figure 5-17: Testing linearity by checking the
interchange of operations.

while

= y,[n] + Y2LnJ

= (ax, [11] + ,8x2ln])2
= a 2(x, [n))2 + 2af3x1[n]x2[nl + ,82(x2[n])2

Thus, w[n] =I= y[n], and the square-law system has been
shown not to be linear. Systems that are not linear are
called nonlinear systems.

and using only one scaled input gives
~

~1

System

the System is Linear

(5.17)

x[n]=ax 1 [n]

·I

w[n] will Equal y(n] when

y[n]

~

«t
Y1l11)

(5. 18)

Both (5. 17) and (5.18) must be true in order for (5.16) to
be tnte.
Reconsider the example of the square-law system
defined by (5.14). T he output w[n.) in Fig. 5-17 for this
system is

~ EXERCISE 5.10: Show that the time-flip system
y[n] = x [ -nJ is a linear system.

5-5.3

The FIR Case

FIR Systems described by (5.3) satisfy both the linearity
and time invariance conditions. A mathematical proof of

J 18
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time-invariance can be constructed using Lhe procedure
depicted in Fig. 5- 16. If we define the signal v l n) to be
x (n. - no]. then the difference equation relating vl n I to
w [n] in the upper branch of Fig. 5- 16 is
M

w[n]= 2::>kv[n - k]
h=O

M

= L bkx[(n -

k) -

110]

k=O

5-6

M

=

L bkx[(n -

For comparison, we construct y[n - no] in the lower
branch
M

=L

bkxrn - k]

k=O
M

=}

y ln -

110)

= L bkx[n -

no - k]

k=O

These two expressions are identical, so the output wln]
is equal to y[n - no], and we have proven that Lhe FIR
fi lter is time-invariant.
The linearity condition is simpler to prove. Just
substitute into the difference equation (5.3) and collect
terms:
M

y[n]

= L bkx[n -

kl

k=O
M

= L bk(ax, [n -

k]

+ ,8x2[n -

k=O
M

= a L hkx1 [n k=O

Convolution and LTI Systems

no) - k]

k=O

y[n.l

Thus. the FIR filter obeys the principle of superposition;
Lherefore, it is a linear system.
A system that satisfies both properties is called a
linear time-invariant system, or simply LTI. It should be
emphasized that the LTl condition is a general condition.
The FIR filter is an example of an LTI system. Not all LTl
systems are described by (5.3), but aJI systems described
by (5.3) are LTl systems.

kl)

L bkx2[n k=O

5-6.1

k]

Derivation of the Convolution Sum

We begin by recalling from the discussion in Section 53.2 lhar any signal x[n] can be represented as a sum of
scaled and shifted impulse signals. Each nonzero sample
of the signal xln] multiplies an impulse signal that is
shifted to the index of Lhat sample. Specifically, we can
write x[11] as follows:
xfn l

M

k] + /3

Consider an LTI discrete-time system as depicted in
Fig. 5-8. The impulse response h[n] of the LTI system
is simply the output when the input is the unit impulse
sequence c51n ]. ln this section, we wilJ show that the
impulse response is a complete characterization for any
LTI system, and that convolution is the general formula
that allows us to compute Lhe output from the input/or
any LT! system. In our initial discussion of convolution,
we considered only finite-lenglh input sequences and
FIR fi lters. Now, we will give a completely general
presentation.

= L x[i]c5[n -

e]

(5.J 9)

= · · · +x[-2]c5[n + 2] + xf- l ]c5[n + I]+
.r[Olc5[n] + x[1]c5[n - l] + x[2]c5111 - 2] + ...

119

5-6 CONVOLUTION AND LTI SYSTEMS
In the most general case. the range of summation in (5.19)
could be from -oo to +oo. In (5. J9) we have left the
range indefinite, realizing that the sum would include all
nonzero samples of the input sequence.
A sum of scaled sequences such as (5. 19) is commonly
referred to as a " linear combination" or superposition
of scaled sequences. Thus, (5.19) is a representation
of the sequence x[nl as a linear combination of_..swlea,
shifted impulses. Since LTI systems respond in simple
and predictable ways to sums of signals and to shifted
signals, this representation is particularly useful for our
purpose of deriving a general formula for the output of
an LTI system.
Figure 5-8 reminds us that the response to the input
8[n] is, by definition, the impulse response h[11]. Time
invariance gives us additional information; the response
due to o[n - l] is h [n - l ]. In fact, we can write a whole
family of input-output pairs as follows:

8(111

1---+

h[nj

=>8[11 - )]

1---+

h[n -

=> 8[n -

1---+

hln - 2)

=> 8[11 - (- ])]

1---+

h[n - (-1))

=> 8fn -el

1--4

h[n. -

2)

11

e1

= h[n +

x[11]

= I : x [l ]o[II -e] ...- yln] = I,: x [l ]hfn t

e]

l

(5.20)
The derivation of (5.20) did not assume lhat either x[n]
or h[n] was of finite duration, so, in general, we may
need infinite limits on the sum. With this modification
we obtain

The Com•olution Sum Formula
00

y[n]

=

L

(5.21)

x[l]h[11 - l ]

l=-oo

This expression represents the convolution operation
in the most general sense, so we have proved that all LT/
systems can be represented by a co11volution sum. The
infinite limits take care of all possibilities, including the
special ca<;es where e ither or both of the sequences are
finite in length.

Example 5-2: FIR Convolution

l]

for any integer

Then we use superposition to put it all together as

e

For example, if hf11l is nonzero only in the interval
0 ::: 11 :::: M , then (5.21) reduces to
II

Now we are in a position to use lineariLy, because (5. 19)
expresses a general input signal as a linear combination
of shifted impulse signals. We can write out a few of the
cases:

x[O]o [n] >---+ x[O]h[n]

x[1]8[n - I]

1---+

1---+

x[f ]h[n - i ]

=

L

x [l lh[n -

eJ

(5.22)

t = 11 - M

because the argument n -e must lie in the range O ~

n-e:::: M , so the range for e in (5.21) is restricted to
(n -M) ~ e:::: 11.
a
Fig. 5-18 shows a MATLAB Gut that is available to
generate examples ofconvolution with a variety of simple
signals.

x[ l]h[n - l]

x[2]8ln - 2] >---+ x[2]h[n - 21
x[f]o[n - f]

y [nJ

for any integer f.

~

DEMO: Discrete Convolution
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FIR FILTERS
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0.8
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0.4

0.4

0.2

0.2
5

k

0

i n=2
Multiplication

r

0.6

10

n
15

0

n

0

5

Gel x[n)

Gel h(n)

Fllpx{n)

1..- F6ph[n]

10

0.4

Signal Axis:
o = x[k]
o = h[nk]
Multiplication Axis:
x[k]h[nk]
Convolution Axis:
y[n] = LX[k]h[n k]

0.2

5

Linear Convolution

4

3
2

Clo,e

Help

Figure 5-18: Graphical User Interface (GUT) for dconvdemo which iUuslrates the slidi11g window nature of FIR filtering
(i.e., convolution). The user can pick the input signal and the impulse response, and then slide 1he filter over the input signal
to observe how the output is construcled.

5-6.2

Some Properties of LTI Systems

~ EXERCISE 5.11 :

By making the substitution
k = 11-f, in (5.22), show that y[n] can also be expressed
M

in the same form as (5.10), y[n] =

L h[k]x[n - k]
k=<J

The properties of convolution are the properties of LTI
systems. Thus. it is of interest to explore these prope11ies
and relate them to properties of LTI systems.
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5-6.2.1 Convolution as an Operator

An interesting aspect of convolution is its algebraic
character as an operation between two signals. The
convolution of x fn l and h [11] is an operation that will
be denoted by *, i.e.,

where either x[n] or /t[n] could be wriuen on the first row,
so x[n] and h[n ) are interchangeable. In the following
algebraic manipulation, we make the change of variables
k = 11 - e and sum on the new dummy variable k:

ylnl = x lnl * hlnJ
00

L

(X)

y [n]

= x[n ] * h [n ] =

L

x[e]h[n - e]

(5.23)

=

x [t ]h[n - e]

l =-oo

f=- 00

-00

We say that the sequence x[n] is convolved with the
sequence h[n] to produce the output y[n] .
The notation x [n ] * hln ] is useful because it allows
us to think about convolution problems in an operational
way. As a simple example. recall that the ideal delay
system has impulse response h[n] = o[n - no]. We
know that the output of the ideal delay system is
ylnl = xl11 - noJ. Therefore, it follows that
Convolution with an Imp ulse

xt,z] * S[n - no] = x[n - no]

x[n - k]h[k]

It is relatively easy to prove that convolution is a
commutative operation between two sequences.

=n -

£)

(X)

L

=

h[k]x[n - k] -

h[nJ * x[nj

k=-oc

On the third line ia this set of equations, the limits on the
sum can be swapped without consequence, because a set
of numbers can be added in any order. Thus, we have
proved that convolution is a commutative operation. i.e.,
y[n]

Commutative Property of Convolution

(Note: k

k=+:::,c;

(5.24)

This is a very important and useful result because (5.24)
states that "to convolve any sequence x[n] with an
impulse located at n = n 0• all we need to do is translate
the origin of x[n ] to 110 ."
5-6.2.2

L

=

5-6.2.3

= x[n] * h[n] = 11[11] * x[n]

Associative Property of Convolution

The associative propeny, which is perhaps less obvious
than the commutative propeny, states that, when we are
convolving three signals. we can convolve two of them
and then convolve that result with the third signal.
(x1 [n]

* x2[n]) * X3[n] = x1 [11] * (x2[n] * X3[11])
(5.26)

x[n] * h(n]

= h[n] * x[n]

(5.25)

In fact, the truth of the commutative property is clear
from the computational algorithm in Fig. 5- 11 on p. 110,

The algebraic manipulation needed to prove the
associative property is tedious, but we give it here
to illustrate how convolution expressions can be
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manipulated into different forms. We assume that x1 [n ),
x 2 (n], and x3 lnl are three arbitrary sequences to be
convolved. Then,

x1[n] * (x2[11] *X3[11])

=

,t;., x,ll) (too
00

-L
=

L

X1[i]

X2[q - i]x3 [n-q]

q=- 00

w[11]

"• [n]

lz 1[nl

y[n]

e.=-oo

x,[l]x2 [q - l ]) x,[n - q]

= (X1 [n] * X2[1t]) * X3[ll]
In the third line, we used the change of variables
q = e+ k. This proves that convolution is an associative
operation. The implication of this property for cascaded
systems is explored in Section 5-7.

Cascaded LTI Systems

In a cascade connection of two systems, the output of
the first system is the input to the second system , and
the overall output of the cascade system is taken to be
the output of the second system. Figure 5-19 shows two
LTI systems (LTI 1 and LTI 2) in cascade. LTI systems
have the remarkable property that two LTI systems
in cascade can be implemented in either order. This
property is a direct consequence of the commutative and
associative properties of convolution, as demonstrated
by the following three equivalent expressions that can be

h 1[n]

* h 2[n ]

= (x[n) * h,[11] ) * h2[11]

(5.27)

= x[n) * (h, [n] * h2[n])

(5.28)

= x [n] * (h2[nl * h1[nl)
= (x[n] * h2 [n]) * h,[n]

(5.29)
(5.30)

Equation (5.27) is a mathematical statement of the fact
that the second system processes the output of the first.
which is w[n) = x[11] * h 1[n]. Equation (5.28) shows
that the output yfII l is the convolution of the input with a
new impulse response h 1[11] * h 2 [n]. This corresponds to
Fig. 5-20(b) with h[nj '11(11] * h2[n]. Equation (5.29)
uses the commutative prope11y of convolution to show
that hlnl h 1[11J * h2[11] h2[n] * h Ifn]. Applying the
associative property leads to (5.30), which is the cascade
connection in Fig. 5-20(a). Notice that reordering the
LTI systems in cascade gives the same final output, i.e.,
it is correct to label the outputs of all three systems
in Figs. 5-19 and 5-20 with the same symbol, y[n ].
even though the intermediate signals, w [n] and u(n]. are
differenL
Another way to show that the order of cascaded LTI
systems does not affect the overall system response is
to prove that the impulse response of the two cascade
systems is the same. Jn Fig. 5-19, the impulse input and
the corresponding outputs are shown below the arrows.
When the input to the first system is an impulse. the output

=

=

5-7

y[n]

obtained by applying the commutative and associative
properties of convolution:

x1[£Jx2[q - i]x3[n-q]

-,too (too

LTl2
l1il11 I

Figure 5-19: A cascade of two LTI systems. The overall
impulse response is the convolution of the two individual
impulse responses.

00

L L
{f=-00

-k])

00

f = - 00

oc

X2[k)x3[(n - l)

LTI 1

FTR FILTERS

=
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CASCADED LTl SYSTEMS
of two systems defined by

h,[11]

Equivalent LTI

8[11]

h(n] = h 1[nl * h2[n]

I

J O<n<3
- 0 otherwise

h2 [nj

=

I~

1 !::n!::3

otherwise

The results of this section show that the overall cascade
system has impulse response

(a)
xln]

=

y[n]

= h2[11] * h1[nl

h[n]

(b)

Figure 5-20: Switching the order of ca~caded LTI
systems. The single LTI system in (b) is equivalent to
the cascade connection of the two systems in (a), and also
to the cascade in Fig. 5-I 9.

of LTl 1 is its impulse response, h 1[n ], which becomes
the input to LTI 2. The output of LTI 2 is, therefore,
just the convo lution of its input h 1[11] with its impulse
response h2{n). Therefore, the overall impulse response
of Fig. 5-19 is h 1[nl * h 2[11]. Jn the same way, we can
easily show that the overall impulse response of the other
cascade system in Fig. 5-20(a) is h 2 [n] * hil11] . Since
convoJution is commutative, the two cascade systems
have the same impulse response
(5.3 1)
which is also the impulse response '1[11 I of the equivalent
system. Again, since the overall impulse response is the
same for each of the three systems in Figs. 5-19 and 5-20,
the output is the same for all three systems for the same
input.
Example 5-3: Impulse Response of

Therefore, to find the overall impulse response we must
convolve h 1 [n) with h 2 [nJ. This can be done by using the
polynomial multiplication algorithm of Section 5-3.3.1.
1n this case, the computation is as follows:
<0 0 I

2 3 4 5 6 n>6

/11(11)

0

I

l

n

II

l

I 0 0 0

0

h2[n]

0

0 1 I

h2[0lh1 [n]

0

0 0 0 0 0 0 0

0

h2[I]/rd11-l J

0

0 I

1 1

I 0 0

0

lr2[2Ihifn- 21

0

0 0 1 I

I I 0

0

/12[3]/, I rn-3)

0

0 0 0 1 l

I 1

0

h(n]

0

0 I 2 3 3 2 I

0

1

Therefore, the equivalent impulse response is
6

h[nJ

= L bko[11 - kl
i=-0

where {b1J is the sequence ( 0. 1. 2, 3. 3. 2, J}.
This result means that a syste m w ith this impulse
response 11(11] can be implemented either by the single
difference equation
6

y[n]

= L htx[n -

k]

(5.32)

k=O

where {bk) is the above sequence, or by the pair of
difference equations
3

3

Cascade

w[n] = L x[n - k]

To illustrate the utility of the results that we have
obtained for cascaded LTI systems, consider the cascade

k=O

y [nJ

= L w[n - kl
k=l

(5.33)

•
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Example 5-3 illustrates an important point. There is
a significant difference between (5.32) and (5.33). It
can be seen that the implementation in (5.33) requires
a total of only five additions to compute each value of
the output sequence, whfle (5.32) requires five additions
and an additional four multiplications by coefficients that
are not equal to unity. On a larger scale (longer filters),
such differences i n the amount and type of computation
can be very important in practical applications of FIR
filters. Thus, the existence of alternative equivalent
implementations of the same filter is significant.

Filtered by Causal 5 1-Point Running Averager

1000
800

600
400

200

o.__._--~- -~-- ~ - -~ - - o

5-8

1
y[nJ

=-

5)

50

L

x[n - k]

6The complete set of weekly sampled data for the period I 8972002 would involve over 5000 samples and would range in value from
about 40 to almost 12,000. A plot of the entire sequence would not
show the effects that we wish to illustrate.

400

600

800

I 000

Figure 5-21: OTTA weekly closings filtered by a 5 1-point
running-average FIR filter. Input (orange) and output

(black).

where h[n] is the impulse response of the causal 51-point
running averager.
Notice that, as we have observed in Section 5-3. l, there
is a reg ion at the beginning and end (50 samples, in th.is
case) where the filter is engaging and disengaging the
input signal . Also notice that much of the fine-scale
variation has been removed by the fi lter. Finally, notice
that the output is shifted re lative to the input. In Chapter
6, we will develop techniques that will allow us to show
that the shift introduced by this filter is exactly M /2 25
samples.
In this example, it is important to be able to compare
the input and output without the shift. It would be better
use the noncausal centralized running averager

=

= x[n] * h[n]

k=<l

200

Time (in weeks) starting in 1950

Example of FIR Filtering

We conclude this chapter with an example of the use of
FIR filtering on a real signal. An example of sampled
data that can be viewed as a signal is the Dow-Jones
Industrial Average. The DJIA is a sequence of numbers
obtained by averaging the dosing prices of a selected
number of representative stocks. It has been computed
since 1897, and is used in many ways by investors
and economists. The entire sequence dating back to
1897 makes up a signal that has positive values and is
exponentially growing. In order to obtain an example
where fine detail is visible, we have selected the segment
from 1950 to 1970 of the weekly closing price average
to be our signal x [11]. 6 This signal is the one showing
high variability in Fig. 5-21, where each weekly value
is plotted as a distinct point. The smoother curve in
Fig. 5-21 is the output of a 5 1-point causal running
averager; i.e.,

FIR FlLTERS

1

ji[n]

25

= -51 "w x[n k=-25

-

k]

= x [n] * h [n]

where h(n.] is the impulse response of the centralized
running averager. The output ji[n] can be obtained by

5-8

EXAMPLE OF FIR FILTERING

shifting (advancing) the output of the causal running
averager by 25 samples to the left. In terms of ow·
previous discussion of cascaded FIR systems, we could
think of the centralized system as a cascade of the
causal system with a system whose impulse response is
8[11 + 25], i.e.,7
y [n]

= y [n] * o[n + 25]
= (x[n] * h[n]) * 8[11 + 25]
= x[n] * (h [n] * 8[11 + 25])
= x[n] * h[n + 25]
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-

X [n]

---'--l

51-point

I

CausaJ

Advance

y[n) -

System
kJn ) = ~[n + 25]

Averager

1

y[11l
,.....

Centralized Averagcr
Figure 5-22:

Cascade interpretation of central.ized
running averager in terms of causal running averager wi1h
delay compensation.

Filtered by Noncausal 51-Point Running Averager

Thus, we find that /;[n] = h[n + 25], i.e., the impulse
response of the centralized running averager is a shifted
version of the impulse response of the causal running
averager. By shifting the impulse response, we remove
the delay introduced by the causal system.

1000
800

600
400

EXERCISE 5.12:
Determine the impulse
response h[nJ of the 51-point causal running averager
and determine the impulse response h[n l for the 51-point
centrali:ted running averager.
The cascade representation of the centralized running
averager is depicted in Fig. 5-22. Another way to
describe the system in Fig. 5-22 is that the second system
compensares for the delay of the first, or we might
describe the centralized running averager as a delaycompensated running-average filter.
Figure 5-23 shows the input x[n] and output y(n] for
the delay-compensated running-average filter. It now
can be seen that corresponding features of the input and
output are well aligned.
7Recall from (5.24) that convolution of y[n I with an impulse
simply shifts the origin of the sequence to the location of the impulse
(in this case, to 11 = - 25).

200
0 u..,._ ___.__ __.__
0

200

400

_

_.__ ___.__ _ __

600

800

I 000

Time (in weeks) starting in 1950

Figure 5-23: Input (orange) and output (black) for delaycompensated 51-point running averager applied to DJIA
weekly closings.

As the example in this section illustrates, FIR filters
can be used to remove rapid fluctuations in signals.
Purthermore, the example shows that it is worthwhile
to develop the fundamental mathematical properties of
such systems because these properties can be useful in
helping us to understand the way such systems work. In
Chapter 6, we will further develop our understanding of
FIR systems.
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Summary and Links

This chapter introduced the concept of FfR filtering.
Among the laboratory projects on the CD-ROM, there
is one (Lab #7) that deals with discrete convo lution and
the effects of sampling. Lab #7 a lso requires the use
of two MATLAB GUfs, one for sampling, CON2DIS, the
other for discrete convolution, DCONVDEMO.

~e'.:,I

~"§;;.,

LAB: #7 Sampling, Convolution,
and FIR Filtering

FIR~ILTERS

(a) Make a plot of u ln] before working out the answer
for y[n].
(b) Now compute the numerical values of y [n] over the
time interval -5 :::: n :::: 10, assuming that L = 5.
(c) Make a ske1ch of the output over the time interval
-5 :::: n :::: 10. assuming that L = 5. Use MATLAB
if necessary, but learn to do it by hand also.
(d) Finally, derive a general formula for y [n] that will
apply for any length L and for the range n :::: 0.

DEMO: Ch 4, Continuous-Discrete Sampling
-~

DEMO: Discrete Convolution

P-5.3 A linear time-invariant system is described by the
difference equation

The CD-ROM also contains individuaJ demonstrations
of the properties of linearity and time invariance
illustrated by using simple FIR filters to process shifted
and scaled sinusoids.
Finally, the reader is once again reminded of the large
number of solved homework problems that are available
for review and practice on the CD-ROM.

a:,,

5-10

y [n]

= 2x(n] -

(a) When the input to this system is

0
x[n]

=

NOTE: Hundreds of Solved Problems

Problems

P-5.1 If the impulse response /1'11 J of an FIR fi lter is
h[n]

= S[n - IJ -

4J

2Sln -

write the difference equation for the FIR filter.

P-5.2 Evaluate the "running" average
I

y [n I =

n

n < 0

+1

5-

Compute the values of
0 :::: 11 :::: Io.

II

n

= 0, I , 2

11

= 3, 4

IL

2: 5

yfnl,

over the index nmge

(b) For the previous part. plot both x[n] and y (n ].
(c) Detennine rhe response of this system to a unit

=

impulse input; i.e., find the ou1put y[11 I h [11] when
the inputis x[n] = o[n). Ploth lnl asa functionofn.

l-1

T, I: x [n -

P-5.4 A linear lime-invariant system is described by the
difference equation

k]

k:ceO

for the unit-step input signal, i.e.,

x[nl = u[n]

3x[n - I] + 2x(n - 2]

=

y lnl

o

for n < 0

1

for ll

l

;::

0

= 2x [n ] -

3x[n - l]

+ 2x [n -

2]

(a) Draw the implementation of this system as a block
diagram in direct form.
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(b) Give the implementation as a block diagram in
transposed direct fom1.

P-5.5 Consider a system defined by

=

(d) For the input sequence x[11]
a"u[n ]. derive a
general fommla for yin l that w iUapply for any value
a, for any length L, and for the index range n :::: 0.
In doing so, you may have use for the fommla:
N

L

M

y [n]

=L

bkx[n - k)

k

a M - a N+I

a=----

1- a

l=M

k=O

(a) Suppose that the input x [n] is nonzero only for O ~
n ~ N - 1; i.e., it has a support of N samples. Show
that y[n] is nonzero at most over a finite interval
of the form O s 11 ~ P - I. Determine P and the
support of y [n] in tenns of Mand N.

P-5.7 Answer the following questions about the timedomain response of FrR digital filters:

(b) Suppose thatthe input x[n] is nonzero only for N 1 ~
n ~ N2. What is the support of x[11]? Show that
y[n] is nonzero at most over a finite interval of the
form N3 ~ n ~ N4. Determine N3 and N4 and the
support of y in I in terms of N i, N2, and M.

When tested with an input signa l that is an impulse,
x[n j = S[n], the observed output from the filter is the
signal h[n] shown in Fig. P-5.7. Detennine the filter
coefficients {hd of the difference equation for lhe FIR
filter.

M

I >kx[n -

y in] =

k]

h :O

Hint: Draw a s ketch similar to Fig. 5-5 on p. 105.

'1£111
P-5.6 The unit-step signal "turns on" at
usuaIIy dt:noted by u [n].

11

13

= 0. and is

9
7

5
3

(a) Make a plot of u[11].

-2 - I

(b) We can use the unit-step sequence to represent otl,er
sequences that are zero for 11 < 0. Plot the sequence
x [n] = (0.5t11 rn1.
(c) The L-point running average is defined as

l
y [n]

= L I: x rn -

For the input sequence xlnJ = (0.S)"u[n], compute
the numerical value of y[n] over the index range
-5 ~ 11 ~ 10, assuming that l = 4.

3

4

5

6

II

P-5.8 If the filter coefficients of an FIR system are

= {13, -

13, 13) and the input signal is

k]

k=<>

2

Figure P-5.7

/bk}

L- 1

O

X

[n] =

0

for n even

11

for n odd

detemune the output signal y [n] for a ll
answer as either a plot or a formula.

11.

Give your
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P-5.9 For each of the following systems, determine
whether or not the system is (I) linear, (2) time-invariant,
and (3) causal.
(a) y [n]

= x[n ] cos(0 .2rrn)

(b) y[n]

= x[n] -

x[n - 1]

FIR..FILTERS

P-5.12 For a panicular LTI system, when the input is
the unit step, x 1[11] = u[11), the corresponding output is

y 1[11]

= 8[11] + 28(11 -

I] - 8[n - 2] =

= lx [nl l
y [n] = Ax[n] + B , where A and Bare constants.

(c) y[n]

(d)

P-5.10 Suppose that Sis a linear, time-invariant system
whose exact form is unknown. It is tested by running
some inputs into the system, and then observing the
output signals. Suppose that the following input-output
pairs are the result of the tests:

Input: x[n]

otnl -

Output: y [n]

ll

8[n -

cos(rr n/2)

o[n] - 8[n - l] + 2c5[n - 3j

y[n] = o[n] - 8[11 - l ] + 28[n - 3).
(b) Use linearity and time invariance to find the output
of the system when the input is

x ln]

= 7ol11] -

78[11 - 2]

P-5.11 A linear time-invariant system has impulse
response

= 38[11] -

II<

1

n

0

=0

2 n =1
- 1 n = 2
0

n:::3

Determine the output when the input to the LTI system
is x 2 [n) = 3u[nl - 2u[n - 4]. Give your answer as a
formula expressing y 2 [n] in terms of known sequences,
or give a list of values for - oo <n < oo.
P-5.13 For the FIR filter y fn]= x [n J -ax[n- I],
determine the output signal for two similar cases.

(a) The input signal is x[nJ = anu[n].
(b) Tbe input signal is x [11]

= an(u[n] -

u[n - 10]).

2 cos(rrn/2 - rr/4)

(a) Make a plot of the signal:

h[n]

0

28fn - I)+ 48fn - 2) + 8Ln - 4)

(a) Draw the implementation of this system as a block
diagram in direct form.

P-5.14 One form of the deconvolution process starts
with the output signal and the fi lter's impulse response,
from which it should be possible to find the input signal.

(a) If the output of an FIR filter with h[n]
y[n]

3] - u [11 - 6].

determine the input signal, x[n].
(b) If the output of a first-difference FIR filter is

y[n] = 8[n] - 8[n - 4),
detennine the input signal, x [n] .
(c) If the output of a 4-point averager is
y[n]

(b) Give the implementation as a block diagram in
transposed direct fom1.

= 11 [11 -

= 8[11 -

=-

58[n] - 5o[n - 2],

detem1ine the input signal, x[n].

2) is
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P-5.15 Another form of the deconvolution process starts
with the output signal and the input signal, from which it
should be possible to find the impulse response.

=

(a) If the input signal is x[n] u[n], find the FIR filter
that will produce the output y [n ] = u[n - l].
(b) ff the input signal is x[n I = u[n], find the FIR filter
that will produce the output y [n] = o[n.].

(f

(a) Determine the impulse response h; [n] for each
individual s ubsystem S ,.
(b) Determine the impulse response h[n ] of the overall
system, i.e., find hfn I so that y [n I x[nJ * hlnJ.

=

(c) Write one difference equation that defines the
overall system in terms of x[n] and y [n] only.

(c) If the input signal is x[n] = t u[n l. find the FIR
filter that will produce the output y [n] = o[n - I].

P-5.18 Consider a system implemented by the following M ATLAB program:

P-5.16 Sometimes it is not possible to solve the
deconvolution process for a given input-output pair.
For example, prove that there is no FIR tilter that can
process the input x [11]
0[11 l+ oln- 1] to give the output

% xx.mat is a b inary f ile containing t he
%
vector o f input samp les cal led " x x"
load xx
yyl = con v(ones(l,4),xx) ;
yy2 = con v ( [ 1 , -1 , - 1 , 1 l , xx) ;
WW= yyl + yy2 ;
yy = conv(ones(l , 3),ww);

y[n]

=

= Mn).

P-5.17 Suppose that three systems are connected in
cascade. In other words, the output of S I is the input
to S 2, and the output of S2 is the input to S3. The three
systems are s pec ified as follows:

S 2:

= xtlnJ - x t(n - 11
Y2 [n) = x2 [n] + x2 [n - 2)

S 3:

y3 [n]

S1:

y,[n]

= x3 [n

- lj

+ x3 [n -

2]

Thus x ,[n] = x [n], x2[n] = y,[11], x3 [n] = .Y2[n], and
y[n] = y3[n). We wish to determine the equivalent
sys tem that is a single operation from the input xfn] (into
S,) to the output y [n], w hich is the output of S 3•

The overall system from input xx to output yy is an

LTl system composed of three LTl systems.
(a) D raw a block diagram of the system that is
implemented by the program given above. Be sure
to indicate the impulse responses and difference
equations o f each of the component syste ms.

(b) The overall system is an LTI system. What is
its impulse respo nse, and what is the difference
equation that is satisfied by the input x [n] and the
o utput y[n ]?

T E R

C H A

Frequency Response of
FIR Filters
Chapter 5 introduced the class of FIR discrete-time
systems. We showed that the weighted running average
of a fin ite number of input sequence values defines a
discrete-time syste m, and we showed that such systems
are linear and time-invariant. We also showed that the
impulse response of an FIR system completely defines
the system. In this chapter, we introduce the concept
of the f requency response of a linear rime-invariant FIR
filter and show that the frequency response and impulse
response are uniquely related. It is remarkable that
for linear time-invariant systems, when the input .is a
complex sinusoid. the correspond ing output signal is
another complex sinusoid of exactly the same frequency,
but with different magnitude and phase. The frequencyresponse function over all frequencies summarizes the
response of an LT! system by giving the magnitude
and phase change experienced by all possible sinusoids.
Furthermore, since linear time-invariant systems obey

the principle of superposition, the frequency-response
function is a complete characterization of the behavior
of the system for any input that can be represented as a
sum of sinusoids. Since almost any discrete-ti me signal
can be represented by a superposition of sinusoids, the
frequency response is sufficient therefore to represent the
system for almost any signal.

6-1

Sinusoidal Response of FIR
Systems

Linear time-invariant systems behave in a particularly
simple way when the input is a discrete-time complex
exponential. To see this, consider the FIR system
M

y [n ] = I >1:x[11 - kl
k=O
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(6.1)

6-1 SINUSOIDAL RESPONSE OF FIR SYSTEMS
and assume that the input is a complex exponential signal
with normalized radian frequency w
-OO< n <OO

Recall that this discrete-time signal could have been
obtained by sampling the continuous-time signal

= x(nT5 ), then wand ware related by w= wT,,
where Ts is the sampling period. For such inputs, the
corresponding output is
If x[n]

M

y[11]

=

L bk Aei<I>ejw(11-kJ

13 1

the notation H (e1w) instead of H(w) to emphasize the
ubiquity of eiw_ The function H(eiw) still depends on
the variable w. Furthermore, since the impulse response
sequence of an FIR fil ter is the same as the sequence of
filter coefficients, we can express the frequency response
in terms of ei ther the filter coefficients b1; or the impulse
response h[k]; i.e.,

The Frequency Response ofan FIR System
M

H (eiw)

M

bke-iwk = L h[k]e-jwk
k=O
k=O

=L

(6.4)

k =()

= ( t bke-j<iik)

AeN>ejc,J11

k=O
-OO< fl<OO

(6.2)

where
M

7-{,(w)

=L

bke-jwk

(6.3)

k=O

Because we have represented the frequency of the
we
complex exponential signal as the general symbol
have obtained an expression (6.3) that is a function of w.
In other words. (6.3) describes the response of the LTI
system to a complex exponential signal of any frequency
w. The quantity 7t(w) defined by (6.3) is therefore
called the freque11cy-respo11se function for the system.
(Generally, we shorten this to frequency response.)
However, there is an issue of notation for the frequency
response that is dictated by consistency with the
z-transform (to be i ntroduced in Chapter 7). Tn (6.3)
the righthand side contains powers of the complex
exponential ei& _ This is true of many expressions for
the frequency response. Therefore, we elect to use

w,

Several important points can be made about (6.2) and
(6.4). First of all, the precise interpretation of (6.2) is
as follows: When the input is a discrete-time complex
exponential signal, the output of an LTI FIR filter is
also a discrete-time complex exponential signal with a
differe nt complex amplitude, but the same frequency w.
The frequency response multiplies the signal, thereby
changing the complex ampliLUde. While it is Lempting
to express this fact by the mathematical statement
y [n] = H(eiw)x[n], it is strongly recommended that
this never be done because it is too easy to forget that
the mathematical statement is true only for complex
exponential signals of frequency w. The statement
y [n] = H(ejci,)x[n] is meaningless for any signal other
than signals of precisely the fonn x [11] = AeN> eJ,;,,, . It is
ve,y important to understand this point.
A second important point is that the frequency
response H(ei"') is complex-valued so it can be
expressed either as H (ejw) = IH(ejw)leiL H(eJ.,) or as
H(ei;,,) = ffie{H (ejw)} + j ~ m{H (el;,,)J. The effect of
the LTI system on the magnitude and phase of the input
complex exponential signal is determined completely by
the frequency response function H (ejw). Specifically, if
the input is x[n] = AeN'ei,7»•, then using the polar form
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of H (ei'0 ) g ives the result

y[n]

Example 6-2: Complex Exponential Input

= IH(ei<i')leiL ll(el,;,) • AeN>eiw•
= (IH(ej"')I A). eiCL H(e/t•)+<J>)ejwn

(6.5)

The magnitude and angle form of the frequency response
is the most convenient fom1, since multiplication is most
conveniently accomplished in polar form. The angle
of the frequency response simply adds to the phase of
the input, thereby producing additional phase shift in
the complex exponential signal. Since the magnitude of
the frequency response multiplies the magnitude of the
complex exponential signal, this part of the frequency
response controls the size of the output. Thus, IH (eiw) I
is also referred to as the gain of the system.

~
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Example 6-1 : Frequency Response

Consider the complex input x[n] = 2ei1r/ 4 ei1rt1/ 3 . lf
this signal is the input to the system of Example 6- 1.
then IH (el'r/3 ) I = 2 + 2 cos(rr /3) = 3 and L.H (ei1rf 3 )
- j rr /3. Therefore, the output of the system for the given
input is

=

y [n)

= 3e- P 13 • 2ej"14 ej,rn/ 3
=

(3 . 2) . e(j,r/ 4-

j,r/ J ) ej,rn/3

= 6e-j,r/ 12ej'rrn/3 = 6ej,r/4ej1r(n-l)/3
Thus, for this system and the given input x[n ], the output
is equal to the input multiplied by 3, and the phase shift
corresponds to a delay of one sample.
■

EXERCISE 6.1:

Formula

Consider an LTI system for which the difference
equation coefficients are {bd
{l, 2, I). Substituting
into (6.3) gives

=

When the sequence of
coefficients is symmetrical (ho= bM, b 1 = b1,1- 1, etc.),
the frequency response can be manipulated as in
Example 6-1. Following the style of that example,
show that the frequency response of an FIR filter with
{l, -2, 4 - 2, lJ can be expressed
coefficients {bd
as

=

H(e1 "')

= [4 -

4cos(w) + 2cos(2cv)]e-i2w

To obtain formulas for the magnitude and phase of the
frequency response of this FIR filter, we can manipulate
the equation as follows:
H(ei&)

= 1 +2e-'"'+e-j'"2

6-2

= e- iw (ei"' + 2 + e-jw)

= e-jw (2 + 2coscv)

cv ,:::

Since (2 + 2 cos cv) ~ 0 for frequencies -rr <
,r,
the magnitude is IH (eiw) I (2 + 2 cos cv) and the phase
is L.H (ei';,) =
Cl

-cv.

=

Superposition and the
Frequency Response

The principle of superposition makes it very easy to find
the output of a linear time-invariant system if the input is
a sum of complex exponential signals. This is why the
frequency response is so important in the analysis and
design of LTI systems.

6-2
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I

y [n ]

= H(eiO)AoeJ011 + H(ei °'1 )~ei4'1eiw,n + H "'(ei°'•)~e- N 'e- Jw1 n
2

2

= H(eiO)Ao + IH(eiw1) leJL H(.,.J'" >~ei'P1 eiw1n + IH(ei w, ) le-JL H(t i"'l) ~e- i'Pi e- iw,n
1

2

2

(6.6)

= H (ejO)Ao + IH(ei"'' )l~ej(w1 n+¢1+LH(t'Jw1 » + I H(ei"'' ) l~e- j(tii,n+¢1+ L H(ti"'I))
2

2

= H (e10)Ao + IH(ei"' )IA1 cos (win +¢1 + L H(e1,;,

1

1

As an example, suppose that the input to an LTI system
is a cosine wave with a specific normalized frequency w1
plus a DC level,
x[n ] = Ao + Ai cos(w111

+ ¢1 )

If we represent the signal in terms of complex
exponentials, the signal is composed of three complex
exponential signals,

as H(eiw•) = IH(eiw1 ) jeJLIJ(ei°'1 >, then the algebraic
steps 1 in (6.6) show that y [n] can fi naJly be expressed
as the cosine signal. Notice that the magnitude and
phase change of the cosine input signal are taken from
the positive frequency part of H (ei w) , but also notice
that it was crucial to express x[n] as a sum of complex
exponentials and then use the frequency response to find
tl1e output due to each component separately.

~

with frequencies w 0, w1, and -w1. By superposition,
we can determine the output due to each term
separately and then add them to obtain the output y [n]
corresponding to x [n]. Because the components of the
input signal are all complex exponential signals. it is easy
to find their respective outputs if we know the frequency
response of the system; we just multiply each component
by H (eiw) evaluated at the corresponding frequency, i.e.,

=

y [n]

))

Example 6-3: Cosine Input

For the FIR filter with coeffic ients {h.d
find the output when the input is
x[n]

= 2 cos (; 11 -

= /1, 2,

1},

;)

The frequency response of the system was determined in
Example 6- 1 to be

= H (eiO)AoeJ011
+ H (eiw, )~ei 4'1eiw111 + H(e-J&,)~e-i~, e- iw,n
2

2

1 fl

Note that we have used the fact that a constant signal is a
complex exponential with w 0. If we express H (ei"'1 )

=

is assumed that H (eiw) has the conjugate-symmetry
property H (e- JC,)
H* (eiw), which is always true when the filter
coefficient~ are real. (See Section 6-4.3.)

=
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y [n]

= H (ei 0 )Xo+

FREQUENCY RESPONSE OF FIR FILTERS

t(

H (eJw,):keJwin + H (e - i w~ ) :;e-iwi.•')

h:1

(6.7)

N

= H (ei0)Xo + L IH (eiwt )IIXd cos ( wkn + L X ,. + L H (e1;;," ))
k=I

Note that H(e-ifv) = H*(eiw); i.e., H (efw) has
conjugate symmetry. Solution of this problem requjres
just one evaluation of H(efw) at the frequency w= 1e/3:
H(ei 1113 )

simple and highly intuitive means for determining what
an LTl system does to that input signal. For example,
if the input to an LTI system is a real signal and can be
represented as

= e-11113 (2 + 2cos(n/3))

= e-Jir/ 3 (2 + 2(½)) = 3e- iir/ J

x[11]

=

Xo +

t

k; J

Therefore, the magnitude is I H (ei"f )1 = 3 and the phase
is L H (ei"f 3 ) = - n /3, so the output is
3

( X2k ei&t11

+ x; e-iw,n)
2

N

= Xo + L IX.1:I cos(w*11 + LX1c)
k= l

y[n]

= (3)(2) COS (7( II 3

= 6 cos ( ~ (n -

::_ - 1T)
3

2

I) - ; )

Notice that the magnitude of the frequency response
multiplies the amplitude of the cosine signal, and the
phase angle of the frequency response adds to 1he phase
of the cosine signal. Thi s problem could also be solved
with the DLTI MATLAB GUI.
■
DEMO: DLTI Demo

then it follows that if H (e- i&,) = H *(e1°1), the cmTesponding output is yln] in (6.7).
That is, each individual complex exponential component is modified by the frequency response evaluated at
the frequency of that component.

Example 6-4: Three Sinusoidal Inputs

For the FTR filter with coefficients (bk)
find the output when the input is

If the input signal consists of many complex
exponential signals, the frequency response can be
applied to find the output due to each component
separately, and the results added to determine the total
output. This is the principle of superposition at work.
If we can find a representation for a signal in terms of
complex exponentials, the frequency response gives a

x [n]

= 4 + 3cos (i n- %) + 3cos (

7
;

= (1, 2,

11)

I},

(6.8)

The frequency response of the system wac; determined in
Example 6-1, and is the same as the frequency response
in Example 6-3. The input in this example differs from
that of Example 6-3 by the addition of a constant (DC)
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term and an additional cosine signal of frequency 7rr /8.
The solution by superposition therefore requires thal we
evaluate H (ej'°) at frequencies 0, rr /3, and 7rr /8, giving

=4
H(eirr/ 3) = Je-pr/1
H (e17" 18 ) = 0.1522e- 17rr/S
H(ei 0 )

think about how the spectrum of the signal is modified
by the system rather than considering what happens to
the individual samples of the input signal. We will have
ample opportunity to visit both the time-domain and the
frequency-domain in the remainder of this chapter.
~

6-3

DEMO: Introduction to FIR Filtering

Steady-State and Transient
Response

Therefore, the output is
ln Section 6- I, we showed that if the input is

1C

1C

yn]=
[
4 -4+ 3 -3cos ( -11 - 3
3

TC)

x[n ]

--

2

+ 0. 1522 • 3cos ( 7rr 11 -

8

= J 6 + 9 cos (

7Tr )

8

i <n - i)

where X

= Xe16m

- OO<n<OO

(6.9)

= Aei"', then the corresponding output of an

LTI FIR system is
-00 <11 <OC

(6.10)

1) -

7
+ 0.4567 cos ( : (n -

I))

where

,.,
H (e'°") = L, b1ce-Jcuk

(6.11)

k=O

Notice that, in this case, the DC component is muJLiplied
by 4, the component at frequency w= n /3 is multiplied
= 7,r/8 i
by 3, but the component at frequency
multiplied by 0.1522. Because the frequency-response
magnitude (gain) is so small at frequency w= 7,r /8, the
component at this frequency is essentially filtered our of
the input signaJ.
■

w

The examples of this section illustrate an approach
to solving problems that is often called tJ1e freque11cydomai11 approach. As these examples show, we do
not need to deal with the time-domain description (i.e.,
the difference equation or impuJse response) of the
system when the input is a complex exponential signal.
We can work exclusively with the frequency-domain
description (i.e., the frequency-response function), if we

In (6.9), the condition that x[n] be a complex exponential
signal existing over -oo < n < oo is important. Without
this condition, we will not obtain the simple result of
(6.10). However, this condition appears to be somewhat
impractical. In any practical implementation, we surely
would not have actual input signals that exist back lo
-oo! Fortunately, we can relax the condition that Lhe
complex exponential be defined over the doubly infinite
interval and still take advantage of the convenience of
(6. 10). To see this, consider the following "suddenly
applied" complex exponential signal that starts at 11 = 0
and is nonzero only for 0 ~ 11:
x[n]

= Xe1.•ld"u [n] = ( Xejom
0

O~n
II

< 0

(6.12)
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Note that multiplication by the unit-step signal is
a convenient way to impose the suddenly applied
condition. T he output of an LTI FIR system for this input
is

FREQUENCY RESPONSE OF FIR FILTERS

only as long as the input remains equal to X ei 6m . If, at
some time JI > M, the input changes frequency or goes
to zero, another transient region will occur.
Example 6-5: Steady-State Output

M

yfnJ =

L

bkXejw(n-kl u[n - k]

(6. 13)

k=O

By considering different values of 11 and the fact that
= 0 fork > n, it follows that the sum in (6.13)
can be expressed as
u[n - k]

A simple example will illustrate the above d iscussion.
Consider the system of Exercise 6.1, whose filter
coefficients are the sequence {bk} = {1, -2, 4, -2, 1}.
T he frequency response of this system is
H(ejw)

= [4 -4cos(w) +2cos(2w)]e-iU.

If the input is the suddenly applied cosine signal
0

y[n]

=

n<O

(i>•-J••)

1
X < "'

0511<M

(6. 14)

k=O

(f>,,-,••)x,1,,,,

x[n]

M::;

II

k=O

= cos(0.2nn -

1r)11[n]

we can represent it as the sum of two suddenly applied
complex exponential signals. Therefore, the frequency
response can be used as discussed in Section 6-2 to
determine the corresponding steady-state output. Since
H (ejw) at w 0.2rr is

=

That is, when the complex exponential signal is suddenly
applied, the output can be considered to be defined over
three distinct regions. In the first region, n < 0, the input
is zero, and therefore the corresponding output is zero,
too. The second region is a transition region whose length
is M samples (i.e., the order of the FIR system). In thjs
region, the complex multiplier of eFlJII depends upon ,i.
This region is often called the transient part of the output.
In the third region, M ::; 11 , the output is identical to the
output that would be obtained if the input were defined
over the doubly infinite interval. That is,

M ::; n

(6.15)

This part of the output is generally called the steady-state
part. While we have specified that the steady-state part
exists for all JI~ M, it should be clear that (6.15) holds

H (ejw)

and M

= [4 -

4 cos(0.21r) + 2cos(0.4rr)]e- j 2<0 -21n.

= 4, the steady-state output is

y[nJ

= 1.382 cos(0.21r(n -

2) - rr)

4::; n

The frequency response has allowed us to find a simple
expression for the output everywhere in the steadystate region. I f we desire the values of the output in
the transient region, we could compute them using the
difference equation for the system.
The input and output sig nals for this example are
shown in F ig. 6-1. Since M
4 for this system, the
transient region is O ::; n .:S 3 (indicated by the shaded
region), and the steady-state region is 11 ~ 4. Also note
that, as predicted by the steady-state analysis above, the
signal in the steady-state region is simply a scaled and
shifted (by 2 samples) version of the input.
■

=
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bkx[n - k] in (6. 1) corresponds to a term bke-J&k or
h[k)e-Jwk in (6.4), and vice versa. Likewise, H(eiw)
can be determined directly from the impulse response
since the impulse response of the FIR system consists
of the sequence of filter coefficients; i.e., h[k] bk for

=

-5

0

5

10

15

20

(a)

'f

y[n]=! .... :

r :ni-:

I ,TIT,

,TIT,

0

5
10
Time Index (n)

15

= 0,

I, ... , M . To emphasize this point, we can write
the corre.spondence

~

-3~--~~-~--~--~--~
-5

k

Time Domain

#

Frequency Domain

M

h[n]

20

=L

M

hfk]o[n-k] # H(eiw)

k=O

= Lh[k]e-j&k
k=O

(b)

1

Figure 6-1: (a) Input x [n J = cos(0.2:rrn - rr)u[n] and (b)
corresponding output y [n] for FIR filter with coefficients
{l, -2, 4, -2, 1). The transient region is the shaded area
in (b). (Note the different vertical scales.)

6-4

Properties of the Frequency
Response

The frequency response function H (eiw) is a complexvalued function of the normalized frequency variable w.
This function has interesting properties that often can be
used to simplify analysis.

6-4.1

Relation to Impulse Response and
Difference Equation

H (eiw) can be calculated directly from the filter
coefficients {bk}. If (6. l ) is compared to (6.4), we see
that, given the difference equation, it is simple to write
down an expression for H (eiw) by noting that each term

The process of going from the difference equation
or impulse response to the frequency response is
straightforward for the FIR filter. It is also simple to go
from the frequency response to the d ifference equation
or to the impulse response if we express H (eiii>) in terms
of powers of e-i&_ These points are illustrated by the
following examples.

~

Example 6-6: h[n] -

H(ei;;,)

Consider the FIR filter defined by the impulse response

h[n]

= - o[n] + 30(11 -

I] - 0(11 - 2]

=

By inspection, the sequence offilter coefficients is {bA: l
{- I . 3, - 1}, so the difference equation corresponding to
Lhis impulse response is
y[n ]

= -x[n] + 3x[n -

l ] - x[n - 2)

and the frequency response of this system is

•
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Example 6-7: Difference Equation from

H (eiw)

Suppose that the frequency response is given by the
equation
H(eiw)

Since cos w= ½(eiw
H(ei" )

= e-i,"ii (3 -

+ e- j,v), we can write

= ,-14 [3 -2(,;w ~

= -x [nJ + 3x[n -

,-;w)]

In other words, two complex exponential signals with
frequencies differing by 21r cannot be distinguished from
their samples alone, so there is no reason to expect a
discrete-time system to behave differently for two such
frequencies. For this reason, it is always sufficient to
specify the frequency response only over an interval of
one period, e.g., -JT < w:S rr.

I] - x[n - 2)

The impulse response, likewise, is easy to determine
directly from H (eiw), when expressed in terms of powers
of e- Jci>.
■

1

EXERCISE 6.2: Use the inverse Euler formula
for sines to find the impulse response and difference
equation for H (eiw) 2j sin(<v/2)e-iw/2 .
f

since e-J2,-yk = I when k is an integer. It is not surprising
that H (ei'" ) should have this propeny. since, as we have
seen in Chapter 4, a change in the input frequency by 2rr
is not detectable; i.e.,

2cosw)

which corresponds to the following FIR difference
equation:
y[n]

FREQUENCY RESPONSE OF FIR FILTERS

$'--

6-4.3

Conjugate Symmetry

The frequency response H (e141 ) is complex, but usually
has a symmetry in its magnitude and phase that allows
us to concentrate on just half of the period when plotting.
This is the property of conj ugate symmetry

=

6-4.2

Periodicity of H (ei w)

An important property of a discrete-time LTI system
is that its frequency response H (eiw) is always a
pe1iodic function with period 2rr. This can be seen by
considering a frequency w+ 21r where wis any frequency.
Substituting into (6.3) gives
M

H (ei<w+21r))

= L bke-,<fv+211'>k
k=<l
M

= L bke-J,v(e-i21rk = H(eiw)
b ,O

(6.16)

which is true whenever the filter coefficients are real so
that bk b: (equivalently hfkJ h*[kj). We can prove
this property for the FIR case as follows:

=

H * (ei°')

=

=

(t

b"e-iwk ) •
ke=O

M

= Lb;e+iwk
k=O
M

= L bke-1<-w>k = H (e-iw)
k==O
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The conjugate-symmetry property implies thal the
magnilude function is an even function of wand the phase
is an odd function, i.e.,
IH (e-iw)I

= IH(ejw)I

L H(e- jw)

=-

L H (eiw)

Similarly, the real part is an even fu nction of
imaginary part is an odd function, i.e.,

wand the

= ~He{H (ejw)}
~ m{H (e-i"') } = - ~m{ H (ejw)}
)lle{ H (e- H')}

As a result, plots of the frequency response are often
shown only over half a period, 0 ::: w~ rr, because
the negative frequency region can be constructed by
symmetry. These symmetries are illustrated by the plots
in Section 6-5.

~ EXERCISE 6.3: Prove that the magnitude is an
even function of (J.> and the phase is an odd function of w
for a conjugate-symmetric frequency response.

Figure 6-2: Phase response of pure delay (no
system, H(eiw) = e-j 2w.

complex exponential signals and sinusoids of different
frequencies. Several examples are provided in this
section to illustrate the value of plotting the frequency
response.

6-5.1

Delay System

The delay system is a simple FIR filter given by the
difference equation
y[n]

6-5

Graphical Representation of
the Frequency Response

Two impon ant points should be emphasized about the
frequency response of an LTI system. The first is
that for a given system, the frequency response usually
varies with frequency, so that sinusoids of different
frequencies are treated differently by the system. The
second important point is that by appropriate choice
of the coefficients, bk, a wide variety of frequency
response shapes can be realized. In order to visualize
the variation of the frequency response with frequency,
it is useful to plot H (ei<v) versus w. We wiU see that
the plot tells us at a g lance what the system does to

= 2)

= x[11 -

110]

It has only one nonzero filter coefficient, b,,0
frequency response is

= I, so its
(6. 17)

For this fil ler, a plot of the frequency response is easy
to visualize; the magnitude response is one for all
frequencies and the phase is given by the equation of a
straight line with a slope equal to -n0 , as in Fig. 6-2.
As a result, we can associate the property of linear
phase with time delay in all filters. Since time delay
affects only the time migin of the signal in a predictable
way, we often think of linear phase as an ideal phase
response.
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ffie(H(eiW))

- 3rr

-2rr

- rr

0
(a)

rr

2,r

3rr

w

r r v.

-3rr

-2rr

-rr

O

rr:

2rr

3rr

w

~m{H(eiw))
l

(b)

Figure 6-3:
(a) Real and (b) imaginary parts
for H(eiw) = I - e- i w over three periods showing
periodicity and conjugate symmetry of H(eiw).

6-5.2

Figure 6-4: (a) Magnitude and (b) pha~e for H(eii;,) =
1 - e- i w over three periods showing periodicity and
conjugate symmetry of H(eiw).

First-Difference System

As another simple example, consider the first-difference
system
y[n]

= x[n] -

x[n - J]

The frequency response of this LTJ system is
H(ei,;,)

=l -

e- i w

=I -

cosw + j sinw

The different parts of the complex representations are

= (1 - cosw)
~m{H(eiw) ) = sinw
ffie{ H (eiw))

IH (eiw)I

= [( I -

cosw)2 + sin 2 w] 112

= (2(1 - C0Sa>)] 112 = 21 sin(w/2)1
L.H (e 1..w) = arctan ( smw ~ )
I - cos w

The real and imaginary parts for this example are plotted
in Fig. 6-3; the magnitude and phase are plotted in
Fig. 6-4. All functions are plotted for -3rr < < 31r,
even though we would normaUy need to plot the
frequency response of a discrete-time system only for
- rr < w < 7l, or (because of conj ugate symmetry)
0 ~ w< 1r. T hese extended plots verify that H (eiw)
is periodic with period 27l, and they verify the conjugate
symmetry properties discussed in Section 6-4.3.
The utility of the magnitude and phase plots of
H (eHi,) can be seen even for this simple example. In
Fig. 6-4, H (ei0 ) = 0, so we easily see that the system
completely removes components w ith w= 0 (i.e.. DC).
Furthermore, we can also see that the system em phasizes
the higher frequencies (near w 7l) relative to the lower
frequencies. so it would be called a highpassjilJer. This

w

=
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is another typical way of thinking about systems in the
frequency domain.
The real and imaginary parts and the magnitude
and phase can always be determined as demonstrated
above by standard manipulations of complex numbers.
However, there is a simpler approach for getting the
magnitude and phase when the sequence of coefficients
is either symmetric or antisymmetric about a central
point. The following algebraic manipulation of H (ej"')
is possible because the {bd coefficients satisfy the
symmetry condition:

141

Notice also that the phase plot has discontinuities at w=
0 and w ±2rr. The size of these discon1jnuities is TC,
since they correspond to a sign change in H(ei<u).

=

Example 6-8: First-Difference Removes

DC
Suppose that the input to a first-difference system
is x[n] = 4 + 2cos(0.3rrn - rr/4). Since the output is
related to the inputby theequation y[n] = x[n]-x[n-11,
it follows that:
y [n) =4+2 cos(0.3rrn -rr/4)
-4-2 cos(0.3rr(n -1 ) - rr/4)

The trick, which we have already used in Example 6-1
on p. 132, is to factor out an exponential whose phase is
half of the filter order (M /2) times
and then use the
inverse Euler formula to combine corresponding positiveand negative-frequency complex exponentials; i.e.,

w,

= e - j<v/2 (ej<v/2 _ e-J&/2)

= 2cos(0.3rrn -

From this result, we see that the first-difference system
removes the constant value and leaves two cosine signals
of the same frequency, which could be combined by
pha,;or addition.
However, the solution using the
frequency-response function is simpler. Since the firstdifference system has frequency response

= 2je- lwl2 sin(w/2)

H(e1&)

= 2 sin(w/2)ei(rr/2-w12>
The form derived for H (eiw) is almost a vaUd polar form.
but since sin(w/2) is negative for -rr < w< 0, we must
write IH (ei'") I = 21 sin(w/2)1 and absorb the algebraic
sign2 into the phase response for - rr < w< 0, i.e.,
L H(ej<';i)

= l rr/2 -

T{

w/2
+ rr/2 - w/2

rr/4) - 2 cos(0.3mz - 0.55n)

= 2sin(w/2)ef<1rl 2-w121

the output of this system for the given input is
y[nj

= 4H(e10)

+ 21 H(e10·31r)I cos(0.3mi - rr /4 + L H (ei0 -31r ))

Therefore, since H (ei0 )
H (efO.J;r)

O<w<n
- T{ < w < 0

This formula for the phase js consistent with the phase
plot in Fig. 6-4, which exhibits several linear segments.

the output will be

2Remember that - 1 == e±j1r. so we can add either +rr or -,r
to the pha~e for -1r < w < 0. In this case, we add - ,r so that the
resulting phase curve remains between -,rand +rr raclians for all w.

y [n]

=

= 0 and

= 2) sin(0.3rr/2)e-J0.3rr/ 2
= 0.908ej(1r/2- 0.15rr)

(0.908)(2) cos(0.3rrn - rr/4 + n:/2 - 0.3rr/2)

= l.816cos(0.31r11 +0.lrr)

■
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high frequencies (close tow = rr). In this case, there
is a gradual decrease in gain from
0 to
rr. so
lhat the midrange frequencies receive more gain than
the high frequencies, but less than the low frequencies.
Filters with magnitude responses that suppress the high
frequencies of the input are called lowpass filters .

w=

~

_7.JI
8

-~-, _JTf

O

;r
3

Tl
2

ll!
8

1T

-

w=

W

(a)

LH(eiw)

Example 6-9: Lowpass Filter

If we repeat Example 6-4, we can show how a plot of
H (eiw) makes it easy to find a filter's output for sinusoidal
inputs. In Example 6-4, the input wa,;

x[nJ= 4 + 3cos ( ; n - ; ) + 3cos (

7
;

n)

(6.18)

(b)

Figure 6-5: Magnitude (a) and phase (b) of system
with frequency response H (eN1) = (2 + 2cosw)e-Jw.
Gray dots indicate points where the frequency response
is evaluated to calculate the sinusoidal response in
Example 6-9.

and the filter coefficients were (bd = {l , 2. l }. Fig. 6-5
shows the frequency response of this system, which is a
lowpass filter. ln order to get the output signal, we must
evaluate H (eiw) at frequencies 0, TC /3, and 7rr /8 giving

H (ejO)

6-5.3

H(eirr/3) = 3e- jTl/3

A Simple Lowpass Filter

H (ej?rr/'d)

In Examples 6-1 , 6-3, and 6-4, the system had frequency
response

H(e 1fi>)

= I + 2e-.1r.,+e- 121; = (2+2cosw)e-J;,
1

Since the factor (2 + 2 cos w) 2:. 0 for all ct.>, it follows that

IH(e1'") 1= (2 + 2cosw)
and

L.H (e1w)

= -w

These functions are plotted in Fig. 6-5 for -rr < w < 1r.
Figure 6-5 shows at a glance that the system has a delay
of 1 sample and lhat it tends to favor the low frequencies
(close tow 0) with high gain, while it tends to suppress

=

=4
= 0. 1522e- / 7rr/ S

These values are the points indicated with gray dots on
the graphs of Fig. 6-5. As in Example 6-4, the output is
y[11]

TC
= 4 · 4 + 3 · 3 cos ( -n
3

7r )

-7r - 3
2

7rr )
+ 0. 1522. 3 cos ( 7rr n - 8
8

= 16 + 9 cos (; (n -

I) - ; )

+ 0.4567 cos (

7
; (n -

1))
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Time Jndex (11)

25
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(b)

Figure 6-6: Input and output of system with frequency
response H(ei'0) = (2+2cosw)e- iw. (a) Segment
of the input signal x[n] given by (6.18), and (b) the
correspond ing segment of the output

Cascaded LTI Systems

In Section 5-7, we showed that if two LTJ systems are
connected in cascade (output of the first is input to
the second), then the overall impulse response is the
convolution of the two individual impulse responses, and
therefore the cascade system is equivalent to a single
system whose impulse response is the convolution of the
two individual i mpulse responses. In this section, we will
show that the frequency response of a cascade connection
of two LTI systems is simply the product of the individual
frequency responses.
~

DEMO: Cascading FIR Filters

Figure 6-7(a) shows two LTI systems in cascade. To
find the frequency response of the overall system (from
input x [n] to output y 2 [n l), we let

Then, the output of the first LT[ system is
The plot of the frequency response shows that all
frequencies around w rr are great ly attenuated by the
system. Also, the linear phase plot with slope of - l
indicates that all frequencies expe1ience a time delay of
1 sample.
The output of the simple lowpass filter is the time
waveform shown in Fig. 6-6(b). Note that the DC
component is indicated in both parts of the figure as
a gray horizontal line. The output appears to be the
sum of a constant level of 16 plus a cosine that has
amplitude 9 and seems to be periodic with period 6.
Closer inspection reveals that this is not exactly true
because there is a third outpul component at frequency
w= 711:/8 which is just barely visible in Fig. 6-6(b).
Its size is about 5% of the size of the component with
frequency <v = JT /3.
■

=

and the output of the second system is

From a similar analysis of Fig. 6-7(b), it follows that

=

Since H 2 (eiw) H 1 (ejb')
H 1(eiw)H2(eN1 ) from the
commutative property of complex multiplication. it
follows that y 1[11J = Y2[n]; i.e., the two cascade systems
are equivalent for the same complex exponential input,
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systems. The correspondence shown in (6.20) is useful
because it provides another way of representing and
manipulating LTI systems. This is illustrated by the
following example.
(a)

x[n)

I LTI2

~

eFim

Example 6-10: Cascade
LTI I

W2[11]

H 2(ei1i>) H 2(eiW)ei<'im H 1(eiciJ)

Y2ln]

Suppose that the first system in a cascade of two
systems is defined by the set of coefficients {2, 4, 4, 2}
and the second system is defined by the coefficients
[ 1, - 2, I l. The frequency responses of the individual
systems are

ff I( eJW)H i<el

(b)
x[n)

-=-el''"'

y[n]

LTI Equivalent

H(eiW) =H 1(eiw)Hi(eiW)
(c)

and

Figu re 6-7: Frequency response of three equivalent
cascaded LTI systems. All three systems have the same
frequency response so that y[n] = YI [n ] n(11] for the

=

The overall frequency response is

same input x[n].
H (ejw)

and both of them are equivalent to a single LTI system
with frequency response
H (ei"')

= H2 (eJw) H 1(elw) = H1(ei"') H 2 (eiw)

= H 1(ei';,)fl2(eiw)

= (2 + 4e-i"'+4e- i w2+2e-1"'3 ) ( t - 2e- i ;,+e- 1w2)
= 2 + oe- j°' - 2e-jwZ - 2e- jwJ + oe- jhi + 2e- Jw5
1

(6. 19)
Thus, the overall equivalent impulse response is

T he output y [11] of any system with frequency response
H (ei'11 ) given by (6. 19) will be the same as either y 1 [n]
or y2 [n]. This is depicted in Fig. 6-7(c).
Recall from Section 5-7 on p. 122 that the overall
impulse response is Ji, [n ] * lz2 [n]. We can summarize
this by the correspondence

Convolutio,i

~

Multiplicatio11
(6.20)

That is, convo lution of impulse responses corresponds
to multiplication of the frequency responses of cascaded

h[n]

= 2S[n] -

28(11 - 2] - 20(11 - 3) + 2c5[n - S]
■

This example illustrates that convolution of two
impulse responses is equivalent to multiplying their
corresponding frequency responses. Notice that, for FIR
systems, the frequency response is j ust a polynomial
in the variable e- i °'. Thus, multiplying two frequency
responses requires polynomial multiplication. This
result provides the theoretical basis for the "synthetic"
polynomial multiplication algorithm discussed in Section
5-3.3.1 on p. 110.
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~ EXERCISE 6.4:
Suppose that two systems
are cascaded. The first system is defined by the set of
coefficients {1, 2, 3, 4), and the second system is defined
by the coefficients (- 1, 1, - I}. Determine the frequency
response and the impulse response of the overall cascade
system.

6-7

We can derive a simple formula for the magnitude and
phase of the averager by making use of the fonnula for
the sum of the first L terms of a geometric series,

I-

L-t

al

'"'
cl = ~
1 -cx

(for

a=/:- l )

(6.23)

First of all, we identify e-iw as ex, and then do the
following steps:

Running-Average Filtering

±L

L -1

A simple linear time-invariant system is defined by the
equation
I

y[11]

H (eiw)

e- i wk

(6.24)

k=O

L- f

= l, I: xrn- k]

(6.21)

1 ( e-iwLf2 (eiwL/2 _ e-iwL/2 ))

k:::O

J
(x[n]
L

=-

=

= 7,

+ x [n - I] + ··· + x[n - L + ]])

This system (6.21) is called an l -poinr running
averager, because the output at time n is computed as
the average of x rn] and the L - l previous samples of the
input. The system defined by (6.21) can be implemented
11 by the statements:
in MATLA B for L

=

e-iw/2 (eiw/2 _ e-j,;,/2)

= ( sin(wl / 2) )

e -jw(L - 1)/2

The numerator and deno minator are simplified by using
the inverse Euler formula for sines. We will find it
convenient to express (6.25) in the form

b b = ones(ll , 1)/11;
yy
conv(bb, xx) ;

(6.26)

where xx is a vector containing the samples of the input
The vector bb contains the 11 filter coefficients, which
are all the same size, in this case.
Using (6.4) on p. 131, frequency response of the Lpoint running averager is

±L

L- 1

H(eiw)

=

k=<l

(6.25)

L sin(w/ 2)

e-iwk

(6.22)

where
jw

_

sin(wL /2)

Di(e ) - L sin(w/2)

(6.27)

The function Di(eiw) is often called the Dirichlet
function, and the subscript L indicates that it comes from
an L-point averager. In M ATLAB, it can be evaluated with
the diric function.
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Plotting the Frequency Response

The frequency response of an I I -point running-average
filter is given by the equation
(6.28)

TC

tu

rr

w

(a)

where, in this case, D 11 (ej'0 ) is the Dirichlet function
defined by (6.27) with L

D i, (ej,;,)

= 11, i.e.,

!

Linear Pha-;e

· Srr

sin( l Iw/2)
=-- -

(6.29)

11 sin(w/2)

-1[

As Eq. (6.28) makes clear, the frequency-response
function, H (ejw), can be expressed as the product of
the real amp litude function D 11 (ejw) and the complex
exponential factor e-j 5w_ The latter has a magnitude
of 1 and a phase angle - 5w. Figur e 6-8(a) shows
a p lot of the amplitude function, D11 (ejw); the phase
function - 5w is in the bottom part of the figure. We
use the terminology amplitude rather than magnitude.
because D 11 (ei"1 ) can be negative. We can obtain a
plot of the magnitude IH (eiw) I by taking the absolute
value of D 11 (ejc"). We shall consider the amplitude
representation fi rst, because it is simpler to examine the
prope11ies of the amplitude and phase functions. Figure
6-8 shows only one period, i.e., - rr <
< rr. The
frequency response is. of course. periodic with period
2n, so the plots in Fig. 6-8 would simply repeat with that
period.
In the case of the 1 I -point running averager, the
phase factor is easy to plot, since it is a straight line
with slope of - 5. The amplitude factor is somewhat
more involved. First note that D 11 (e-i°' ) = D 11 (eiw);
i.e., D 11 (ej'v) is an even function of w because it is
the ratio of two odd functions. Since D 11 (eiw) is
even and periodic with period 2JT, we need only to
consider its values in the interval OS ws n. All others

w

- 5rr

(b)

Figure 6-8: (a} Amplitude and (b) phase functions for
frequency response of l 1-point nmning-average filter.
The amplitude is a Dirichlet f1111c1io11. but it is not the
magnitude since it has negative values.

can be inferred from symmetry and periodicity. The
numerator is sin(l l w/2), which, of course, oscillates
between + 1 and - 1 and is zero whenever I lw/2 rrk.
where k is an integer; solving for
Di 1(ej';, ) is
2rr k/ 11 where k is a nonzero
zero at frequencies
integer. The denominator of D 11(el<i>) is 11 sin(w/2).
which is zero at w 0 and increases to a maximum
of eleven at w= n. Therefore, D 11 (eiciJ) is large
around w= 0, where the denominator is small, and it
oscillates with decreasing amplitude as w increases to
n. The behavior for w= 0 is of particular interest
because, at this frequency, D 11 (ejw) is indeterminate,
i.e.,

w,

w~ =
=

·o
0
D11(e1 )= 0

=
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By I' Hopital's rule, however, it is easily shown that
Jim D 11 (e1"' )
1. Thus, the function D 11 (elw) has the

=

,~-o

following properties:
(a) D 11 (eiw) is an even function of
with period 2rr.

wthat is periodic

(b) D 11 (e1';,) has a max_imum value of one at w= 0.

(a)

w increases, reaching its
smallest nonzero amplitude at w= ±rr.

(c) D 11 (elw) decays as

(d)

LH(eiw)

has zeros at nonzero integer multiples of
2n/1 I. (In general, the zeros of D L(el,;,) are at
nonzero multiples of 2n/ L.)
D 11 (ei<;,)

Together, the amplitude and phase plots of Fig. 6-8
completely define the frequency response of the 11-poinl
running-average fi lter. Normally, however, the frequency
response is represented in the foim

This would require plotting IH (elw)I and LH(elw) as
functions of w. It is easy to see from (6.28) that
IH(ei 1;i)I
1D 11 (ei'~)I. The top part of Fig. 6-9 shows
IH (elw)I ID, 1 (eiw)I for the 11-point running-average
filter. On the other hand, the phase response, L H (eiw), is
more complicated to plot than the linear function shown
in Fig. 6-8(b). There are 1wo reasons for this:

=
=

(a) The algebraic sign of D 11 (el&) must be represented
in the phase function, since IH(w)I = !D1J(e1°')1
discards the sign of D 11 (eiw).
(b) It is generally easiest to plot the principal value of
the phase function.
The sign of D 11 (eiw) can be incorporated into the phase
by noting that D 11(eiw)
ID11 (ei'") le±irr whenever

=

- ,r

(b)

Figure 6-9: Magnitude and phase of frequency response

of I I -point running-average fi lter. Compare to Fig. 6-8.

D 11 (ei';, ) < 0. The principal value of the ang le of a
complex number is defined to be the angle between - rr
and +rr radians. Using the result
eJ(9:l:.2rrk)

= ei9 e*i2nk = eifJ

where k is any integer, we see that we can add or subtract
integer m ultiples of 2rr from the angle of a complex
number without changing the value of the complex
number. We can always find a multiple of 2rr, which,
when added to or subtracted from 0, will produce a result
in the range -Tt < 0 .::: +rr.
This is called reducing 0 modulo Zn.
The
principal value is generally what is computed when
an inverse-tangent function is evaluated in MATLAB
or other computer languages.
In Fig. 6-8(b), we
were able to plot an angle whose values were outside
the principal value range simply because we had an
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equation for the angle.
A plot like Figure 6-9
could be produced using the following MATLAB code:
omega= -pi: (pi/500) :pi;
bb = ones(l,11)/11;
HH = freqz(bb ,l,omega);
subplot(2,1,l), plot(omega,abs(HH))
subplot(2,1,2), plot(omega,angle(HH))

The MATLAB function angle uses the arctangent to
return the principal value of the angle determined by the
real and imaginary parts of the elements of the vector HH.
In Fig. 6-9, the phase curve is seen to have
discontinuities that occur at the zeros of D 11 (eiw). These
discontinuities are due to the combination of multiples
of 1r radians added to the phase due to the negative
sign of D 11 (eiw) in the intervals 2TC/l I < lwl < 4TC/ll,
6rr/ ll < lwl < 8n/ll, and lOTC/l l < lwl < 1r and
multiples of 2n that are added implicitly in the
computation of the principal value. The equation for
the phase curve plotted in F ig. 6-9 is as follows for
TC:
frequencies O~

w:::

L. H(eiw)

=

-sw
- sw + rr:
-sw +2n-5<7> + TC + 21T
- 5,;> + 4rr

- set>+ rr + 41r
The values for that L.H(e- iw)

Jr

<

__.

X [11]

I

e- j/iJ (l - I )/2

Delay

6n I 11 < w < 8rr/ 11
8rr / 11 < w < 1On/ 11
I01t / 11 < w :S TC

w< 0 can be filled in using the fact

= -L.H(eiw).

EXERCISE 6.5:
Test yourself to see whether
you understand why the principal value of L. H (eliii) is as
shown in Fig. 6-9 for the 11-point moving averager.

sin{6>U2)
Lsin(w/2)

y[n]
,__,
►

Dirichlet

H (eF;,)

Hi(ei61j

1

Figure 6-10: Representation of L-point running averager
as the cascade of a delay and a real frequency response.

6-7.2

Cascade of Magnitude and Phase

It can be seen from (6.25) that H(eiw) is the product of
two functions, i.e., H (eiw)
H 2 (eiw) H 1(eF") where

=

(6.30)
and

H2 (eiw)

O:::w<21t/l1
21r Ill < w < 41tI ll
41t/l I < w < 67r/l 1

w[11)

=D

(eiw)
L

=

sin(wL/2)
L sin(w/2)

(6.3 1)

which is the Dirichlet function defined earlier. The
component H 1(elw) contributes only to the phase of
H (eiiii), and we see that this phase contribution is a linear
function of w. Earlier, we saw that a linear phase such as
L.H 1 (eiw) = -w(L - 1)/2 corresponds to a time delay
of (L - I )/2 samples. The Hnear-phase contribution
(with slope of - (L - 1)/2 = -5) is clearly in evidence
in Fig. 6-8(b). The frequency response of the second
system H 2(el°') is real. It contributes to the magnitude
of H (eiw), and when it is negative, it also contributes
±rr to the phase of H (eiiii) causing the discontinuities at
multiples of 2.n / 11.
The product representation suggests the block diagram
of Fig. 6-10, which shows that the running averager
can be thought of as a cascade combination of a delay
followed by a "lowpass filter" that accentuates low
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frequencies relative to high frequencies. The overall
moving average system can only be implemented by the
difference equation (6.2 1) on p. 145. However, the block
diagram of Fig. 6-10 is a useful convenience for thinking
about the system. The system cannot be implemented
by this cascade because H 2(eiw) = DL(ei'0 ) can never
be implemented by itself. When (L - 1)/2 is a integer,
w[11] = x [n - ( L - I )/2] is a delay in Fig. 6-10. The
case when ( L - J )/2 is not an integer requires special
interpretation, which will be provided in Section 6-8.2.
For the present discussion, we will assume that L is an
odd integer, so that (L - 1)/2 is also an integer.

6-7.3

(a) Original Black & White HOMEWORK Image
0 - - ~ - - . --~-----.--..---.----,
20

E 40 1--1~ ~ ~ - + - ~ - l-fl'L.:..- --t-----t
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~

'2.)" =J
140'--~ - ~ -~ - -~ - ~ - ~ - (b) J'lfl

~ 100

120

o

Experiment: Smoothing an Image

As a simple experiment to show the filtering effect of the
running-average system, consider the image at the top
of Fig. 6- 11 . The image is a two-dimensional discrete
signal that can be represented as a two-dimensional array
of samples x 1lm. 11]. ln an image, each sample value is
called a pixel, which is shorthand for picture element.
A sing le horizontal scan line (at 111 40) was extracted
from the image yielding the one-dimensional signal
x [n] = x,[40, 11], plotted at the bottom of Fig. 6-11. The
position in the image from which x [n) was extracted is
shown by the colored line in the image. The values in
the image signal are all positive integers in the range
0 ~ x;[m, 11] ~ 255. These numbers can be represented
by 8-bit binary numbers. 3 If you compare the onedimensio nal plot to the gray levels in the region around
the line, you will see that dark regions in the image
have large values (near 255), and bright regions have low
values (near zero). This is actually a "negative" image,
but that is appropriate since it is a scan of a handwrillen
homework solution.
An 11-point running averager was applied lo x[n] , and
the input and output were plotted on the same graph

=

3 we often say that the total dynamic range of such image values
is 8 bits.

SO

(

=

I00 1SO 200 250
Column index (n)

300

350

(b) Row #40 of the HOMEWORK l mage
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Figure 6-11: "Homework'" image and one horizontal scan
of the image at row 40.

(Fig. 6- 12). Notice that the output y[n] appears to be
a smoother version of xr11] with a slight shift lo the right.
This shift is the 5-sample delay that we expect for an I I point running averager. The smoothness is a result of the
relative attenuation of the higher frequencies in the signal
that correspond to the edges of the handwritten characters
in the image. To verify the effect of the delay of the
system, Fig. 6-13 shows a plot of w[11] = x [n - 5] and
y [n ]. Now we see that the output appears to be aligned
with the input.
The I I-point averager can be applied first over all the
rows and then over all the columns of the image to get
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Filtering wiLh 11-Point Avernger
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Figure 6-12: Input and output of I I-point running
averager. The solid orange line is the output; the thin
gray line is the input.

~ 100
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140 ~ -~ - - - - ~~ -~ -~ - ~- ~
0
50 100 150 200 250 300 350
Column Index (n )

Figure 6-14: Result of fi ltering both the rows and the
columns of the "'homework" image with an I I-point
running averager. The processed image had to be rescaled
so that its values would occupy the entire gray scale range.

I I-Point Averaging: 5-Sample Delay Equalization
256

128
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I00
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Figure 6-13: Delayed (by 5 samples) input and outpul of
l 1-point running averager. The solid orange line is the
output; the thin gray line is the delayed input.

a visual assessment of the lowpass fil teri ng operation.4
Each row is filtered using the one-dimensional averager,
then each column of that fi ltered image is processed. The
result is shown in Fig. 6-14, where is it obvious that the
lowpass filter has blurred the image. As we have seen,
the filter attenuates the high-frequency components of
4 Jn MATLAB,

the function f ilter2 ( ) will do this two--

dimensional tillering.

the image. Thus, we can conclude that sharp edges in an
image must be associated with high frequencies.
As another example of the effect of fi ltering, the image
signal was distorted by adding a cosine signal plus a
constant to create a new input:

x 1[11]

= x [nl + 128cos(21rn/ll) + 128

This corrupted signal x 1[n] wac; filtered with the I !point running averager. The delayed input x 1[n - 5 j and
the corresponding output arc shown in Fig. 6-15. By
comparing Figs. 6-13 and 6-15, it is clear that the output
is the same for x[n] and x 1[n ]. 5 The reason is clear:
w= 2,r/ 11 is one of the frequencies that is completely
removed by the averaging fi lcer, because H (ei 2rr/ t I) = 0.
Since the system is LTJ and obeys superposition, the
output due to x 1[n] must be the same as the output due
to x[n ) alone. If the cosine is added to each row of an
image, it appears visible as vertical stripes (Fig. 6- l 6(a)).
5 A careful comparison reveals that there is a small difference over

the cransient region 0 .:5 n .:5 9.
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11 -pl Averaging Filter: Cosine Wave Added to Input

(a) HOMEWORK plui. Cosine
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erffitr
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Y" ::.

~ JOO

128

120

o..__ __,___ __,__ __.__~-~-~ - o 50 I00 150 200 250 300 350

140 ~~~~~----~---~~~
50 100 150 200 250 300 340
0

Column Index ( 11)
Figure 6- 15: Result of I I-point nmning averager with
cos(2rrn / J l ) added to lbe image scan line. The solid
orange line is the output: the thin gray line is the input.

When each row is p rocessed with an I I-point averaging
fi lter, the cosine will be removed, but the image will be
bluned horizontally (Fig. 6- I 6(b)).

..l'a,':;
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Filtering Sampled
Continuous-Time Signals

Discrete-time filters can be used to filter continuous-time
signals that have been sampled. In this section, we study
the relationship between the frequency response of the
discrete-time filter and the effective frequency response
applied to the continuous-time signal. When the input to
a discrete-time system is a sequence derived by sampling
a continuous-time signal, we can use our knowledge of
sampling and reconstruction to interpret the effect of the
tilter on the original continuous-time signal.
Consider the system depicted in F ig. 6-17, and assume
that the input is the complex sinusoid
x(t)

=

X eiwt

Column Index (11)
(b) Remove Cosine Stripe with Averaging Filter

-

0 ,-----.--~--~--.--~--..----,

20
';' 40 _
..::,
~

-0

c:

..

60
80

:3:
~ 100

120

-•

--

-

-

140---------------0
50
l 00 150 200 250 300 340
Column fndex (n)
Figure 6- 16: (a) " Homework plus cosine" image. The
periodic nature of the cosine across each row causes
a venical striping. (b) After fi ltering lhe rows of the
"homework plus cosine" image ,, ith an I I-point ninning
averager. the processed image is blurred. but has no tract:s
of the cosine stripes. (Both input and output were rescaled
for 8-bit image display.)

with X = AeN. After sampling, the input sequence to
the discrete-time filter is

x[nJ = x(nT,)

= X eit,)l•Ts = X e1';"'
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x(t)

xln]

Ideal

C-to-D
I' JS -

H(eJW)

y(t)

Ideal

y[nl

D-to-C
I
T,

• -

JS -

I
T,

Figure 6-17: System for doing discrete-time filtering of
continuous-time signals.

The relationship between the discrete-time frequency w
and continuous-time frequencies w and f is
A

l w=wTs

,

2nf

= -ls-

(6 .32)

If the frequency of the continuous-time signal satisfies the
condition of the sampling theorem, i.e., lwl < rr / Ts, then
there will be no aliasing, and the normalized discrete-time
frequency is such that lwl < rr.
The frequency response of the discrete-time system
gives us a quick way to calculate the output y[11] in
Fig 6-17.

If we now make the substitution w= wTs, then we can
write y[nl in terms of the analog frequency was

yrn]

= H (eiwT,)X eiwT,n

Finally, since no aliasing occurred in the original
sampling, the ideal D-to-C converter will reconstruct the
original frequency, giving

--
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frequency components in 1he band lwl < n as analog
frequencies in the band lwl < rr / Ts. As long as there is
no aliasing, the frequency band of the input signal x(t)
matches the frequency band of the output y(t). Thus,
the overall system of Fig. 6-17 behaves as though it is an
LTI co~tinuous-time system whose frequency response
is H (eJCwT..l) .
It is very important to understand this analysis of the
system of Fig. 6- 17. We have just shown that the system
of Fig. 6-17 can be used to implement LTI filtering
operations on continuous-time signals. Furthermore,
it is clear from this analysis that the block diagram
of Fig. 6- 17 represents an infinite number of systems.
This is true in two ways. First, for any given discretetime system, we can change the sampling period T5
(avoiding aliasing of the input) and obtain a new system.
Alternatively, if we fix the sampling period, we can
change the discrete-time system to vary the overall
response. In a specific case, all we have to do is select
the sampling rate to avoid aliasing, and then design
a discrete-time LTI filter whose frequency response
H (ei'"T•) has the desired frequency-selective properties.

EXERCISE 6.6:
In general, when we use the
system of Fig. 6-17 to fi lter continuous-time signals, we
would want to choose the sampling frequency fs
I/ T,
to be as low as possible. W hy?

=

6-8.1

Example: Lowpass Averager

As an example, we use the 11-point moving averager

l

y [11]

10

I>[n - k]
11

=-

k=O

Remember that th is formula for y(t) is good only for
frequencies such that - rr/1~ <w < n/Ts, and recall
that the ideal D-to-C converter reconstructs all digital

as the filter in Fig. 6-17. The frequency response of this
discrete-time system is
H(ei5J)

= sin(wl l/2) e-jws
11 sin(w/2)
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part of Fig. 6- 18. Note that the frequency response of
the overall system stops abruptly at 1/1 /'s/2 500
Hz, since the ideal D-to-C converter does not reconstruct
frequencies above Is /2.
The second question is also easy if we track the
two frequencies of the input signal through the three
systems of Fig. 6-17. The input x(t) contains two
frequencies at w = 2n-(25) and w = 2JT(250). Since
fs = 1000 > 2(250) > 2(25), there is no aliasing,6 so
the same frequency component,; appear in the output
signal y(t ). The m3eonitude and phase changes are found
by evaluating the equivalent frequency response at 25 and
250 Hz.

=

i

- rr - ½ 0
rr
(a) Discrete Frequency (w)

- 2rr

2rr

I

- 1000

-500

0

250 500

1000

f

=

H (ejm(25)/IOOO)

(b) Analog Frequency (f) in Hz

=
Figure 6- 18: Frequency respo1tse of I I-point moving
averager (a) and equivalent analog-frequency response
(b) when used to filter analog signals. The sampling
frequency is Is = I 000 Hz, so the maximum analog
frequency 1J1al can be processed is 500 Hz.

sin(JT(25)(11)/1000) e-j2zr(25)(5)/ 1000
11 sin(JT(25)/ 1000)

= 0.881 l e-jir/4
H (ei2nc2so,1 1000)

= sfo (rr(250}(1 l)/1000) e -j2,-r(250)(5l/lOOO
11 sin(rr(250)/1000)

The magnitude of this frequency response is shown in the
top part of Fig. 6-18.
When this system is used as the discrete-time system in
Fig. 6- l 7 with sampling frequency h
JOO(), we want
to answer two questions: What is the equivalent analogfrequency response, and how would the signal

=

x(t )

These values can be checked against the plots in Fig. 6- l 8.
Thus the final output is
y(t )

= 0.881 1 cos(2JT(25)t -

n-/4)

+ 0.0909sin(2JT(250)t -

= cos(2JT(25)t) + sin(2ir(250)t)

be processed by the system?
The frequency-response question is easy.
equivalent analog-frequency response is

= 0.0909e- in/2

The

where f is in Hz. A plot of the equivalent continuoustime frequency response versus f is shown in the bottom

rr/2)

The lowpass nature of the filter bas greatly attenuated the
250-Hz component, while the 25-Hz component suffered
only slight atte nuation because it lies in the passband of
the filter near 0 Hz.
6 When I.here is aliasing. this sort of problem is less straightforward

because the output signal y(t) will have different frequency
componems from the input.
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=

EXERCISE 6 .7 :

Assuming the same input signal
and the same discrete-time system, work the example of
this section again, but use a sampling rate of f,
500
•:C,. ·

where w wT5 • Now. the output of the L-po int runningaverage filter is

=

Hz.
Finally. if w < rr / Tf (i.e., no aliasing occun-ed in the
sampling opera tion), then the ideal D-to-C converter will
reconstruct the complex exponential signal

6-8.2

Interpretation of Delay
y(t)

We have seen that a frequency response of the form
H (ejw) e-jwno implies a time delay of n 0 samples. For
n 0 , an integer, the interpretation of this is straightforward.
If the input to the system is x fII J, the corresponding output
is y ln] = x fn - no]. However, if no is not an integer, the
interpretation is less obvious. An example of where this
can occur is the L-point running-average system whose
frequency response is

=

where D i(ei&) is the real function

Di(

eiw) _ sin(wl/2)
- L sin(w/2)

Thus, the L-point m nning averager includes a delay of
I) samples. If Lis an odd integer, this delay causes
the output robe shifted ½<L - l) samples with respect to
the input. However, if l is an even integer. then ½( L - 1)
is not an integer. The analyis of this section provides a
useful interpretation of this delay factor.
Suppose that the input to the ideal C-to-D converter is

½<L-

x(t)

= Xe1"'

1

and that there is no aliasing, so that the sampled input to
the L-point running averager is
x[n]

= Xejwt1T, = Xej;;,,,

= DL(ei 41 )Xe-jw(L- l)/J.ej"'
= DL(ejw1~) xe-jwTs(L- l)f2eJ",,
= Di(ej,,,T,)Xejwlt-~(L- 1)/21
1

Thus. regardless of whether or not }(L - I) is an integer,
the delay factor e-iw<L- 1>12 corre;ponds to a delay of
½Ts(L - I ) seconds with respect to continuous-time
signals sampled with sampling period T,.

~

Example 6-11 : Time Delay of FIR Filter

To illustrate the effect of noninteger delay with the
running-average filter. consider the cosine signal x[n] =
cos(0.2Jrn), which could have resulted in Fig 6- 17 from
sampling the signal x(t ) cos(2001r t ) with sampling
ratef1
IOOO Hz. Figure6- 19(a)showsx(t)andx [n].
If xfn] is the input to a 5-point running-average filter, the
steady-state part of the output is

=

=

sin (0.2rr(5/2))
cos(0.2rrn - 0.2rr(2))
5 sin(0.2rr /2)

vsfnl = -

-

----

= 0.6472cos(0.2n(n -

2))

For this filter output, the output of the D-to-C converter
in Fig. 6-17(b) would be
Ys(t)

= 0.6472 cos (200n(r -

0.002))
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SUMMARY AND LINKS
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of the D-to-C converter in Fig. 6-1 ?(c), which in this case
would be
(a)

y4 (t)

25

T!,~
,!_
20

25

= 0.7694cos (2007r(t -

0.0015))

Figure 6- 19 shows the input and the c01Tesponding
outputs y 5[11] and Ys(l) and y4[n] and y4(! ). In all cases,
the solid curve is the continuo us-time cosine signal that
would be reconstructed by the ideal D -to-C converter for
the given discrete-time signal.
■
The following specific points are made by this
example:
I. Both outputs are smaller than the input. This is
because D L(ej0.21r) < I for both cases.

-5

0

10
15
5
Time Index (n)

20

25

Figure 6-19: Input signal (a), output of 5-point running
averager (b), and output of 4-point running averager (c).
The solid gray curve is the corresponding continuous-time
signal: (a) x(t ), (b) y5(1), and (c) Y4(1).

The delay is 2 samples. On the other hand, if the same
signal x ln I is the input to a 4-poi nt running-average
system, the steady-state part of the output (Fig. 6- 19(c))
is

y4 [n)

(0.2n(4/2))
= sin4sm(0.2n/2)
.
cos(0.2rrn -

= 0.7694cos(0.2n(n -

0.27r(3/2))

~))

Now the delay is 3/2 samples, so we cannot write y4[11]
as an integer shift with respect to the input sequence. In
this case, the "3/2 samples" delay introduced b y the filter
can be interpreted in terms of the corresponcling output

2. The gray vertical lines in the lower two panels
show the peaks of the output cosine signals that
correspond to the peak of the input at 11 0.
Note that the delay is (5 - I )/2 = 2 for the 5point averager and (4 - 1)/2 = 3/2 for the 4-point
averager.

=

3. The effect of the fractional delay is to implement an
interpolation of the cosine signal at points halfway
between the original samples.

6-9

Summary and Links

This chapter introduced the concept of the frequency
response for the class of FIR filters. The frequency
response applies to any linear time-invariant system, as
we will see in upcoming chapters. The MATLAB GUl
shown in Fig. 6-20 embodies the primary result of this
chapter. It shows that one evaluation of the frequency
response is sufficient to predict how a sinusoid will be
processed by an LTI system. When the filter changes,
the frequency response changes so sinusoidal frequency
components are treated differently.

-
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INPUT SIGNAL
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OUTPUT SIGNAL
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Figure 6-20: Graphical User Interface (GUI) for DLTidemo which illustrates the sinusoid-in gives sinusoid-ow concept
171e user can change the LTI system as well as the input sinusoidal frequency, amplitude and phase.

DEMO: DLTI: Sinusoid-in gives Sinusoid-out

This chapter extends the discussion of Chapter 5,
which introduced the basics of FIR filtering. The labs,
in particular, require the student to be familiar with both
chapters. Lab #8 is an exper iment with the frequency
response of FIR filters.

~

LAB: #8 Frequency Response: Bandpass and Nu/1/ing Filters

Two other labs involving FJR fi ltering are listed under
Chapter 7 on the CD-ROM. Lab #9 uses results from
Lab #8 to build a system to decode Touch-Tone signals.
Finally, Lab # IO uses fi lters to build a system that
determines which note is played on a piano.
LAB: #9 Encoding and Decoding Touch-Tones

~

LAB: #10 Octave Band Filtering
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The CD-ROM also contains the following demonstrations of lowpass and highpass filtering:
(a) Filtering photographic images to show that lowpass
filtering is blurring, and that highpass filtering
enhances images.
(b) Cascade processing of images to show that a
highpass filtering can undo the blurring
effects of a lowpass fi lter.

~

DEMO: Cascading FIR Filters

(c) Filte1ing of sound signals to illustrate bass and treble
emphasis.

~

DEMO: Introduction to FIR Filtering

Finally, the reader is reminded of the large number
of solved homework problems available for review and
practice on the CD-ROM.
NOTE: Hundreds of Solved Problems

(a) Determine the output when the input is the complex
exponential s ignal
x[n]

(b) ls the output of the form
y[n ]

= H (eiw) Aei~ elwn

If not. w hy not?

P-6.3 Suppose that a discrete-time system is described
by the input-output relation
y[n]

= x [-11]

(a) Determine the output when the input is the complex
exponential signal

xln]

= Ae1~eJwn

(b) ls the output of the form
y[n]

6-10 Problems

= Aej,J,ej6m

= H (eiw)Aei¢eiWII

If not, why not?

P-6.1 Suppose the input s ignal to an FIR system is
x[n]

P-6.4 A linear time-invariant system is described by the
difference equation

= el<0.41r11- 0.Sn )

If we define a new signal y[n ] to be the first difference
y [n] = x [n] - x[n - 11. it is possible to express y[n] in
the form
y[n]

= Ae1'~ +<1>>
11

Determine the numerical values of A ,</), and

cvo.

P-6.2 Suppose that a discrete-time system is described
by the input-output relation
y[n]

= (x[n]}2

y[11) = 2x [n] - 3x[n - I]+ 2x[n - 2)
(a) Find the frequency response H(eiw); then express
it as a mathematical formula. in polar form
(magnitude and phase).

(b) H (ei&) is a periodic function of
period.

w; detemiine the

(c) Plot the magnitude and phase of H (eiw) as a
function of for - rr < w < 3ir. D o this by hand,
and then check with the MATLAB function f reqz.

w

/
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w,

(d) Find all frequencies for which the output response
to the i nput eF,,,, is zero.

=

(d) T he signal xdn)
(4+cos(0.25.rc11 -rr/4))u[nl
is zero for n < 0, so it "starts" at n
0. ff the

=

difference equation
y[n]

= x[,i] + 2x[n -

P-6.7 For each of the following frequency responses
detennine the corresponding impulse response
(a) H(ejw)

1]

+ x[n -

2]

= I + 2e- 1 3,;,

(b) H(ejw) =2e-i3ciJcos(w)

(a) Obtain an expression for the frequency response of

this system.

( ) H(elii,)
C

(b) Sketch the frequency response (magnitude and
phase) as a function of frequency.

(c) Determine the output when the input is x[n)
10 + 4cos(0.5.rcn + rr/4).

=

input signal is x 1[n J, for which values of n will the
corresponding output be equaJ to the output obtained
in (c)?

(e) Whenthe inputtothesystem isx[nl = sin(rrn/13),
deterntine the output signal and express it in the form
y[n ]
A COS(WQn + <f>).

P-6.5 A linear time-invariant filter is described by the

FREQUENCY RESPONSE OF Fm FILTERS

=

= e- j 4.5w

sin(Sw)
sin(w/2)

P-6.8 T he frequency response of a linear time-invariant
filter is given by the formula
H (eiw)

= ( 1 + e-j,;,) ( I -

~2.rr13 e-iw)( l - e-j'lrr/ 3 e- iw)

(d) Determine the output when the input is the unitimpulse sequence, 8(11].

(a) Write the difference equation that gi ves the relation
between the input x[n) and the output y [n].

(e) Determine the output when the input is the unit-step
sequence, 11[111-

(b) What is the output if the input is x[11]

(c) If the input is of the form x[n ]
Aei41 ei"'11 , for what
vaJues of - 1£ .:S .:S Tf will y in I 0 for all n?

w

P-6.6 A linear time-invariant fi lter is described by the
difference equation

ylnJ = xln] -

=

P--6.9 The frequency response of a linear time-invariant
filter is given by the formula

x[11 - 2]

(a) Obtain an expression for the frequency response of
this system.
(b) Sketch the frequency response (magnitude and
phase) as a function of frequency.
(c) Determine the output if the input signal is x[nJ
4 + cos(0.25.rcn - .rc/4).

=

= ofnj?

=

H(ei "') = (I -e- i"')(l-½eirrl 6e- j w)( I -½e- i 1116e-1"')

(a) Write the difference equation that gives the relation
between the input x[n] and the output y [n 1(b) What is the output if the input is x[n]

= 8[n]?

(c} lftbe inputisofthefonnxln] = Aei,t,ejwn,forwhac
values of -n < w::: 1r w ill y[n] 0 for aJI n?

=
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P-6.10 Suppose that S is a linear time-invariant system
whose exact form is unknown. It has been tested by
observing the output signals corresponding 10 several
different test inputs. Suppose thal the following inputoutput pairs were the result of the tests:

Input: x[n ]

Output: y [n]

8(11]

o[n] - 8Ln - 3]

cos(2rr n/3)

0

cos(rrn / 3 + re /2)

2 cos(rrn/3

+ rr/ 2)

= x[n] -

3xLn - l] + 3x [n -

(c) Determine the output when the input is x[n]
cos(rr(n - 3)/3).

=

(d) ls the following statement trne or false? Explain.

P-6.11 The Dirich/e1 function is defi ned by

= sin (lw/2)

(a) Obtain an expression for the frequency response
of this system. and, using the fact that (1 - a)3 =
l -3a+ 3a2 - a 3 , show that H (eiw) can be expressed
in the form

= 8:

(c) Find the maximum value of the function.

= 8 sin\w/2)ei<-:rr/i- 3w/2l

{d) Whal is the output if the input is x l n]

=

= 0(11]?

(e) Use superposition to find the output when x [n]
10 + 4 cos(0.51rn + ,r /4) + 50(11 - 31.

=

P-6.13 Suppose that three systems are connected in
cascade; i.e., the output of S1 is the input to Si, and
the output o f Si is the input to S3 . The three systems are
specified as follows:

S,:

y,[n]=xdn]-x 1[n - l ]

S2:

Y2[11J =x2[11l + x2[11 -21

S3:

y3lnl

= X3[11 -

11 +x3(n - 2]

where the output of S, is y; [n] and its input is x; [n].

L sin(w/2)

(b) Determine the period of D 8 (ei,;').

x ln - 3]

(c) What is the output if the input is x[n]
10 + 4 cos(0.5rr n + ,r/4)?

(b) Determine the output of the system when the input
is x[n] = 38[n] - 28[11 - 2] + 8fn - 3], and make
a plot of it.

(a) Make a plot of D 8 (ei"') over the range -3rr _:::
+3rr. Label all the zero crossings.

21-

(b) Sketch the frequency respon se (magnitude and
phase) as a function of frequency.

=

For the case L

y [n ]

H (eiw)

(a) Make a plot of the signal
x [n]
38(11] - 28[n - 2] + 81n - 3].

DL(eiw)

P-6.12 A linear time-invariant fil ter is described by the
difference equation

w.: :

(a) Detennine the equivalent system that is a single
operation from the input x[11] (into S 1) to the output
y[n]. which is the output of S 3 . Thus, x [n] is xdnl
and y [n] is .YJ[n].
(b) Use the frequency response to write one difference
equation that defines the overall system in terms of
x[n] and y[11] only.
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P-6.14 An LTI fi lter is described by the difference
equation
y[n]

= i(x[n] +x[n -

J] +x[n - 2] +x[n

-31)

/
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The input to the C-to-D converter in this system is
x(t)

= 10 +

8cos(200m) + 6cos(500rrt + rr/4)

for -oo < t < oo.
system is

T he impulse response of the LTI

I

(a) What is the impulse response h[n] of this system?
(b) Obtain an expression for the frequency response of

this system.

(d ) Suppose that the input is

x[n] = 5 + 4 cos(0.2rrn) + 3 cos(0.5:nn)
for -oo < n < oo. Obtain an expression for the
output in the form y[n] = A + B cos(WQn + ¢0).
(e) Suppose that the input is

x, [11]

=

where 11(11] is the unit-step sequence. For what
values of 11 will the output y 1 [n] be equal to the
output y[n) in (d)?

I 000 samples/sec, determine an expression for

y(t), the output of the D -to-C converter.
Hint: The results of Problem P-6. I4 can be applied

here.

P-6.16 The diagram in Fig. P-6.16 depicts a cascade
connection of two linear time-invariant systems, where
the first system is a 3-point moving averager and the
second system is a first ctifference.

xl11l

= [5 + 4cos(0.2rrn) + 3 cos(0.5rrn)) u[n]

k]

k=O

If f,.

(c) Sketch the frequency response (magnitude and
phase) as a function of frequency.

3

= 4 L 8[n -

h[n]

LTI l
H 1(eiW-,, h 1[n]

v[nl

LTI 2
H 2(ej6,), h2ln]

I y[n]

Figure P-6.16

=

P-6.15 A system for filtering continuous-time signals
is shown in Fig. P-6.15.

(a) If the input is of the form x[n ]
J0+x 1[n], the
output, y[n], of the overall system will be of lhe
fonn y[11] = y 1[n], where y 1[n] is the output due
only to x 1[11]. Explain why this is true.
(b) Determine the frequency-response function of the
overall cascade system.

x(t)

Ideal

xfn]

C-10-D

LTI

y[n]

System

Jdeal
D-10-C

H(eJ"'), h[n]

Is = 1..
T,

Is=*
Figure P-6.15

y(t)

(c) Sketch the frequency-response (magnitude and
phase) fu nctions of the indiv idual systems and the
overall cascade system for -rr < w~ rr .
(d) Obtain a single-ctifference equation that relates y [n]
to x[n] for the overall cascade system.
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PROBLEMS

P-6.17 A linear time-invariant system is described by
the difference equation
y[11]

= - x (n] + 2x[n -

(b) Determine and plot the impulse response h[n] of the
overall cascade system.

(c) Write down the difference equation that relates y[11 ]
to x[n).

2] - x[n - 4)

(a) Find the impulse response hfn] and plot it.
(b) Determine an equation for the frequency response
H (eifi-') and express it in the form
H(eiw)

P-6.20 The input to the C-to-D converter in Fig. P-6. 15
is
x(t)

= R(eiw)e- iw110

where R(ei10) is a real function and no is an integer.

(c) Carefully sketch and label a plot of IH (eiw)I for
-rr<w < rr.
(d) Carefully sketch and label a plot of the principal
value of L.H(e i&) for - Jr <
==: rr.

w

P-6.18 A linear time-invariant system has frequency
response

=

10 + 20cos(evot + rr/3)

-OO<t <00

(a) Suppose that the impulse response of the LTI system
is h[11] = 8[11 ]. If wo = 2rr (500), for what values of
ls= I / Ts will it be true that y(t ) = .x(t )?
(b) Now suppose that the impulse response of the LTI
system is changed to h[n] = 8[n - 10). Determine
the sampling rate fs
1/Ts and a range of vaJues
for wo so that the output of the overall system is

=

y(t )

= x(t -

0.001)

= 10 + 20cos(evo(r -0.001 ) + rr/3)
for -00 < I <00.
(c) Suppo. e that the LTI system is a 5-point moving
averager whose frequency response i~

The input to the system is
x [n]

= 5 + 20cos (0.Srrn + 0.25rr) + 108[n -

3]
H (eiw)

Use superposition to determine the co1Tesponding output
y[n ] of the LTI sys tem for -oo < n < oo.

P-6.19 For the cascade configuration in Fig. P-6.16, the
two systems are defined by
H, (ei'v)

h2fn]

= I + 2e- iw + e- iw2
= 8[n] -

= sin(Sw/2) e- iwi
5 sin(w/2)

lf the sampling rate is ls = 2000 samples/sec,
determine all values of wo such that the output is
equal to a constant; i.e., y(t ) = A for -oo < t < oo.
Also, determine tJ1e constant A in this case.

and

8[11 - 1) + 8[11 - 2J - 8L11 - 3J

(a) Determine the frequency response H (eiw) for the
overall cascade system (i.e., from input x[n] to
output y [n]). Simplify your answer as much as
possible.

P-6.21 The frequency response of an LTI system is
plotted in Fig. P-6.2 1
(a) Use these plots to find the output of the system if
the input is
x[n]

= 10 + lO cos(0.2,rn) + lOcos(0.5:rrn)
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(b) Explain why the phase-response curve is discontinuous at frequencies around w= 2n(0.I 7) and also
around w 0.5rr.

=

1
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0.2
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Figure P-6.21
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FREQUENCY RESPONSE OF FIR FILTERS

C H

E R

z-Transforms
11-domai11 or time domain (the domain of sequences.
impulse responses and difference equations), the wdomain or frequency domain (the domain of frequency
responses and spectrum representations). and the zdomain (the domain of :::-transforms. operators. and
poles and zeros). 1 The value of having three di fferent
domains of representation is that a difficult analysis in one
domain is often much easier in one of the other domains.
Therefore, increased understanding wi ll result from
developing skills for moving from one representation to

In this chapter we introduce the z-transform. which
brings polynomials and rational fu nclions into the
analysis of linear discrete-tjme systems.
We will
show that FIR convolution is equivalent to polynomial
multiplication and that common algebraic operations,
such as multiplying, dividing, and factoring polynomials,
can be interpreted as combining or decomposing LT!
systems. The most common z-transforms are rational
fun ctions, i.e., a numerator polynomial d ivided by a
denominator polynomial. The roots of these polynomials
are important, because most properties of digital filters
can be restated in terms of the locations of these roots.
The z-transform method is introduced in this chapter
for FIR filters and finite-length sequences in general.
We will use the FIR case to introduce the important
concept of ''domains of representation" for discrete-time
signals and systems. In this text, we consider three
domains of representation of signals and systems: the

1Traditionally, signals and systems 1exts have identified just two
domains: the time domain and the frequency domain. Many authors
con~ider our w-domain 1111d ,-domain together as the "frequency
domain." This is mainJy because, as we will see. the w-domain
can be viewed a~ a special case of the more general ,-domain.
However. we feel that because of the distinctly differem character
of the mathematical functions involved in the two domains, there is
a distinct advantage in considering thew- and , -domains as separate,
but related, points of view.
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another. For example , the cascade combination of LTI
systems, which in the 11-domain seems to require the new
(less familiar) technique of convolution, is converted in
the z-domain into the more familiar algebraic operation
of polynomial multiplication. It is importa nt, however,
to note that the "real" or ..actual" domain is the 11-domain
where the signals are generated and processed, and where
the implementation of filters takes place. The frequency
domain has physical significance when analyzing sound,
but is seldom used for implementation. The z-domain
exists primarily for its convenience in mathematical
analysis and synthesis.

7-1

Definition of the z-Transform

A finite-length signal x fn I can be represented by the
relation

z-TRANSFORMS

When we use (7.2) to determine the z-transfonn of the
signal x [n] , we transform x [n ] into a new representation
X (z ) . Indeed, it is often said that we "take the
z-transform of xln]." All that we have to do to obtain
X (z) is to construct a polynomial whose coefficients
are the values o f the sequence x [n ]. Specifically. the
k th sequence value is the coefficient of the k 1h power
of z- 1 in the polynomial X (z) . It is just as easy to
go from (7.2) back to (7.1 ). We can recover x [11]
from X (z) simply by extracting the coefficient of the
k th power of z- 1 and placing that coefficient in the
k th positfon in the sequence x [n]. This operation is
sometimes called taking the inverse z-transform. In
order to emphasize this unique correspondence between
a sequence x[n] and its z-transform, we will use the
notation

N

x[n ]

=L

x [k]8[11 - k]

n-Domain

(7.1)

z -Domain

N

k=cO

and the z-transform of such a signal is defined by the
form ula
N

X(z)

~

= I : x [k] z- k

(7.2)

x[n]

N

= I : x lk]8[11 -

k] ~ X (z)

~O

= Lx[k ]z-k
k~

In general, a z-lra11sf orm pair is a sequence and its
corresponding z-transform, which we will denote as

k=O

where we will assume that z represents any complex
number; i.e., z is the independent (complex) variable of
the z-transform X (z). Allhough (7.2) is the conventional
de finition of the z-transfonn ,2 it is instructive to note that
X (z) can be written in the fmm
N

X (z)

= I : x [k](z- ' l
k:=O

which emphasizes the fact that X (z) is simply a
polynomial of degree N in the variable z- 1•
2 Some

authors use positive powers of z in the definition of the
z-transform, but this convention is not common in signal processing.

x[n] ~ X (z)

(7.3)

Notice that n is the independe nt variable of the
sequence x [11 j. Thus, we say that (7. I ) represents
the signal in the 11-domai11. Since n is often an
index that coun ts time in a sampled time waveform,
we also refer to (7. I) as the time-domain representation of the sig nal.
Similarly, note that z is
the independent variable of the z-transform X (z) .
Thus, we say that (7.2) represents the signal in
the z-domain , and in taking the z-tra11sfonn of
a signal, we move from the time domain to the
z-domain.

7-2 THE z-TRANSFORM ANO LINEAR SYSTEMS
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As a simple, but very important. example of a ztransform pair, suppose that x[n] = o[n - 11 0 1. Then,
from the definition, (7 .2), it follows that X (z) z- " 0 •
To emphasize this correspondence we use the notation

We can give x [n I in tabular fonn as in Example 7- 1,
or we can g ive an equation for the sequence values as a
function of II in the form

=

n-Domain
x[n ]

= 0[11 -

z-Domain
no]

~

X (z)

(7.4)

= z-no

x[n] =

When the sequence is defined with numerical values,
we can take the z-transfonn and get a polynomial, as
illustrated by the following example.

Consider the sequence x[n] given in the following
table:

xl11J

11

< - I
0

-1 0
0

l 2 3 4 5

II>

2 4 6 4 2 0

0

l

11=0

-2

n=l

0

n=2

3

n=3

0

n

- 1
0

=4

n=5
n>5

x[n]

= o[n] -

28[11 - I]+ 38[n - 3) - 8[n - 5]

•

5

The z-transform of this sequence is

•
This example shows how to find the z-transfonn given
the sequence. The following example illustrates the
inverse z-transfonn operation (i.e., finding the sequence
if we are given its z-transform).

='

n<O

Alternativel y, using the representation (7. 1) in terms of
impulse sequences, the corresponding sequence x[n] is

Example 7-1: z-Transform of a Signal

II

0

At this point, we have a definition of the z-transfonn,
and we have seen how to find it for a given sequence and
how lo find the sequence given the z-transform, but why
would we want to transform from the n-domain lo the
z-domain? Thjs is the obvious question to ask at this
point, and the remainder of this chapter will attempt to
answer it.

7-2

The z-Transform and Linear
Systems

Example 7-2: Inverse z-Transform

Consider the z-transform X (z) given by the equation

The z-transfonn is indispensable in the design and
analysis of LTI systems. The fundamental reason for
this has to do with the way that LTT systems respond to
the particular input signal -::." for -oo < n < oo.
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7-2.1

The z-Transform of an FIR Filter

Recall that the general difference equation of an FIR filter
is

concerned only with the "steady-state" part of the output.
For the more general complex exponential input z", the
corresponding output signal is
M

M

y [n]

= L bk x [n -

(7.5)

k]

y(11]

= Lbkx [n k=O

k=O

M

=L

An alternative representation of the input-output relation
is the convolution sum
y [n]

n <O

h[nl

0

bklll- (

k=O

= x [n] * h[n]

where h[n] is the impulse response of the FIR fil ter.
Remember that the impulse response h[n.] is identical
to the sequence of difference equation coefficients b,,, as
shown in the following table:
11

k]

2

...

M

n > M

bu bi b2

.. .

bM

0

0

l

which can be represented in the more compact notation.

The term inside the parentheses is a polynomial in C 1
whose fonn depends on the coefficients of the FIR filter.
It is called the systemfunction of the FIR filter. From our
previous definition of the z-transform, this polynomial is
observed to be the z-transfonn of the impulse-response
sequence. Using the notation introduced in the previous
section, we define the syscemfimction of an FIR filter to
be
M

h [n]

=L

bk

o[n - k]

M

H (z> == L bkz- k

M

(7.6)

k= O

k:O

=L

hfklz-"

(7.7)

k=O

Therefore, we have the followfog important result:

To see why the z-transfonn is of interest to us for FIR
filters, let the input to system in (7.5) be the signal

x[n]

= z"

for all n

where z is any complex number. Recall that we have
already considered such inputs in Chapter 6, where
we used z ei&_
As with our discussion of the
frequency response, the qualification ..for all 11 .. is an
extremely important detail. Because we want to avoid
any consideration of what might happen at a starting
point such as 11 = 0, we think of this as having the input
start at n = -oo, and we assume that for fi nite values
of n, the start-up effects have disappeared, i.e., we are

=

The system function H (z) is
the z-transform of the impulse respo11se.
M

h[11J

= I:>ko[n - kl

M

~ H (z)

=L

bkz- k

h-0

We have just shown that for FlR filters, if the input is z"
for -oo < n < oo, then the corresponding output is
y [n] = h[n]

* z" =

H (z)z"

(7.8)

That is, the result of convolving the sequence h[n] with
the sequence z" is H (z)z", where H (z) is the ,-transform

7-3
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of h[n]. This is a very general statement. In C hapter 8. it
will be shown that it applies to any LTI system, not just
FIR filters. Thus, the operation of convolution, which
really is synonymous with the definition of an LTI system,
appears to be closely linked to the z-transform.
Equation (7.7) is general enough to find the ztransform representation of any FIR filter, because the
polynomial coefficients are exactly the same as the filter
coefficients {bk} from the FIR filter difference equation
(7.5), or, equivalently, the same as the impulse-response
sequence from (7.6). Thus, the FIR filter difference
equation can be transformed easily into a polynomial in
the z-domain simply by replacing each "delay by k" (i.e.,
x[n - kl in (7.5)) by z-k_
The system function H (z) is a function of the complex
variable z. As we have already noted, H (z) in (7.7) is
the z-transform of the impulse response, and for the FIR
case, it is an M th -degree polynomial in the variable z- 1 •
Therefore H (z) will have M zeros (i.e., M values zo
such that H (zo)
0) that (according to the fundamental
theorem of algebra) completely define the polynomial to
within a multiplicative constant.

=

,--~

Example 7-3: Zeros of System Function

Consider the FIR filter

y [n]

= 6x [nl -

5x[n - I) + x[11 -

21

The z-transform system function is
H (z)

= 6 - sz- 1 + z- 2

= (3 -

C

1) (2

-

z- 1) = 6 (z - ½)(z z2

Thus, the zeros of H (z) are ½and
w [n]

= x[n] -

½)

½. Note that the filter

¾x [n - I]+ ¾x [n - 2)

has a system function with the same zeros, but the overall
constant is 1 rather than 6. This simply means that
w [n] = y[n]/6.
■

~ EXERCISE 7.1: Find the system function H (z)
of an FIR filter whose impulse response is
h[n]

= S[n] -

1S[11 - 2] - 3S[n - 3]

~ EXERCISE 7 .2: Find the impulse response h[n J
of an FIR filter whose system function is

Hint: Multiply out the factors to get a polynomial
and then determine the impulse response by " inverse ztransfonnation."

7-3

Properties of the z-Transform

ln Section 7-1 we gave the general definition of
the z-transform, and we showed that for fini te-length
sequences, it is possible to go uniquely back and forth
between the sequence and its z-tran sform. In this sense,
we have demonstrated that the z-transform is a unique
representation of any finite-length sequence (including
the impulse response of an FIR filter). ln Section 7-2
we showed that the z-transform arises naturally out of
the convolution of the impulse-response sequence with
a sequence zn. In this section, we will explore several
properties of the z-transfonn representation and indicate
how the z-transform can be extended to the infinite-length
case.
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7-3.1

The Superposition Property of the
z-Transform

The z-transform is a linear transformation.
This
is easily seen by considering the sequence x [n]
ax 1[n ] + hx 2[n], where both X1 fnl and x2(n] are assumed
to be finite with length less than or equal to N. Using the
definition of (7.2), we write

z-TRANSFORMS

Thus, applying (7.1 1) to each impulse in (7. 10) and then
adding the individual z-transfonns according to (7 .9), we
obtain as before

=

N

X (z)

=

L x [k] z-k
k=O

•

N

X (z)

=

L (ax1[n] + bx2[n] ) z-"

7-3.2 The Time-Delay Property of the
z-Transform

11==0

N

N

= a I : x ,fn ]z- + b I: x2[11]z-n
11

ll==O

11: 0

Thus, we have demonstrated the superposition property
for the ,-transform:

Another im portant property of the z-transform is that the
quantity z- 1 in the z-domain corresponds to a time shift
of I in then-domain. We will illustrate this property with
a numerical example. Consider the length-6 signal x[n]
defined by the following table of values:
n < 0 0 1 2 3 4 5 n > 5

fl

x[n]

The z -transf orm is linear.
ax 1 [n]

+ bx2[n]

~ aX1(z) + bX2(z)

(7.9)

This property leads to another way to interpret the ztransforrn of a finite-length sequence, as illustrated in
Example 7-4.
'O

Example 7-4: z-Transform of a Signal

Recall that any fi nite-length sequence x [n] can be
represented as a sum of scaled and shifted impulse
sequences as in

(7.10)

3 l 4

X(z)

= 3 + z- 1 + 4,- 2 + z- 3 + Sz-4 + 9z-s

Recall that the signal values x [n] are the coefficients of
the polynomial X (z) and that the cxponen1s correspond
to the time locations of the values. For example, the term
4z-2 indicates that the signal value at n = 2 is 4; i.e.,
x[2] = 4.
Now consider the e ffect of multiplying the polynomial
by z- 1:
Y(z)

= ,- 1X(z)

= z- 1(3 + ,- + 4z-2 + z-3 + s,1

k:0

F urthermore, recall from (7 .4) that for a single shifted
unit impulse sequence,
(7. 11 )

0

I 5 9

The z-transform of x [n] is the polynomial (in z- 1)

N

x[n] = I: x lk]8[n - k]

0

4

+ 9z- 5 )

=Oz°+ 3z- 1 + z- 2 + 4z- 3 + z-4 + sz-s + 9z- 6
The resulting polynomial Y(z) is the z-transform
representation of a signal y[n ], which is found by using

7-4

THE z-TRANSFORM AS AN OPERATOR

the polynomial coefficients and exponents in Y(z) to
determine the values of yf11] at aJl time positions. The
result is the following table of values for y[n ]:

n<O 0 1 2 3 4 5 6 n>6

n
y[n]

0

0 3 1 4 1 5 9
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Our definition assumes that the sequence is nonzero
only in the interval O::: 11 ::: N. ft is possible to extend
the definition to signals of infi nite length by simply
extending the upper or lower limits to + oo and -oo,
respectively; i.e.,

0

00

X(z)

Each of the signal samples has moved over one position
in the table; i.e., y[n] = x[n - 1). In general, for any
finite-length sequence, multiplication of the z-transfonn
polynomial by z- 1 simply subtract<; one from each
exponent in the polynomial, thereby creating a delay of
one. Thus, we have the following fundamental relation:

A delay of one sample
multiplies the z -transf orm by

z- 1.

(7.13)

A General z-Transform Formula

So far, we have defined the z-transform only for finitelength signals.
N

X(z)

= L x[n]z-"
11=0

(7. 15)

However, infinite sums m ay cause serious mathematical
difficulties and require special attention. Summing an
infinite number of complex numbers could result in an
infi nite result. In mathematical temzs. the sum might not
converge. Although we will consider the infinite-length
case in Chapter 8, the careful mathematical development
of a complete z-transform theory for signal and system
analysis is better left to another, more advanced, course.

The deJay property stated in Section 7-3.2 suggests that
the quantity z-• is in some sense equivalent to a delay
or time shift. This point of view leads to a useful, but
potentially confusing, interpretation of the z-transfonn
as an operator. To see how this interpretation comes
about, we will consider the system function of the uni tdelay system.

7-4.1

Unit-Delay Operator

The unit-delay system is one of the basic building blocks
for the FfR difference equation. In the time domain, the
unit-delay operator V is defined by

x[n - 110]

7-3.3

x[n]z-"

7-4 The z-Transform as an Operator

which we will refer to as the unit-delay property of the
z-transfom1 .
The unit-delay prope11y can be generalized for the case
of shifting by more than one sample by simply applying
(7 .12) no times. The general result is

Time delay of 110 samples
multiplies the z-transform by z-nn.

L
n=- oo

(7.12)

C 1 X(z)

xln - 1]

=

(7.14)

y [n] = 'D{x[11]} = x[11 - l]

(7.16)

1t is instructive to find the z-transform representation of
this system by letting the input to the unit-delay system
be the signal
x[n]

= Zn

for all n
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where z is a complex number. With the :" input signal,
Lhe output of the unit delay is simply
y [n]

= Vfx[nl}
= V{z") =Zn- I = z- 1z = :- 1x[11J
11

(7. 17)

ln other words, the input signal is multiplied by z- 1, in
the particular case where x[nl = z".
Strictly speaking, the expression CI x[11 J in (7 .17) is
misleading, because we must remember that it holds only
for x[n] = z". However, it is common to use the quantity
z-• interchangeably with the unit-delay operator symbol
1), so that we can say that for any iuputx[n] the action of
the unit-delay system is represented by the operator z-•;
i.e.,
y[n]

= z- 1 {x[n]} = x[11 -

Operator Notation

Consider a system that calculates the first difference of
two successive signal values; i.e.,
y [n]

= x[n] -

x [n -

lJ

The z-transform operator that represents the firstdifference system is ( 1 - z- 1), because we can write the
"operator" equation
y [n]

= (I -z- 1){x[n]} =x[n] -

x[n-1]

This equation (7.18) has the following interpretation:
The operator " l" leaves x [11] unchanged, and the operator
z- 1 delays x[11J before subtracting it from x[11 ].
Another simple example would be a system that delays
by more than one sample (e.g., by nd samples):
v[n]

= x[n -

nJ]

nd

is an integer

In this case, the system function is H (z) = z-11•1 and the
operator is z-nd , an obvious generalization of the unitdelay case.

~ EXERCISE 7.3:

Derive the z-transfo1m operator
for the first-difference system by working the input
xln] = z" through the system. Write y[11] as y [n]
H(z){xln]}.

=

I]

The brackets enclose the signal operated on by C 1 just
as in (7 .16). Tbus, if we are careful in our interpretation,
we can use the symbol z - 1 to stand for the delay operator.
and many authors use 1) and Z- 1 interchangeably.
We know from the delay property of Section 7-3.2 that
if y[n] = x [n - I], then Y(z) = z- • X(z): i.e., for any
finite-length sequence. z- • multiplies X (z) to produce
Y(z). This is the precise way in which z- 1 represents
a unit delay; i.e., it is not appropriate to write z- 1x[n]
without the brackets around x [11 [, since this mixes the
z-domain and then-domain.

7-4.2
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(7.18)

7-4.3

Operator Notation in Block
Diagrams

The delay operator concept (7. 12) is particularly u. eful
in block diagrams of LT[ systems. In a block diagram
representation of the FIR filter, the z-transform works
as follows: All the unit delays become C 1 operators in
the tra nsform domain, and, owing to the superposition
property of the z-transform, the scalar multipliers and
adders arc the same as in the time-domain representation.
Figure 7-1 shows the z-domain representation of a block
diagram for a two-point FIR filter-the C 1 operator
represents the unit-delay operator.

·~
EXERCISE 7.4:
Draw a block diagram
similar to Fig. 7-1 for the first difference system:
y [11] = {I - z- 1) {x[n]}
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---1-~----

17 1

of the input multiplied by the system function of the LTl
system; i.e.,

xlnJ

Y( z.)

bo
bi
Unit ;.
Delay

Figure 7-1: CompuLationaJ structure for a firstorder FIR filter whose difference equation is y[11] =
box [n] +b Ix In - I]. The block diagram uses z- 1 to denote
the unit. delay, because they are equivalent.

= H(z)X(z)

M ore importantly, this result (7 . 19) is true for any LTJ
system.
To show that convolution is converted into a product of
z-transforms (7 .19), recall that the discrete convolution
of two finite-length sequences x[n ] and h[n] is given by
the formula:
M

yfn I = x[n] * hln] =

7-5

Convolution and the
z-Transform

In Section 7-3.2, we observed tJ1at a unit delay of a signal
in the 11-domain is equivalent to multiplication by z- 1
of the corresponding z-transform in the z-domain. T he
impulse response of the unit-delay system is

h[n]

= 8[n -

= x[n] * 8[11 -

(7.20)

M

I]

= L hlk] (z-k X(z>)
h =-0

(7.2 1)

= (t h[k]z-k) X(z) = H( z) X(z).

xfn - IJ

The system function of the unit-delay system is the
z-transform of its impulse response so

H (z.)

k]

where Mis the order o f the FIR fi lter. To prove the desired
result, we can apply the superposition property (7.9) and
the genera] delay property (7.13) to find the z-transform
of y [n ] as given by (7.20). This leads to

Y(z)

I] =

L h[k]x[n k=-0

so a delay by one sam ple is equivalent to the convolution

yfnl

(7.19)

k=O

If x [11] is a finite-length sequence, X (z) is a polynomial.
so (7.21) proves that convolution is equivalent lo
po lynomial multiplication. This result is illustraied in
the following example.

= z- 1

Fur!J1ermore, the unit-delay property (7. 12) states that
delay by one sample multiplies the z-transform by z- 1;
i.e.,

Therefore, we observe that in the case of the unit delay,
the z-transform of the output is equal to the z-transform

Example 7-5: Convolution via H (z) X(z)

The z-transform method can be used to convolve the
following signals:
x[n]

= 8[n -

h[n1

= 8[n] + 28(n -

I] - 8[n - 2)

+ 8[,i -

3] - 8[n - 4]

l] + 38[n - 2] + 48[n - 3j
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The z-transforms of the sequences .xf11] and h[n] are:

and

X(z)

= 0 + Jz- 1 -

H(z)

= 1 +2z- 1 +3z-2 +4z-3

l z- 2

+ lz- 3 -

l z- 4

= H(z)X(z) =
( 1 + 2z- 1 + 3z- 2 + 4z- 3 )(z- 1 - z- 2 + z- 3 - z -4)

= z- 1 +

(-1 +2)z- 2 + (1- 2 + 3)z- 3

+(-1+2-3+4)z-4
+ (-2 + 3 -4)z- 5 + (-3 + 4)z- 6 + (-4)z-7

= z- 1 + z-2 + 2z-3 + 2z- 4 -

3z- 5

= 0[11 -

Noticehowtheindexofh[k] and the index of x [n-k] sum
to the same value (i.e., 11) for all products that contribute
The same thing happens in polynomial
to y [n].
multiplication because exponents add.
In Section 5-3.3.1 on p. 110 we demonstrated
a synthetic multiplication tableau for evaluating the
convolution of x[n] with h[n]. Now we see that this is
also a process for multiplying the polynomials X (z) and
H (z). The procedure is repeated below for the numerical
example of this section.

+ z-6 - 4z- 1

Since the coefficients of any z-polynomial are just the
sequence values, with their position in the sequence
being indicated by the power of (Z- 1) , we can "inverse
transform" Y (z) to obtain
y[n]

= h[0]x(4] + 1z[ ljx [3]+ h[2]x[2]+h[3Jx[l]
= 1(- 1) + 2(1) +3(- I)+ 4(1 ) = 2
=

Both X(z) and H(z) are polynomials in z- 1, so we
can compute the z-transform of the convolution by
multiplying these two polynomials; i.e.,
Y(z)

y [4]

1] + o(n - 2] + 28[11 - 3] + 20[11 - 4]

- 38(11 - 5) + o[n - 6] - 48[11 - 7)

z
x[11J, X (z)

h[nl, H (z)

X(z)
2z- 1 X(z)

3z- 2 X (z)
4z- 3 X(z)

Now we look at the convolution sum for computing
the output. If we write out a few terms, we can detect
a pattern that is similar to the z-transform polynomial
multiplication.

= h[0]x[0] = 1(0) = 0
y [l ] = h[0).x[l ] + h[l]x[0] = 1( 1) + 2(0) =
y [0]

y[2]

y[3]

l

= h[0]x[2]+h[l]x[l)+h[2}x [0l

= 1( -

1)

+ 2(1) + 3(0) = 1

= h[0]x[3]+h[1]x[2]+h[2]x[l]+h[3]x[0]

= l(l)+2(-

1)+3())

=2

z-TRANSFORMS

y [n ], Y(z)

zo z-•

z-2

z-3 z-4

+I

-1

+I - J

2

3

+l

- 1

0
l

z-5 z-6 z-1
0

0

0

4

0
0
+I - 1
0
0 +2 - 2 +2 - 2
0
0
0
0 +3 -3 +3 - 3
0 +4 - 4 +4 -4
0 + I + I +2 +2 -3 + l - 4]
0

In the z-transforms X (z) , H(z), and Y(z) , the power
of z-• is implied by lhe horizontal position of the
coefficient in the tableau. Each row is produced by
multiplying the x[11] row by one of the h[n] values
and shifting the result right by the implied power of
c 1• The final answer is obtained by summing down
the columns. The final row is the sequence of values of
y [n] = x[11j *h[n] or, equivalently, the coefficients of the
Iii
polynomial Y(z).

7-5
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In this section we have established that convolution
and polynomial multiplication are essentially the same
thing.3 Indeed, the most important result of z-transform
theory is:

x [n)

LTJ I

w[n]

LTI2

y[nJ

X (z)

H1 (z), h1[n]

W(;:)

H 2(1.), h2(n]

Y(z)

Figure 7-2: Cascade of lwo LTI systems.

Convolution in the n-domai11 corresp onds
to multiplication in the z-domain.
y [n)

= h[n] * x[n]

Y (z)

=

H(z)X(z)

This result will be seen to have many implications

far beyond its use as a basis for understanding and
implementing convolution.

~

EXERCISE 7.5:

x(11]

= o[n - 11 -

Use the z-transform of

o[n - 2] + 8[11 - 3) - o[n - 4)

and the system function Ii (z) = I -C 1 to find the output
of a first-difference filterwhenx[11) is the input. Compute
your answer by using polynomial multiplication and also
by using the difference equation:
y[nJ

= x [n) -

x [n - l]

exactly the same input-output behavior. An important
example is the cascade connection of two or more LTI
systems. In block diagram form, the cascade is drawn
with the output of the first system connected to the
input of the second. The input signa l is x[n] and
the overall output is y[n]. The sequence w [n] is an
intermediate signal that can be thought of as temporary
storage.
As we have already seen in Section 5-7 on p. 122,
if h 1[n] and h2 (n] are the respective impulse responses
of the first and second systems, then the overall
impulse response from input x[nJ to output y[n]
in Fig. 7-2 is h[n] = h 1[nl * h2ln). Therefore, the
z-transform of the overall impulse response of the
cascade of the two systems is the product of the
individual z-transforms of the two impulse responses.
That is,

What is the degree of the output z-tnmsform polynomial
that represents y[nJ?

H (z ) for a cascade of two LT/ systems

is the product of the individual system functions.
7-5.1 Cascading Systems
One of the main applications of the z-transform in system
design is its use in creating alternative fi lters that have
3In MATLAB, there is no special function for multiplying
polynomials. Instead, you simply use the convolution function conv
to multiply polynomials since polynomial multiplication is identical
to discrete convolution of the sequences of coefficiencs.

An important consequence of this result follows easily
from the fact that multiplication is commutative; i.e.,
H (z)
Hi (z)H2(z)
H2(z) H 1(z). This implies that
convolution must also be a commutative operation and
that the two systems can be cascaded in either order to
obtain the same overall system response.

=

=
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Therefore, the overall system function is

Example 7-6: H(z) for Cascade

To give a simple example of this idea, consider a system
desc1ibed by the difference equations

= 3x[n ] y[n ] = 2w[n] -

w[n]

xl11 - I]

(7.22)

w[n - l]

(7.23)

which represent a cascade of two first-order systems as in
Fig. 7-2. The output w [n] of the first system is the input

to the second system, and the overa ll output is the output
of the second system. The inte1mediate signal w[n] in
(7.22) must be computed prior to being used in (7.23).
We can combine the two filters into a single difference
equation by substituting w[n ] from the first system into
the second, which g ives
y [n ]

= 2wtn] -

~ EXERCISE 7.6: Use z-transforms to combine
the following cascaded systems
w [n] =x[nJ-x[n - l]
yln]

= w[n] -

w[n - l]

+ w[n -

2]

into a single difference equation for y[n Iin terms of x[n].

w [n - 1]

= 2(3x[n] = 6x[n ] -

which matches the difference equation in (7 .24). Note
that, even in this simple example, the z-domain solution
is more straightforward than then-domain solution. ■

x [n -

11) -

(3x[11 - l] - xfn - 2])

5x[n - I] + x [n - 2]

(7.24)

Thus we have prnved that the cascade of the two firstorder systems is equivalent to a single second-order
system. Tr is important to notice that the difference
equation (7.24) defines an algorithm for computing y ln)
that is different from the algorithm specified by (7.22)
and (7.23) together. However, the above analysis shows
that with perfectly accurate computation, the outputs of
the two different implementations would be exactly the
same.
Working out lhe details of the overall difference
equation as we have just done would be extremely
tedious if the systems were higher-order. The z-transform
simplifies these operations into the multiplication of
polynomials.
The first-order systems have system
functions
and

7-5.2

Factoring z-Polynomials

If we can multiply z-transforms to get higher-order
systems. we can also factor z-transfonn polynomials
to break down a large system into smaller modules.
Since cascading systems is equivalent to multiplying their
system fu nctions. the factors of a high-order polynomial
H (z) would represent component systems that make up
H (z) in a cascade connection.
Example 7-7: Spilt H (z) into Cascade

Consider the following example

=

One of the roots of H (z) is z I , so H 1(z) = (1 - z- 1)
is a factor of H(z). The other factor can be obtained by
division

7-6
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x[n)
X(!)

•I

=

I, then
for this is illversefiltering , and if H, (z) H2 (z)
H 2 (z) is said to be the inverse of H 1(z) (and vice versa).

vlnl

1- z- 1
wl11l •l 1 - .:-l +z- 2 . ►
......_ ____, W(z) ......_ _ _ ___, Y(z)

·~
Figure 7-3: Factoring H(z) = I + 2zinto the product of a first-order system and a second-order
system.

2z- 1

2-

Example 7-8: Deconvolution

z- 3

Lf we take a specific example, we can generate
a solution in terms of z-transforms. Suppose that
H 1(z) = I+ O. lz- 1 - 0.72C2 . We want H(z) = 1, so
we require that

The factorization of H (z) as
Since H 1(z) is known, we can solve for H2(z) to get
gives the cascade shown in the block diagram of Fig. 7-3.
The resulting difference equations for the cascade are

w[nJ

= x[n] -

x[n - 1J

y [n]

= w [n] -

w[n - \]

+ w[n -

Deconvolution

The cascading property leads to an interesting question
that has practical application. Can we use the second
filter in a cascade to undo the effect of the first filler?
What we would like is for the output of the second filler
to be equal to the input to the first. Stated more precisely,
suppose that we have the cascade of two filters H 1(z)
and H 2 ( z), and H 1(z) is known. ls it possible to find
H2(z) so that the overall system has its output equal to
the input? If so, the z-transform analysis tells us that its
system function would have to be fl (z)
I , so that

=

Y(z)

-

1
1
==
--- 1
H,(z)
l+O.lz- -0.72c2
■

2]

•
7-5.3

H?(Z)

= Hi(z)H2(z)X(z) = H(z) X(z) = X(z)

Since the first system processes the input vi a
convolution, the second filter tries to undo convolution,
so the process is called deco11volution . Another term

What are we to make of this example? It seems that
the deconvolver for an FJR filter must have a system
function that is not a polynomial, but a rational function
(ratio of two polynomials) instead. This means that
the inverse filler for an FIR filter cannot be also an
FJR filter, and deconvolution suddenly is not as simple
as it appeared. Since we have not yet considered the
possibility of anything but polynomial system functions,
we cannot give the solution in the form of a difference
equation. However, in Chapter 8 we will see that other
types of LTI systems exist that do have rational system
functions. We will therefore retum to the inverse filte1ing
problem in Chapter 8.

7-6

Relationship Between the
z-Domain and the w-Domain

The system function H (z) has a functional fonn that is
identical to the fonn of the frequency response formula
H(eiw). This is quite easy to see for the FIR filter if

176

CHAPTER 7

we repeat the formula for the frequency response (6.3)
alongside the formula for the system function (7.7):

:'lm{z}
•

(,)

w-Domain

-

= L bke- jwk

M

H (z)

= L bkz- k

k=O

h:O

w-

There is a clear correspondence between the z- and
domains if we make the substitution z eFi, in H (z).

=

~3<-

I

z-Domain

M

H ( eFiJ)

z-TRANSFORMS

<v = 0

~e{z}

DEMO: Three Domains - FIR

Specifically, it is exceedingly important to note that the
connection between H(eF») and the z-transfonn H (z) is

(7.25)
<u-

The relationship between the z-domain and the
w-domain hinges on the important fom1t1 la

(7.26)
To see why this relatfonship is the key, we need only
recall that if the signal z" is the input to an LTI fi lter, the
resulting output is y ln] H(z)z". If the value of z is
z eFi> , then

=

=

y[n ]

= H (ejw)ei,;,,,

where H (ej'") is obviously the same as what we have
called the frequency response.

7-6.1

The z-Plane and the Unit Circle

The notation H (ei"') emphasizes the connection between
the w-domain and the z-domain because it indicates
explicitly that the frequency response H (eiw) is obtained
from the system function H (z) by evaluating H (z)
for a specific set of values of z. Recall that since
the frequency response is periodic with period 2rr,
we need only evaluate it over one period, such as

Figure 7-4: The complex z-plane including the unit
circle, where z = eiw_ The angle around the circle is
determined by the frequency w. The orange shading of
the unit circle corresponds to a frequency interval from
0 to &. The gray dots on the unit circle are the points
(- j. I. j} which correspond lo & = (-~. 0.

1 ).

w.: :

w

- rr <
rr.
If we substitute these values of
into (7.26), we see that the correspondjng values of
z all have unit magnitude and that the angle w varies
from - Jr to +rr.
In other words, the values of
z = eiw lie o n a circle of radius J and range from
the point z
I all the way around the circle and
back to the point z = - l . Quite naturally, the contour
on which all the values of z = eiw lie is called the
uniJ circle . This is illustrated in Fig. 7-4, which
shows the unit circle and a typica1 point z = eiw,
which is at a distance 1 from the origin and at
an angle of w with respect to the real axis of the
z-plane.

=-

7-6 RELATIONSHIP BETWEEN THE z-DOMATN AND THE w-DOMAIN
The graphical representation of Fig. 7-4 gives us a
convenient way of visualizing the relationship between
thew-domain and the z-domain. Because thew-domain
lies on a special part of the z-domain - the unit circle
- many properties of the frequency response are evident
from plots of system function properties in the z-plane.
For example, the periodicity of the frequency response is
obvious from Fig. 7-4, which shows that evaluating the
system function at all points on the unit circle requires
moving through an angle of 2n radians. Since frequency
wis equivalent to angle in the z-plane, 2n radians in
the z-plane correspond to an interval of 2rr radians of
frequency. Continuing around the unit circle more times
simply cycles through more periods of the frequency
response.

7-6.2

The Zeros and Poles of H (z)

We have already seen that the system functi on for an FLR
system is essentially detennined by its zeros. This is
illustrated by the following example.

177

Equations (7.27)-(7.30) give four different equivalent
forms of H (z). 111e factored form in (7 .30) shows clearly
that the zeros of H (z) are at locations z1 = 1, z 2 = er" n,
and Z3 = e- i1r/ 3 = zi in the z-plane. Equation (7.30)
also shows that H (z) -+ oo for z -+ 0. Values of 2 for
which H (z) is undefined (infini te) are calJed pole.~ of
H (z) . 1n this case, we say that the term z3 represents
three poles at 2 = 0 or that H (z) has a third-order pole
at 2 = 0.
We have stated that the poles and zeros determine
the system function to within a constant.
As
an illustration, note that the polynomial ½H (z) =
0.5 - z- 1 + 2 - 2 - 0.5z- 3 has exactly the same poles and
zeros as H (z) in (7.27).
■
Although it is perhaps less obvious, the locations of
both the po les and the zeros are also clear when H (z) is
written in the fom, (7 .28), since each factor of the form
(1 - az- 1) always can be expressed as
(1 - a C l)

= (z -

a)

z
Example 7-9: Zeros and Poles of H(z)

Consider the system function

which can be expressed in the following different forms:
(7.27)

or, if we multiply H (z) by z3 /z 3 , we obtain the following
two equivalent fom1s:

2z 2 + 2z - 1
z3
( z - 1)(z - ei1rl 3)(z - e- i1r/ 3 )
3

H(z)

=z

-

- - - -- - z3 - - - - -

(7.29)
(7.30)

which shows that each factor of the form ( I - aC 1)
represenlS a zero at z = a and a pole at z = 0. When
H (z) contains only negative powers of z. it is usually
most convenient to use the representations of the form of
(7.27) and (7.28) since the negative powers of z have a
direct correspondence to the difference equation and the
impulse response.
It is useful to display the zeros and poles of H (z)
as points in the complex z-plane. The plot in Fig. 7-5
shows the three zeros and the three poles for Example
7-9. Such a plot is cailed a pole-zero plot. This plot
was generated in MATLAB using the zplane function. 4
Each zero location is denoted by a small circle, and
41n the DSP-First toolbox, there is a function called zzplane
that will make pole-zero plots.
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signals are of the form x [n] = z0 for all n, where the
subscript signifies that zo is a particular complex number.
Jn this case, the output is

,1111 {z)

0

y [n]

(3)
9te{z}

0

The quantity H (zo) is a complex constant. which,
through complex multiplication, causes a magnitude and
phase change of the input signal z0. In particular, if zo is
one of the zeros of H (z). then H (zo) = 0 so the output
will be zero.
~

Figure 7-5: Zeros and poles of H (z) marked in a .:-plane
that includes the unit circle.

= H (zo)Zo

Example 7-10: Nulling Signals with Zeros

Forexample, when H(z )
roots are

= 1-22- 1 + 2c2 -z-3. the

=I
22 = ½+ i½ ✓
3
ZJ = ½ - i½ ✓
3
Z1

=

the three poles at z 0 are indicated by a single x
with a numeral 3 beside it. In general, when all the
poles are not concentrated at z 0, the x symbol will
mark the location of each pole. Since the unit circle
is where H (z) is evaluated to obtain the frequency
response of the LTT system whose system function is
H ( z), it is also shown for reference as a grny circle in
Fig. 7-5.

=

7-6.3

Significance of the Zeros of H (z )

In Section 7-6.2 we showed that the zeros of a
polynomial system function are sufficient to determine
H (z) except for a constant multiplier. The system
function determines the difference equation of the filter
because the polynomial coefficients of H (z) are the
coefficients of the difference equation. The difference
equation is the direct link between an input x[n l and
the corresponding output y [n]. However, there are some
inputs where knowledge of the zero locations is sufficient
to make a precise statement about the output without
actually computing it using the d ifference equation. Such

I ei"/3

Ie - jrr/3

As shown in Fig. 7-5, these zeros are all on the unit circle,
so complex sinusoids with frequencies 0, n /3, and -rr /3
wiU be set to zero by the system. That is. the output
resulting from each of the following three signals will be
zero:
x1 [n]

= (z ,)'1 =

= ( 22) X3l11J = (23t x2[n]

11

e/1r11/3
e-J1rn /3

•
As illustrated by this example, the zeros of the
system function that lie on the unit circle correspond to
frequencies at which the gain of the system is zero. Thus.
complex sinusoids at those frequencies are blocked, or
"nulled" by the system.

~

DEMO: PeZ GUI
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~ EXERCISE 7.7: Double-check the fact that the
inputs x 1[n], x 2[n ], and x3[11] determined in Example
7-JO produce outputs that are zero everywhere by
substituting these signals into the difference equation
y Ln] =x [n] -2x[n. - l] +2x[n -2]-x[n-3J to show
that the complex phasors cancel out for all values of n.
Also show that since the filter is linear, it will also null out
signals such as 2cos(rrn/3), which is the sum of x2L11J
and x 3 [n].

7-6.4

::\m{:z)

0
(2)
me{z}

0

Nulling Filters

We have just shown that if the zeros of H (z) lie on
the unit circle, then ce,tain sinusoidal input signals are
removed or ouJled by the filter. Therefore, it should be
possible to use this result in designing an FIR filler that
can null a particular s inusoidal input. Such capability is
often needed to eliminate jamming signals in a radar or
communications system. Similarly, 60-H z interference
from a power line could be eliminated by placing a null
at the correct frequency.
Zeros in the z-plane can remove only signals that have
the special form x fn] = z0. lf we want to eliminate a
sinusoidal input signal, then we actually have ro remove
two signals of the form
+ z i.e.,

Figure 7-6: Zeros on unit circle for second-order nulling
= ±rr/ 4.
filter 10 remove sinusoidal componenlS al
There are two poles a l the origin.

wo

=

Similarly, H2(z)
I - z2z- 1 will remove z2' Thus the
second-order nulling filter will be the product

H (z)

= (1 - z,z- 1)( 1 - z2z- 1)
= 1 - (z1 + z2)z- • + (z1z2)z-2
= 1 _ (ei'~ + e- l~)z- 1 + (eiwoe- iWi1)z-1
= I - 2 cos(wo)z- 1 + z- 2

z': 2;

X[n j

= COS(<.V<,n) = ½ej(~n + ½e- jwon

Each complex exponential can be removed with a firstorder FIR filter, and then the two fi lters would be cascaded
to form the second-order nulling filter that removes the
cosine. The second-order FIR filter will have two zeros
at z1 = ej,;~1 and z 2 = e- iwo. The signal z'/ will be nulled
by a filter with system function

H1 {z)

= 1-

z,z- 1

because H 1(z i) = 0 at z = z 1; i.e.,
H1(z1)

=1-

z1(z 1)-

1

=1- 1=0

= Hi (z) H2(z)

Figure 7-6 s hows the two zeros needed to remove
components at z = e±Jrr/ 4 . For the example depicted in
Fig. 7-6, the numerical values for the coefficients of H (z)
are
H(z)

=

I - 2cos(,r/4)z-

1

+ z- 2 = I -

✓
2,- 1

+ ,- 2

Thus the nulling fi lter that will remove the signal
cos(0.25Jl'l1) from its input is the FIR filter w hose
difference equation is
y [n]

= x [n ] -

✓
2x[n - 1] + x[n - 2]

(7.3 1)
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a plot obtained by evaluating the z-transform magnitude
IH(z)I over a region of the z-plane that includes the unit
circle as well as values both inside and outside the unit
circle. The system in this case is an I I-point running
sum; i.e., it is an FIR filter where the coefficients are
all equal to one.5 The system function for this filter
is
10

H (z)

= I: z-k

(7.32)

k=O

In Section 7-7 we will show that the zeros of the
system function of this filter are on the unit circle at
angles w= 2nk/ll, for k= l , 2, ... , 10. This means
that the polynomial in (7 .32) can be represented in the
form
H (z)
F igure 7-7: z-transfonn for an FIR filter evaluated over
the region r-1.4 5 me{zl 5 1.4] x [- 1.4 S ~m [z) S
I .4] of the z-plane that includes the unit circle. Values
along the unit circle are shown as a colored line where the
frequency response (magnitude) is evaluated. The view
is from the fo1111h quadrant, so the point z I is in the
foreground on the right.

=

= (I

_ ei21r/ ll z-l)(l _ ei41r/ llz- ') ...

(1 _ eil81r/ llz- l)(] _ ej201r/ llz- l)

(7.33)

Recall that each factor of tbe form (1 - ei21Tk/ 11 2 - 1)
represents a zero at z efmk/ ll and a pole at
z = 0. Thus, (7 .33) displays the IO zeros of H (z) at
z = ei21Tk/ JI, fork= 1, 2 ....• 10 and the JO poles at
z 0.
ln the magnitude plot of Fig. 7-7. we observe that
the zeros pin down the three-dimensional plot around
the unit circle. Inside the unit circle, the values of
H (z) become very large owing to the poles at z 0.
The frequency response H(ej w) is obtained by selecting
the values of the z-transform along the unit circle in
Fig. 7-7. A plot of IH (ejw) I versus wis given in Fig. 7-8.
The shape of the frequency response can be explained
in terms of the zero locations shown in Fig. 7-9 by
recognizing that the poles at z = 0 push H (eiw) up,
but the zeros along the unit circle make H (eiw) = O at

=

=

7-6.5

Graphical Relation Between z and w

The equation z = eiw provides the link between the
z-domain and the &-domain. As we have shown in
(7 .25), the frequency response is obtained by evaluating
the system function on the unit circle of the z-plane.
This correspondence can be given a useful graphical
interpretation. By considering the pole-zero plot of the
system function, we can visualize how the frequency
response plot of H (ej';,) results from evaluating H (z)
on the unit circle, and also how it depends on the poles
and zeros of H (z). As an example, we show in Fig. 7-7

=

5Tois is the same system as the I I-point running-average filter
that we discussed io decaiJ in Section 6-7 on p. 145, except that we
have omitted the gain constant I/ 11.
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H (z). We simply need to remember that a pole will
"push up" the frequency response and a zero will "pulJ
it down." Furthermore, a zero on the unit circle will
force the frequency rei.-ponse to be zero at the freq uency
corresponding to the angular position of the zero.
rr

- lr

w

....,

0

7-7

Useful Filters

Now that we can exploit our new knowledge to design
filters with desirable characteristics. In this section, we
will look at a special class of bandpass filters (BPFs) that
are all close relatives of the running-sum filter.

~m {z)

0

DEMO: Three Domains · FIR

Figure 7-10 s hows a frame from a 3-Domain Movie
that illustrates the tie between the n, z. and wdomains.

Figure 7-8: Frequency response (magnitude only) for lhe
11-point running sum. These are the values of H (z) along
the unit circle in the z-plane. There are IO zeros spread
out uniformly along the frequency axis.

l

~

0
0

I

0

7-7.1

(10)

(

me{z}

0

0
0
0

The L -Point Running-Sum Filter

Generalizing from the previous section, the L-point
running-sum filter

0

L-1

y [n)

= 2: x[n -

k]

k=O

I

Figure 7-9: Zero and pole distribution for the I I-point
runnjng sum. There are IO zeros spread out uniformly
along the unit circle and 10 poles at the origin.

has system function
L- 1

H (z)

= L z- k
k=O

w

regular intervals except for the region near = 0 (i.e.,
around z = I). T he unit circle values follow the ups
and downs of H (z) as w goes from -TC to +n with

lzl =

1.
This exam ple illustrates that an intuitive picture of the
frequency response of an LTI system can be visualized
from a plot of the poles and zeros of the system function

Recalling tJ1e formula (6.23) from p. 145 for the sum of
L tem1s of a geometric series, H (z) can be represented
in the forms

I -

l

= '~
°"' z-k = -I -z- -1 - --zL-•(z -1)
L-1

H(z)

z-L

ZL -

(7.34)
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Figure 7- 10: One frame of a 3-Domain Mol'ie showing the different domains: time domain (11). frequency domain (w). the
z-transform domain H(z) and a pole-zero plot. In this movie, the Lero pair moves around on the unit circle.

The final form for H (z) is a rational function where Lhe
numerator polynomial is zL - I and the denominator is
zl- ' (z - I ). The zeros of H(z) w ill he determined by
the roots of the numerator polynomial, i.e., the values of
z such that
Z.L -

I. = 0

(7.35)

=

Since eilnk
I for k, an integer, it is easy to see by
substitutjon that each of the values
z = ei 2lfk/ L fork = 0, I, 2 , .. . , L - l
(7.36)
satisfy (7.35) and therefore these L numbers are the roots
of the Vh-order equation in (7 .35). Because the values in

(7.36) satisfy the equation zL = I , they are called the L th
roots of unity. The zeros of the denominator in (7.34),
which are either z = 0 (of order L - I ) or z = I , would
normally be the poles of H (z) . However, since one of
the L th roots of unity is z
I (i.e.. k 0 in (7.36)) that
zero of the numerator cancels the corresponding zero of
the denominator, so that only the tenn z L - i really causes
a pole of H (z). Therefore, it follows that H (z) can be
expressed in the factored form

=

H (z)

=

L-1

L- l

k=-0

k=I

L:Z-k= Il (I -

=

efmk/ Lz- ' )

(7.37)
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~~~=

:'lm{d

0

0

0

0
(9)

- rr
:He{z }

0
0

Figure 7- 1J: Zero and pole dir..tribution for the 10point running-sum filter. There are nine zeros spread
out uniformly along the unit c ircle. and nine poles at the
origin.

,,1;o,11..

Example 7-11: H (eiiu) from JJ(z)

For a I 0-point running-sum fi lter (L
function is

= I0), the system

= '°' - k = 1-- zc 1 = z9z(:-- 1)
z ~ z
k= O
9

H( )

I

- in

10

1

(7.38)

A pole-zero diagram for this case is shown in Fig. 7-1 1,
and the COITcsponding frequency response for the
running-sum filter is shown in Fig. 7-12. The factors
of the numerator are the tenth roots of unity, and the zero
at z = l is canceled by the con-esponding term in the
denominator. This explains why we have only nine zeros
around the unit circle with the gap at z = 1. The nine
zeros around the unit circle in Fig 7- 11 show up as zeros
along thew axis in Fig. 7- 12 at w 2rrk/10, and it is
the gap at z = 1 that allows the frequency response to be
larger at w= 0. The other zeros around the unit circle
keep H (ei';,) small, thereby creating the "lowpass" filter
frequency response shown in Fig. 7-12.
■

=

2,r

0

- 1o

2,r

JO

71

2

~

7l

w

Figure 7-12: Frequency response (magnitude only) for
the l 0-poi nt running-swn fi.Jter. These are the values along
the unit circle in the z-plane. T here are nine zeros spread
out unifonnly along the frequency axis.

0
0

1f

-2

7-7.2

A Complex Bandpass Filter

Now we have a new insight that tells us how to control the
frequency response of an FfR fi lter by placing its zeros
on the unit circle. This viewpoint makes jt easy to create
other FIR tilters where we control the location of the
passband. If we move the passband to a frequency away
from w= 0 , then we have a filter that passes a small band
of frequency components-a bandpas!> fi lter. or BPF.
The obvious way to move the passband is 10 use all but
one o f the roots of unity as the zeros of an FIR fi lter. A
fonnula for this new tilter is

n

L- 1

H (z)

=

(I - e j2rrk f l.z- l)

(7.39)

ka:O

k#o

=

where tJ,e index k0 denotes the o ne omitted root at z
ei211ko/ L_ An example is shown in Fig. 7-13 for ko = 2
and L = 10. In the general case, the passband of the filter
whose system function is given by (7 .39) should move
from the interval around w= 0 to a like interval around
A

2rrko

W = --

L
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!.:.lmlz}

0
0

0
(9)
!Re{z}

q

Figure 7-14: Frequency response (magnitude only) for
the IO-point complex BPF. These are the values along the
unit circle in the z-plane. There are nine zeros spread out
uniformly along the frequency axis.

0
0 - -- 0

Figure 7-13: Zero and pole distribution for the JO-point
complex BPE The zero at angle 2nko/ L = 2n(0.2) is the
one missing from the tenth roots of unity. The other nine
zeros are spread out at equal angles (2;rk/10) around the
unit circle; there are nine poles at lhe origin.

because the zero is m issing at that frequency. Figure 7-14
confirms our intuition, because with k0 2 the normal2/ 10.
ized frequency of the peak is w/2rc ko/ L
This filter is a bandpass filter, since frequencies outside
the narrow band around w= 0.4rr are given much less
gain than those in the passband of the filter.
The fom1ula in (7.39) is ideal for seeing how to make
the frequency response of a BPF, but it is not very useful
for calculating the filter coefficients of tl1e bandpass fi Iter.
If one attempts a direct multiplication of the factors in
(7.39), nine complex terms must be combined. When all
the algebra is finished, the resulting fi lter coefficients wi1l
turn out to be complex-valued. This fact is obvious if we
realize that the zeros in Fig. 7-13 camwt all be grouped
as complex-conjugate pairs.
Another strategy is needed to get the filter coefficients.
One idea is to view the zero c:listribution in Fig. 7-13 as a
rotation of the zeros of the running-sum filter in Fig. 7- 11.
Note that rotation of the z-plane representation will

=

=

=

have the corresponding effect of shifting the frequency
response along thew-axis by the amount of the rotation.
The desired rotation in this case is by the angle 2rc ko/ L .
So the question is how to move the roots of a polynomial
through a rotation. The answer is that we must multiply
the kill filter coefficient b1: bye- j kB where 0 is the desired
angle of rotation.
Consider the follow ing general operation on a
polynomial G(z):
H (z)

= G(z/r)

Every occurrence of the variable z in the polynomial G(z)
is replaced by z/ r. The effect of this substitution on
the roots of G(z) is to multi ply them by r and make
these the roots of H(z). For the simple example G (z)
z2 - 3z + 2
(z - 2)(z - I),

=

=

H(z)

= G (z/r ) = (z/r)2 2

z

-

3(z/r) + 2

3rz + 2r2
,.2

The two roots of H (z) are now z

(z - 2r )(z - r)
,.2

= 2r and z = r.
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Tn the case of the complex bandpass filter, G (z) is the
running-sum system function
1.-1

G(z)

= I : z- k
k=O

and the parameter r is a complex exponential r =
ejZrrko/L . Remember that multiplication by a complex
exponential will rotate a complex number through the
angle 2rr ko/ L. Now jt is easy to get the new fi lter
coefficients
L- 1

H(z)

~

- rr

2,r

_!!,

5

Q

!!..
5

2rr

T

3,r

T

TC

,':)

"'

Figure 7- 15: Frequency response (magnitude only) for
the I 0-point real BPF. Notice the two passbands at
w= ±2rr(2)/10-one at positive frequency, the other at
negative frequency.

= G(z/r) = G(ze-j2..,,kofL) = I : z-ke;2rrkok/ L
k=-0

Thus the filter coefficients of the complex bandpass filter
are
fork

= 0. I. 2, .. . , L

- I

(7.40)

Another way to determine the frequency response of
the complex bandpass filter is to compute it directly, as
in
L- 1

H (ellv)

= L ei2rrkokfLe-j{'v4

can modify the strategy slightly to get a bandpass filter
with real coefficients if we just take the real part of the
complex BPF coefficients. Thus the klh filter coefficient
is now

bk= cos(2rrkok/ L)

= L e - J<w- j21fko/ l.)4

fork

= 0, l , ... , L -

I

With these real filter coefficients, the new BPF can be
written as the sum of two complex BPFs. By expanding
the coefficients of z-k in terms of complex exponentials
we obtain

k=O
L- 1

L- 1

(7.41)

k=O

= G(e1<w-J21rko/Ll)
This equation shows that the frequency response of the
system whose filter coefficients are given by (7 .40) is a
shifted (by 2rrk0 / L) version of the frequency response
of the L-point nmning-sum filter.

7-7.3

3,r

- , -T

A Bandpass Filter with Real
Coefficients

The obvious disadvantage of the previous strategy is that
the resulting filter coefficients (7.41) are complex. We

H (i.)

= L (cos(21rk0k/ l)) z-k
k=O
1-- 1

= L z-k (½ej2Rkok/ l + ½e-121fkokf'- )
k=O
/. -1

L- 1

k=<l

k=O

= ½I : z - kej2dok/ l + ½L

Z- ke- i2rrkuk/l

where H 1(z) is a complex bandpass fi lter centered on
frequency 2rrko/L and H2 (z) is a complex bandpass
fi lter centered on frequency -2rrk0 / L. Figure 7-15
shows the frequency response for L = 10 and k0 = 2.
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An algebraic manipulation will uncover the exact
location of the new zero. We use the numeratordenominator representation and combine the two tenns
over a commo n denominator. To make the notation
!.;mpler, let p eibr~o/L, so that the conjugate is
p* = e-i 2"Irko/t. _ Then,

~m[zl
0
0

0

z-TRANSFORMS

=

:1le[zl

0

,

0

zL - I

0

I (zL -

=:;

zL -

I

l )(z - p*) + (zL - l)(z - p )
zL- 1(z - p)(z - p*)

-

Figure 7-16: Pole-zero distribution for the JO-point real
BPF. Of the original IO roots of unity, two have been
dropped off the unit circle at the angles ±4n-/ I 0, but a
new one appears on the real axis. There are nine poles al
the origin.

-

w=O.
The frequency response in Fig. 7- 15 has two peaks al
w ± 4rr/ IO = ±2rr /5. so there must be rwo missing
zeros on the unit circle at angles ±4rr/ J0. In Fig. 7-16
we see that the two zeros at z = ei4rr1 1o ei2rr<2i110
and z e-i4rr/ lO = ei2rr(S)/ IO have been replaced by
a single real zero.
Thus, there are eight zeros
on the unit circle and one on the real axis for a
total of nine zeros, which is the order of the ztransform polynomial.
The location of this new
zero appears to be at z cos(2rr k0 / L) cos(0.4rr)
0.309, which is the real part of the missing unit-circle
zeros.

=

=

=

zL-

1 (z

½<P+ p*))

- p)(z - p*)

z = ½<P + p*)
= ½(ei2rr~u/L + e-i2rrku/ L)

=

=

(zL - l) (z -

The two factors (z- p)(z - p*) in the denominator cancel
corresponding factors in the numerator polynomial
zL - l, leaving L - 2 (in this case L - 2 = 8) of the
Llh roots of unity. The tenn (z - ½<P + p*)) is the new
zero at

There are zeros of the frequency response at some of the
frequencies w 2rr k/ L because both component filters
have zeros at all these frequencies except for ±2rrk0 / L.
As is the case with any real-valued filter, the magnitude
of the frequency response exhibits a symmetry about

=

,

-- -2 -- -- + ----zL-l(z _ p)
2 zL-l(z _ p* )

=

= cos(2rrko/ l)

which is the real part of the canceled zeros.

7-8

Practical Bandpass Filter
Design

Although much better filters can be designed by more
sophisticated methods, the example of bandpass filter
design discussed in Section 7-7 is a useful illustration
of the power of the z-transform to simplify the analysis
of such problems. Its characterization of a filter by the
zeros (and poles) of H (z) is used continually in filter
design and implementation. The underlying reason is
that the z-transform converts difficult problems invol ving
convolution and frequency response into sin1ple algebraic

7-8
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Cemer of Symmetry
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Figure 7-17: Impulse response for the 24-point BPF
designed with M ATLAll's firl function. These are the
FIR filter coefficienL<; (bk}, k = 0. I, 2 . .... 23, which are
needed in the difference equation implementation.
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Figure 7-19: Zero and pole distribution fur a 24-puint
BPF de~igned with MATl,AR ·s firl functi on. The
section of unit circle corresponding to the pa,;sband of
H(e1 .:') in Fig. 7-18 is outlined in black.

0

n

w

Figure 7-18:

Frequency response (magnitude only)
for the 24--point BPF. The passbands are U1e intervals
0.48rr .5 Jwl .::: 0. 72n.
The design was performed
withfir1(23 , 2 *[0 .2,O.4),kaw) whcrekaw =
kaiser ( 24, 2. 75) is a Kaiser window.

ideas based on multiplying and factoring polynomials.
Thus, skiUs with basic algebra become essential everyday
tools in design.
As a final example of FIR filters, we present a highorder FIR filter that has been designed by a computeraided filter-design program. Most digital filter design
is carried out by software tools that permit much more
sophisticated control of the passband and stopband

characteri tics than we were able to achieve wi th the
simple analysis of Section 7-7. Desig n programs such as
remez and firl can be found in the MATLAB software
augmented with the Signal Processing Toolbox.
Although it is not our intention to discuss any of these
methods or even how they are used, ir is interesting
to examine the output from the program f i rl to get
a notion of what can be achieved with a sophisticated
design method.
The software allows us to specify the frequency
range for the passband. and then computes a good
approximation to an ideal filter that has unity gain over
the passband and zero gain in the stopband. An example
is shown in Figs. 7-17, 7-18, and 7-19 for a length- 24
FIR bandpass filter.
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Table 7-1: Filter coefficients of 24-point FIR bandpass.

bo = - 0.0108 = b23
b1

=

= b22

0.0037

= - 0.0052 = b 21
b3 = 0.0300 = b20
b4 = 0.0000 = b19
bs = -0.0526 = bis
bi

= b11
b1 = -0.02 19 = b16
bs = 0.1275 = bis
b6

=

0.0 164

= b14
b10 = -0.3236 = b13
b1 I = 0.2330 = b12
b9 = 0.0000

The impulse response o f the 24-point FIR bandpass
filter is given in Fig. 7- 17. Notice that the coefficients
0, l , 2, ...• 23. The
would be labeled lbd, from k
plot shows an obvious symmetry about a midpoint at n =
23 / 2. Table 7-1 lists the values for the impulse response
and filter coefficients. These are the coefficients used in
the difference equation

=

23

y [n]

= L bkx[n -

k]

k=<)

to implement the filter whose frequency response is
shown in Fig. 7- 18. Notice the wide passbands in the
frequency ranges corresponding to 2Jr(0.24) < lcvl <
2JT(0.36). In these intervals, the gain of the filter deviates
only slighlly from one, so the amplitudes of sinusoidal
signals with these frequencies will not be affected by the
filter. We will see in Section 7-9 that this filter has linear
phase, so these frequencies will only experience delay.

z-TRANSFORMS

Also note that in the regions lcvl < 2rr(0.16) and
2JT(0.44) < i&I < 2rr(0.5) the gain is very nearly equal
to zero. These regions are the "stopbands" of the fi lter,
since the amplitudes of sinusoids with these frequencies
will be multiplied by a very small gain and thus blocked
from appearing in the output.
Observe that the frequency response tapers smoothly
from the passbands to the stopbands. In these transition
regions, sinusoids will be reduced in ampljtude according
to the gain shown in Fig. 7-18. In many applications. we
would want such transition regions to be very narrow.
Ideally. we might even want them to have zero width.
While this is theoretically achievable. it comes with a
high price. It turns out that for an FfR frequency selective
(lowpass, bandpass, highpass) filter. the width of the
transition region is inversely proportional to M . the order
of the system function polynomial. The higher the order,
the narrower the transition regions can be, and as M ~
oo, the transition regions shrink to zero. Unfortunately,
increasing M also increases the amount of computation
required to compute each sample of the output, so a tradeoff is always required in any practical application.
Figure 7-19 shows the pole-zero plot of the FIR filter.
Notice the distinctive pattern of locations of the zeros. In
particular. note how the zeros off the unit circle seem to
be grouped into groups of four zeros. Indeed, for each
zero that is not on the unit circle, there are also zeros at the
conjugate location, at the reciprocal location, and at the
conjugate reciprocal location. These groups of four zeros
are strategically placed by the design process to form
the passband of the filter. Similarly. the design process
places zeros on (or close to) the unit circle to ensure that
the gain of the filter is low in the stopband regions of
the frequency axis. Also, note that all complex zeros
appear in conjugate pairs, and since the system function
is a twenty-third-order polynomial, there are 23 poles at
z = 0. In Section 7-9, we will show that these properties
of the pole-zero distribution are the direct result of the
symmetry of the filter coefficients.

7-9
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PROPERTIES OF LINEAR-PHASE FILTERS

Properties of Linear-Phase
Filters

The filter that was discussed in Section 7-8 is an example
of a class of systems where the sequence of coefficients
(impulse response) has symmetry of the form bk = bM-k,
for k = 0, I, . .. , M. Such systems have a number
of interesting properties that are easy to show in the
z-domain representation.

7-9. 1 The Linear-Phase Condition
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In our specific example, we have shown that H (ej"') is
of the form
(7.43)

where, in this case, M
R(ei&)

= 4 and R (ei&) is the real function

= (2bo cos(2w) + 2b1 cos(w) + b2)

By following this style of analysis for the general case,
it is easy to show that (7.43) holds whenever bk = bM-k,
for k = 0, 1, ... , M. ln the general case, it can be shown
that the result depends on whether the integer M is even
or odd

FIR systems that have symmetric filter coefficients (and,
therefore, symmetric impulse responses) have frequency
responses with linear phase. An example that we
have already studied is the L-point running sum, whose
coefficients are all tbe same and therefore clearly satisfy
the condition bk= bM- k> for k = 0, 1. ... , M. The
example of Section 7-8 also has linear phase because
it satisfies the same symmetry condition. To see why
linear phase results from this symmetry, let us consider a
simple example where the system function is of the form

Thus, M = 4 and the length of the sequence is L =
M + I = 5 samples. After working out the frequency
response for this special case, the generalization will be
obvious. First, observe that we can write H (z) as

If M were greater, we would simply have more groups of
factors of the form (l + z-k). Now when we substitute
z = ej&, each of these factors will become a cosine term;
t.e.,

M even

Modd
(7.44)

Equation (7.43) shows that the frequency response of
any symmetric filter has the form of a real amplitude
function R(ej"') timesaUnear-phasefactore- iwM/2 . The
latter factor, as we have seen in Section 6-5.1 on p. 139,
corresponds to a delay of M /2 samples. Thus, the
analysis presented in Section 6-7 for the running-average
fi lter is typical of what happens in the general symmetric
FJR case. The main difference is that by choosing the
fi lter coefficients carefu lly, as in Sec1ion 7-8, we can
shape the function R(ei"') to have a much more selective
frequency response.

7-9.2

Locations of the Zeros of FIR
Linear-Phase Systems

lf the filter coefficients satisfy the condition bk
fork = 0, I , ... , M , it follows that
H (l /z)

= ZM H (z)

= bM-k,
(7.45)
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To demonstrate this "reciprocaJ property" of linear-phase
filters, consider a 4-point system of the fonn

H(J/z)

= b0 + b1(1/z)- + b1 (J/z)- + bo(l/z) - 3
= bo + b1z 1 + b1z2 + boz3
= z3 (b0 + h1z- 1 + b,z- 2 + boz- 3 )
= z3 H(z)
1

2

Following the same style for a general M, (7.45) is easily
proved for the general case.
The reciprocal property of linear-phase filters is
responsible for the distinctive pattern of zeros in the
pole-zero plot of Fig. 7-19. The zeros that are not on
the unit circ le occur as quadruples. Furthem10re, these
quadruples are responsible for creating the passband of
the BPF. Zeros on the unit circle occur in pairs because
the complex conjugate partner must be present. and these
zeros are mainly responsible for creating the stopband of

the filter.
These properties can be shown to be true in general for
linear-phase fi lters. Specifically,
When bk= bM - A, fork= 0, I •... , M, then
if zo is a zero of H(z). so are i1s conjugate,
its inverse, and its conjugate inverse; i.e.,
{ zo, z 0, J/zo. l /z 0}are all zeros of H(z).

7-10 Summary and Links
T he z-transfom1 method was introduced in this chapter
for FTR filters and finite-l ength sequences in general. The
,-transform reduces the manipulation of LTI systems into
simple operations on polynomials and rational functions.
Roots of these z-transfonn polynomials are quite
important because filter properties such as the frequency
response can be inferred directly from the root locations.
We also introduced the important concept of "domains
of representation" for discrete-time signals and systems.
There are three domains: the n-domain or time domain.
thew-domain or frequency domain, and the z-domain.
With three different domains at our disposal, even the
most difficult problems generally can be simplified by
switching to one of the other domains.
Among the laboratory projects on the CD-ROM, we
have already provided two on the topic of FIR filtering
in Chapters 5 and 6. Lab #7 deals with FIR fil tering of
sinusoidal waveforms, convolution, and deconvolution.
Lab #8 deals with the frequency response of common
tilters such as the first difference and the L-point averager.
In Labs #9 and# I 0, FIR fil ters will be used in practical
systems. such as a touch-tone decoder in Lab #9, and
piano note detection in Lab #10. Each of these labs
should be easier to understand and simpler to carry out
with the newly acquired background on z-transforms.

•~•
The conjugate zeros are included because the filter
coefncients, which are also the coefficients of H(z), are
real. T herefore, all of the zeros of H (z) must occur
in complex-conjugate pairs. The inverse property is
true because the fi lter coefficients am symmetric. Using
(7.45), and assuming that zo is a zero of H (z). we get
H(l/zo)

= zt H(zo) = O
1

=

Since H (zo) = 0, then we must have H ( l / zo)
0 also.
Most FIR filters are designed with a symmetry property,
so the zero pattern of Fig. 7- l 9 is typical.

z-TRANSFORMS

LAB: #9 Encoding and Decoding Touch-Tones
·•a"•

LAB: # 10 Octave Band Altering

The CD-ROM also contains some demonstrations of
the relationship between the z-plane and the frequency
domai n and time domain.
(a) A three-domain movie that shows how the frequency
response and the impulse response of an FIR filter
change as a zero location is moved. Several different
filters are demonstrated.
·~

DEMO: Three Domains - FIR
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(b) A movie that animates the relationship between
lhe z-plane and lhe unit circle where the frequency
response lies.
DEMO: Z to Freq

(c) The MATLAB program PeZ6, to faci litate exploring
the three domains. The M-files for PeZ can be
copied and run under MATLAB.
1~

DEMO: PeZ GUI

(d) A tutorial on how to run PeZ.
ffa.'<:

· ~ NOTE: Hundreds of Solved Problems

(a) Determine the difference equation that relates the
output y[n] of the system to the input x[n].
(b) Determine and plot the output sequence y ln] when
the input is x[n] = 8[n].

P-7.4 An LTI system is described by the difference
equation

yln]

= -3I (x ln] + xln -

IJ + x[n - 2])

(a) Determine the system function H (z) for this system.
(b) Plot the poles and zeros of H(z) in the z-plane.

Problems

P-7.1 Use the superposition and time-delay properties
to find the z-transfom1s of the following signals

X1 [11]

P-7.3 Suppose that an LTI system has a system function

DEMO: PeZ Tutorial

As in previous chapters, the reader is reminded of the
large number of solved homework problems on the CDROM that are available for review and practice.

7-11

and in the process show that for the first difference
system, H(z) = I - z- 1•

(d) Sketch the frequency response (magnitude and
phase) as a function of frequency for - rr ~ w~ rc.

= o[n]

= o[n - l]
X3[n l = o[n - 71
X4[n] = 28[11] - 38[11 -

(c) From H (z) obtain an expression for II (ejw), the
frequency response of this system.

X2[n]

(e) What is the output if the input is

I]+ 40[11 - 3]

P-7.2 Use the superposition and time-delay properties
of (7.9) and (7. 12) to determine the z-lransform Y(z) in
terms of X ( z) if
y[n ]

= x [n] -

x[n - 1]

6 Originally written by Crnig Ulmer. PeZ has been updated by
Koon Kong.

x [n]

= 4 + cos[0.25rr(n -

I)] - 3 cosf(2ir/3)n)

P-7.5 Consider an LTI system whose system function is
the product of five terms

H(z)

=

(l - z- l)(t - eirrf 2z- ' ) (l - e- irr/2z- l)
···(l -0.9ei,.l 3 z- 1 )(l -0.9e-iJT/Jz- 1)

192

CHAPTER 7

(a) Write the difference equation that gives the relation
between the input x[n] and the output y[11].

z-TRANSFORMS

(c) Suppose that System I is a 3-point averager
the
di ffcrence
equation
described
by
y , (11] ½<x[n] + x [11 - l] + x [n - 21)
and
System 2 is described by the system function
H2(z) = ½C1 + Z- 1 + z - 2). Determine the system
function of the overall cascade system.

=

Hint: M ultiply out the factors of H (z).
(b) Plot the poles and zeros of H (z) in the complex
z-plane.

(c) IJtheinputisoftheformx[n} = AeNiejam, forwhat
values of -n < w~ 1T w ill y [n] = O?

P-7.6 The diagram in Fig. P-7.6(a) depicts a cascade
connection of two LTI systems; i.e., the output of the
first system is the input to the second system and the
overall output is the output of the second system.

x [n]

LTI I

yi[n]

LTI2

y[11]

X(z)

Hi(z), hi[n]

Y1(z)

H 2(z), h2[11 l

Y(z)

(d) Obtain a single difference equation that relates y[n]
to x [nJ in Fig. P-7.6(a). Is the cascade of two 3point averagers the same as a 6-point averager? Why
would a better tenn be "weighted averager''?

(e) Plot the poles and zeros of H (z) in the complex
z-plane.
lf) From H (z) obtain an expression for the frequency
response H (eiw) and sketch the magnitude of the
frequency response of the overall cascade system as
a function of frequency for - rr ~ w~ 1T.

(a)

P-7.7 Factor the following polynomial and plot its roots
in the comp lex plane.

x[n]

LTl2

Y2ln)

LTI l

y[n]

X(z)

fl2(z), h2[n]

Y2(z)

Hi(z), h1L11)

W(z)

In MATLAB, see the functions called r oots and

(b)

zplane.

Figure P-7.6

P-7.8 An LTT system is described by the d ifference
equation
(a) Use z-transforms to show that the system function
for the overall system (from x[11] to y i n I) is H (z)
H2(z)H1 (z), where Y(z) = H(z) X(z).

=

(b) Use the result of (a) to show that the order of the
systems is not important; i.e., show that for the same
input x (11] into the systems of Figs. P-7.6(a) and
P-7.6(b), the overall outputs are the same (w[n] =
y [n]).

y [n]

1

= 4 {xlnJ + x[n l

1] + x[n - 2J + x [n - 3]}

3

= 4 I >r11-kJ
k=O

(a) What is /i[n]. the impulse response of this system?
(b) Determine the system function H (z) for this system.

7- 11
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(c) Plot the poles and zeros of H (z) in the complex
z-plane.

P-7 .10 Suppose that an LT! system has system function

equal to

Hint: Remember the L th roots of unity.
(d) From H (z), obtain an expression for the frequency

response H (eiw) of this system.
(e) Sketch the frequency r~--ponse (magnitude and
phase) as a function of frequency (or plot it using
freqz ( ) in MATLAB, or freek z ( } in the SPFirst Toolbox).

The input to the system is the sequence
x(n]

l] - 2o[n - 2) + 40(11 - 4]

(a) Without actually computing the output. determine
from the above information the values of N1 and N2
so that the following is true:

(f) Suppose that the input is
x [n]

= 20(11] + o[n -

y [n]

= 5 + 4cos(0.2rrn) + 3 cos(0.5rrn + rr/4)

=0

forn < N1 and n > Ni

for -oo < n < oo. Obtain an expression for the
output in the form y[n ] = A+ B cos(WQn + <l>o).

(b) Use z-transforms and polynomial multiplication to
find the sequence y [nj = x[n] * h[n].

P-7.9 The diagram in Fig. P-7.6(a) depicts a cascade

P-7.11 The intention of tbe following MATLAB program

connection of two LTI systems; i.e., the output of the
first system is the input to the second system, and the
overall output is the output of the second system.
Tn this problem, assume that both systems in Fig. P-7.6
are 4-point running averagers.

is to filter a sinusoid using the conv function.

(a) Determine the system function H (z)
for the overall system.

= H 1(z)H2 (z)

(b) Plot the poles and zeros of H (z) in the z-plane.
Hint: The poles and zeros of H (z) are the combined
poles and zeros of H1 (z) and H2(z).

(c) From H(z), obtain an expression for the frequency
response H(eii<> ) of the overall cascade system.
(d) Sketch the frequency response (magnitude and
phase) functions of the overall cascade system for
-Jr<

omega= pi/6;
nn
[ 0 : 29 ) ;
xn = cos(omega*nn - pi/4);
bb

yn

[ 1 0 0 l l;
conv( bb, xn );

(a) Determine H (z) and the zeros of the FIR filter.
(b) Determine a fonnula for yln], the signal contained
in the vector yn. Ignore the first few points,
so your formula must be correct only for n ~ 3.
This formula should give numerical values for the
amplitude, phase and frequency of y[11].
(c) Give a value of omega such that the output is
guaranteed to be zero, for 11 ~ 3.

w.:::: n:.

(e) Use multiplication of z-transform polynomials to
determine the impulse response h[n] of the overall
cascade system.

P-7 .12 Suppose that a system is defined by the system
function
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(a) Write the time-domain description of lhis system in
the fonn of a difference equation.
(b) Write a formula for the frequency response of the
system.

(c) Derive simple formulas for the magnitude response
versus wand the phase response versus w. These
formulas must contain no complex terms and no
square roots.

P-7.15 The input to the C-to-D converter in Fig. P-7.15
is
x(t)

= 4 + cos(250irt -

If l s = I 000 samples/sec, determine an expression for
y(t), the output of the D-to-C converter.

=
x(t)

(e} When the input to the system is x [n] = cos(nn/3)
determine the output signal y [n] in the form:

Ideal

+ -

J~ -

Give numerical values for the constants A ,
¢.

=I -

3z- 2

-

4z-4

The input to this system is
x[n]

= 20 -

20o[n]

+ 20cos(0.5nn + ,r /4)

for -oo < 11 < oo. Determine the output of the system
y [n] corresponding to lhe above input x [n ] . Give an
equation for y [n] that is valid for all n.
Note: This is an easy problem if you approach it
correctly!

y[n)

Ideal

y(t)

D -to-C

l s = t;

I

T~

Figure P-7.15

P-7 .16 In the cascade system ofFig. P-7.6(a) it is known
that the ystem function H (z) of the overall syMem is the
product of four terms
H (z )

= (J-

z- 2 )( 1 -0.8e1" 14 z- 1)
(I -

P-7.14 An LTI system has system function

4z- 2 )

LTl

System

H (:)

,.vo and

P-7 .13 Show that the system defined by the difference
equation (7 .3 1) on p. 179 will null any sinusoid of
the form A cos(0.25rr n + ¢) independent of the specific
values of A and¢.

= (l + z- 2 ) (1 -

x(nl

C-10-D

A cos(won + ¢)

H (z)

ir/4) - 3 cos( (200(hr /3) t]

The syste m function for the LTI system is

(d) This system can "null" certain input signals. For
which input frequencies is the response to x[nJ
cos(won) equal to zero?

wo

z-TRANSFORMS

0.8e- 1" 1-'z- 1)(J + z- 2)

(a) Detennine the poles and zeros of H (z) and plot them

in the complex z-plane.
(b) It is possible to determine two system function s
H , (z) and H2 (z) so that:
( I ) The overnll
cascade system hac; the given system function
H(z), and (2) the output of the first system is
ytfn I= x [n] - x[11 - 4J. Find Hi (z) and H2(z).
(c) Determine the difference equation that relates y [n l
to YI [n] for your answer in (b).

7- 11
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P-7.17 In Section 7-9 we showed that symmetric AR
fi lters have special properties. In this problem, we
consider the antisymmetric case where bi. = -bM- b for
k
0, I , ... , M. Consider the specific example

=

where in this case, b2

= -b2 = 0.

(a) Show that, for this example,
H(eiw)

= [2ho sin(2w) + 2b1 sin(w)]eiln/i-iw2>

(c) Use polynomial multiplication to determine the
corresponding impulse response h In I for the overall
system.
(d) Obtain a single difference equation that relates y in J
to x [11] in the cascade system.
(e) Can you see how this result could be used to do linear
interpolation of a signal that had been subsampled
by four? State a complete procedure based on your
results in (a)- (d).
(f) Show that H 1 (z)

=

H2(z) can be expressed as

(b) Show that, for this example,
H(l /z)

= -z4 H (z)

(c) Generalize these results for any M (i.e., both even
and odd).

(g) Find H (z} and plot its poles and zeros in the complex
z-plane.
(h) Show that the frequency responses of the two
systems are

P-7.18 Refer to Pig. P-7.6(a) which depictc; a cascade
connection of two LTI systems.
(a) Suppose that System I and System 2 both have a
"square pulse·• impulse response of the form

(i) From H (z) found in (g) obtain an expression for
the frequency response H (eiw) and sketch the
h 1[nJ h2lnl 8[nl + 8[11 - 1) + 8(11 - 2] + 8[n - 3J
magnitude of the frequency response of the overall
cascade system as a fu nction of frequency for
Determine the system functions H 1(z) and H 2 (z)
-,r ~ w~.TC.
for the two systems.
Hint:
Note that H (eii")
H2 (eF") H 1(ej,;,)
11
(b) Use z-transfonn s to determine the system function
[H1 (eiw) f
I H2(e i>)]2.
H (z) of the overall system.

=

=

=

=

=

E R

C H

IIR Filters
properties of llR filters can be obtained directly from the
pole-zero representation.
We begin this chapter with the first-order IIR system,
which is the simplest case because ii involves feedback
of only the previous output sample. We show by
construction that the impulse response of this system has
an infinite duration. Then the frequency response and the
z-transform are developed for the first-order fi lter. After
showing the relationship among the three domains of
representation for this simple case, we consider secondorder filters. These filters are particularly important
because they can be used to model reso11auces such
as would occur in a speech synthesizer, as well as
many other natural phenomena that exhibit vibratory
behavior. The frequency response for the second-order
case can exhibit a narrowband character that leads to
the definition of bandwidth and center frequency, both

This chapter introduces a new class of LT! systems that
have infinite duration impulse responses. For this reason.
systems of this class are often called infinite-impulseresponse (llR) systems or llR filters. In contrast to FIR
filters, UR digital filters involve previously computed
values of the output signal as well as values of the
input signal in the computation of the present output.
Since the output is "fed back" to be combined with the
input, these systems are examples of the general class of
f eedback systems. From a computational point of view,
since output samples are computed in terms of previously
computed values of the output, the term recursive filter
is also used for these filters.
The z-transform system functions for UR filters are
rational functions that have both poles and zeros at
nonzero locations in the z-plane. Just as for the FIR
case, we will show that many insights into the important
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of which can be controlled by appropriate choice of
the feedback coefficients of the fi lter. The analysis and
insights developed for the first- and second-order cases
are readily generalized to hjgher-order systems.

FIR systems we have referred to M as the order
of the system. In this case, M is the number of
delay terms in the difference equation and the degree
or order of the polynomial system function.
For
IIR systems, we have both M and N as measures
of the number of delay terms, and we will see that
the system function of an UR system is the ratio of
an M th -order polynomial to an N th -order polynomial.
Thus, there can be some ambiguity as to the order
of an IIR system. In general, we will define N, the
number of feedback terms, to be the order of an IIR
system.

8-1

8-1

The General IIR Difference
Equation

FIR filters are extremely useful and have many nice
properties, but that class of filters is not the most general
class of LTI systems. This is because the output y[n l is
formed solely from a finite segment of the input sjgnal
x[n]. The most general class of digital filters that can
be implemented with a firute amount of computation
is obtained when the output is formed not only from
the input, but also from previously computed outputs.

Example 8-1 : HR Block Diagram

Rather than tackle the general form given in (8.1),
consider the first-order case where M = N = I; i.e.,

DEMO: 1/R Filtering

y[n]

The defining equation for this class of digital filters is the
difference equation

N

y[n]
1

M

= I >ey[11 - £] + I >kx[,1.-k]
£=1

(8.1)

k=O

The filter coefficients consist of two sets: (bkI and
{ae}. For reasons that will become obvious in the
following simple example, the coefficients {at) are called
the feedback coefficients, and the {bk) are called thefeedfonvard coefficients. In all, N + M + 1 coefficients are
needed to define the recursive difference equation (8. 1).
Notice that if the coefficients (atl are all zero,
the difference equation (8.1) reduces to the difference
equation of an FIR system. Indeed, we have asserted
that (8.1) defines the most general class of LTI systems
that can be implemented with finite computation, so
FIR systems must be a special case. When discussing

= a1y[n -

1] + box[n]

+ b1x[n -

]]

(8.2)

The block diagram representation of this difference
equation, which is shown in Fig. 8-l , is constructed
by noting that the signal v[n] = box[n ] + b 1x[n - I) is
computed by the left half of the diagram, and we "close
the loop" by computing a 1y[n - 1] from the delayed
output and adding it to u[n] to produce the output y[n.J.
This diagram clearly shows that the terms feed-forward
and feedback describe the direction of signal flow in the
block diagram.
■
We will begin by studying a simplified version of
the system defined by (8.2) and depicted in Fig. 8-1.
This will involve characterizing the filter in each of the
three domains: time domain, frequency domain, and
z-domain. Since the fiJrer is defined by a time-domain
difference equation (8.2), we begin by studying how the
difference equation is used to compute the output from
the input, and we will illustrate how feedback results in
an impulse response of infinite duration.
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x[11]

2

-2 - 1

2

0

2

3

4

5

6

11

-3
Feed-Forward Part

Feedback Part

Figure 8-2: Input signal to recursive difference equation.

Figure 8-1: First-order HR system showing one feedback
coefficient a1 and two feed-fonvard coefficients ho and b 1•

8-2 Time-Domain Response
To illustrate how the difference equation can be used to
implement an IIR system, we will begin with a numerical
example. Assume that the filter coefficients in (8.2) are
a1
0 .8. bo 5, and b1
0, so that

=

=

y[n]

=

IJ + sxrnJ

= 0.8yln -

(8.3)

and assume that the input signal is
x [n]

= 28[n] -

38[11 - I] + 2(Hn - 3]

(8.4)

Tn other words, the total duration of the input is four
samples, as shown in Fig. 8-2.
Although it is not a requirement, it is logical that the
output sequence values should be computed in normal
order (i.e., from left to right in a plot of the sequence).
Furthermore, since the input is zero before n
0, it
would be natural to assume that n = 0 is the starting
time of the output. Thus, we will consider computing
the output from the difference equation (8.3) in the order
n
0, 1, 2, 3, .. . . For example, the value of x [OJ is 2,
so we can evaluate (8.3) at 11 0 obtaining

=

=

y[0)

=

= 0.8y[0 -

IJ + 5x[0]

Immediately we run into a problem: The value of y [n] at
11 = - I is not known. This is a serious problem, because
no matter where we start computing the output, we will
always have the same problem; at any point along the
n-axis, we w ill need to k now the output at the previous
time 11 - I. If we know the value y[n - l], however,
we can use the d ifference equation to compute the next
value of the output signal at time 11. Once the process b
started, it can be continued indefinitely by iteration of the
difference equation. The solution requires the following
two assumptions, which together are called the initial
rest conditions.

= 0.8y[-l] +5(2)

(8.5)

Initial Rest Conditions
l. The input must be assumed to be zero prior
to some starring time no; i.e., x [n I = 0 for
11 < no. We say that such inputs are suddenly

applied.
2. The output is likewise assumed to be zero
prior to the starting time of the signal; i.e.,
y[n]
0 for n < no. We say that the system
is initially at rest if its output is zero prior to
the application of a suddenly applied input.

=

These conditions are not particularly restrictive,
especially in the case of a real-time system, where a new

8-2 TIME-DOMAIN RESPONSE

199

output must be computed as each new sample of the input
is take n. Real-time systems must, of course, be causal
in the sense that the computation of the present output
sample must not involve future samples of the input or
output. Furthermore, any practical device would have a
time at which it first begins to operate. All that is needed
is for the memory containing the delayed output samples
to be set initially to zero. 1
With the initial rest asswnption, we let y [n] = 0 for
11 < 0, so now we can evaluate y [O) as

y[OI = 0.8y[- l l + 5(2)

= 0.8(0) + 5(2) = IO

O nce we have started the recursion, the rest of the values
follow eas ily, s ince the input signal and previous outputs
are known.

y[IJ = 0.8y [O] + 5xl I I = 0.8(10) + 5(- 3)
y[21

=- 7

= 0.8y fl] + 5x[2] = 0.8(-7) + 5(0) = -5.6

= 0.8y[2] + 5x[3] = 0.8(-5.6) + 5(2) = 5.52
y[4J = 0.8y[31 + 5xf4] = 0.8(5.52) + 5(0) = 4.416
y l51 = 0.8y[4J + 5x[5J = 0.8(4.416) + o = 3.5328

y[n)

10

:,'1-

-3 - 2 - 1 0

-7

y [n]

= 0.8y[n -

lJ

for

II

> J

T hus the ra tio between successive terms is a constant,
and the output signal decays exponentially with a rate
11n

the case of a digital filter applied to sampled data stored
in computer memory. the causality condition is nol required. but,
generally. the output is computed in the same order as the natural
order of the input samples. The difference equation could be recursed
backwards through the sequence, but this would require a different
definition of initial co11ditio11s.

4

5

6

7

It

- 5.6

=

determined by a 1 0.8. Therefore, we can write the
closed form expression

y [n]

= y f3](0.st-3

for n 2: 3

for the rest of the seque nce y [ 11 l once the value for y[3]
is known.

8-2.1

of the output signal after the input turns off (n > 3). For
this range of 11 , the difference equation becomes

3

2

:,' '.1~' '..1-'.1,b

Figure 8-3: Output signal from recursive difference
equation of (8.5) for the input of Fig. 8-2. For 11 > 3,
the sequence is proportional to (0.8)". because the input
signal ends at n = 3.

y[3]

This output sequence is plotted in Fig. 8-3 up ton= 7.
O ne key feature to notice in F ig. 8-3 is the structure

I

b,.ci.'l-

Linearity and Time Invariance of IIR
Filters

When applied to the general IIR diffe rence equation of
(8. 1), the condition of initial rest is sufficie nt to guarantee
that the system implemented by iterating the d ifference
equation is both linear and time-invariant. A lthough the
feedback terms make the proof more complicated than the
FIR case (see Section 5-5.3 on p. 117), we can show that,
for suddenly a pplied inputs a nd initiaJ rest conditions,
the principle of superposition w ill hold because the
difference equation involves only linear combinations of
the input and output samples. Furthermore, s ince the
initial rest condition is always applied j ust before the
beginning of a suddenly a pplied input, time invaria nce
also holds.
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~ EXERCISE 8.1:

Assume that lhe input
t.o the difference equation (8.3) is x 1[n) = lOx[n - 4J,
where x(n] is given by (8.4) and Fig. 8-2.
Use
iteration to compute the coJTesponding output y 1(11] for
n = 0, I, ... , 11 using the assumption of initial rest.
Compare your result to the output plotted in Fig. 8-3,
and verify that lhe system behaves as if it is both linear
and time-invariant.

8-2.2

Impulse Response of a First-Order
IIR System

In Chapter 5, we showed that the response to a unil
impulse sequence characterizes a linear time-invariant
system completely. Recall that when x[nJ = <5ln], the
resulting output signal, denoted by h[n], is by definition
the impulse response. Since all other input signals can
be written as a superposition of weighted and delayed
impulses, the co1Tesponding output for all other signals
can be constructed from weighted and shifted versions of
the impulse response, h[n). That is, since the recursive
difference equation with initial rest conditions is an LTI
system, its output can always be represented as the
convolution sum

must be satisfied by the impulse response h[n] for all
values of n. We can construct a general formula for
the impulse response in terms of the parameters a1 and
ho by simply constructing a table of a few values and
then writing down the general formula by inspection.
The following table shows the sequences involved in the
computation:
< Q 0

I

2

8[n]

0

1

0

0

hln - I]

0

0

ho

bo(a1 )

h[nl

0

ho

n

=

L x[k]h[11 - k]

(8.6)

Therefore, it is of interest to characterize the recursive
difference equation by its impulse response.
To illustrate the nature of the impuJse response of an
IIR system, consider the first-order recursive difference
equation with b 1 = 0,

= a1y[n -

1) + box[ii].

h[n]

lz[n]

= a 1h[n -

= ! bo(a1)n
0

I]+ b0o[n]

u[n]

...
bo(a1>2 bo(a1)3 ...
bo(a1 )3 bo(a,)4 .. .
0

0

for n :::= 0
for n < 0

(8 _9)

=

1 forn > 0

1

-

0 for II < 0

(8. 10)

(8.9) can be expressed in the form

= bo(a,tu ln]

(8.11)

where multiplication of (a 1)" by 1t[11] provides a compact
representation of the conditions n < 0 and n :::: 0.
~

Example 8-2: Impulse Response

For the example of (8.3) with a 1
impulse response is

h[n]
(8.8)

...

4

If we recall the definition of the unit step sequence,

(8.7)

By definition, the difference equation

3

bo(a1) bo(a1 ) 2

h[n]

k=- oo

y[11]

II

From thjs table, we see that the general formula is

00

y[n]

IIR FILTERS

= 5(0.8)"u[n] =

l

= 0.8 and b0 = 5, the

5(0.8t

for n ::: 0

0

for n < 0

(8.12)

This is the impulse response of the system in (8.3 ).

■
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EXERCISE 8.2: Substitute the solution (8.J I)
into the difference equation (8.8) and verify that the
difference equation is satisfied for all values of n.

'.s;I EXERCISE 8.4: Find the impulse responseh[n]
of the following first-order system:
y [n]

=-

0.5y [n - ]] - 4x[n]

+ 5xfn -

l ].

Plot the resulting impulse response as a function of 11.

EXERCISE 8.3: Find the impulse response of
the following first-order system:
y[n]

= 0.5y[n -

I]

+ 5x[n -

7]

Assume that the system is at rest for n < 0. Plot the
resulting signal h[n] as a function of 11.. Pay careful
attention to where the nonzero portion of the impulse
response begins.
A slightly more general problem would be to find
the impulse response of the first-order system when a
shifted version of the input signal is also included in the
difference equation; i.e.,
y [n]

= a 1y [n -

l) + bo.r[n] + b,x[n - I]

8-2.3

Response to Finite-Length Inputs

For finite-length inputs, the convolution sum is easy to
evaluate for either FIR or IIR systems. Suppose that the
finite-length input sequence is
Ni

x[n]

L x[k]<5[n -

=

k]

k=N1

=

so that x[n] Oforn < N 1 andn > N 2 • Thenitfollows
from (8.6) that the corresponding output satisfies
N2

y [n]

L x[k]h ln -

=

k]

k=N1

~

Example 8-3: HR Response to General
Input

Because this system is linear and time-invariant, it
follows lhat its impulse response can be thought of as
a sum of two terms as in

As an example, consider agrun the LTl system de fined
by the difference equation (8.3), whose impulse response

was shown in Example 8-2 to be h[n)
the input of (8.4) and Fig. 8-2,

x[n]
II

= 28[n] -

= 5(0.8)'' u[n]. For

3S[n - I]+ 28(11 - 3)

< 0

n=O
n~l

it is easily seen that
y [n]

= 2h[n] =

Notice that the impulse response still decays exponentially with rate dependent only on a 1•

3h[,i - J] + 2h [n - 3)
10(0.8) u[11) - 15(0.8)"- 1u [n - I]
11

+ 10(0.8t

- 3 u[n - 3)
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To evaluate this expression for a specific lime index, we

and use it to find the output due to the input signal

n~ed to take into account the different regions over which
the individual 1e1ms are nonzero. If we do, we obtain

y[n]

=

0

ll

JO
10(0.8) - 15 = -7
10(0.8)2 - 15(0.8) = - 5.6

n=O

10(0.8)3 - 15(0.8)2
5.52(0.8)"- 3

+ 10 = 5.52

n

< 0

=1

Example 8-3 illustrates two important points about UR
systems.

l. The initial rest condition guarantees that the output
sequence does not begin until the input sequence
begins (or later).
2. Because of the feedback, the impulse response is
infinite in extent, and the output due to a fin itelength input sequence, being a superposition of
scaled and shifted impulse responses, is generally
(but not always) infinite in extent. This is in contrast
to the FIR case, where a finite-length input always
produces a finite-length output sequence.

~ EXERCISE 8.5:
the first-order system
y[n]

Find the impulse response of

= - 0.5y [n -

1] + 5x[n]

x[11]

II= 2
n=3
n>3

A comparison to the output obtained by iterating the
difference equation (see Fig. 8-3 on p. 199) shows that
we have obtained the same values of the output sequence
by superposition of scaled and shifted impulse responses.

IIR FILTERS

=

0

n < I

3

n= I

-2
0

11

=2

Jl

=3

3

n=4

- I

n=5

0

n>5

Write a formula that is the sum of four terms, each of
which is a shifted impulse response. Assume the initial
rest condition. Plot the resulting signal y[n] as a function
of n for O ~ 11 ~ 10.

8-2.4 Step Response of a First-Order
Recursive System
When the input signal is infinitely long. the computalion
of the output of an HR system using the difference
equation is no different than for an FIR system; we
simply continue to iterate the difference equation as long
as samples of the output are desired. In the Fm case, the
difference equation and the convolution sum are the same
thing. This is not true in the UR case, and computing
the o utput using convolution is practical onJy in cases
where simple fonnulas exist for both the input and the
impulse response. Thus, in general, TIR filters must be
implemented by iterating the difference equation. The
computation of the response of a first-order ITR system
to a unit step input provides a relatively simple illustration
of the issues involved.
Again, assume that the system is defined by

y [n]

= a 1yfn -

I]+ box[n]

8-2 TIME-DOMAJN RESPONSE
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and assume that the input is the unit step sequence given
by

u(nj

=

I~

for ll ?: 0
for n < 0

(8. 13)

As b efore, the difference equation can be iterated to
produce the output sequence one sample at a time. The
first few values are tabulated here. Work through the
table to be sure that you understand the computation.

x[n]

n
11

y[n]

< 0

0

0

0

l

bo

1

I

bo + bu(a 1)

2

I

bo + bo(a1) + bo(a1) 2

3

I

b0(1 +a,

4

l

bo(I

y [n]

= bo

1 - a"+'
1

+a; +af)

+ a1 + af + a·11 + a1)

(8. 16)

Three cases can be identified: la1 I > l, la1I < 1, and
1. Further investigation of these cases reveals two
types of behavior.

la 1I =

I. When lad > 1, the term a~•+ I in the numerator will
dominate and the values for y[n ] will get larger and
larger without bound. T his is called an unstable
condition and is usually a s ituation to avoid. We
will say more about the issue of stabili ty later in
Sections 8-4.2 and 8-8.

1 -a"+I
bo
. y LII I = l;m
bo
I
Ilffi
=-""
,, oo
11....-00
I - a,

II

(8. 14)

= hoLaf

3. When la, I = I, we might have an unbounded
outpul, but nol always. For example. when a 1
I,
(8.14) gives y [n) (n + l)bo for 11 ?: 0, and the
output y in] grows as 11 -+ oo. On the other hand,
for a 1 - 1, the output alternates; it is y [n J bu
for n even, but y[n] 0 for II odd.

k=O

With a bit of manipulation, we can get a simple closedform expression for the general term in the sequence y[n].
For this we need to recall the formula

=

Lrk=

I
L

1-r

+1

r

'I- l

(8.15)

=

=

The MATLAB plot in Fig. 8-4 shows the ste p response
for the filter
y [n}

J - r l+I

=

=

= ho(l +a1+af +··•+a;')

k=O

for n?: 0,

a;•+'

From the tabulated values, it can be seen that a general
formu la for y in ] is

(,

1 -a1

2. When lad < 1, the term
will decay to zero
as 11 - oo. In th is case, the system is stable .
Therefore, we can find a limiting value for y[n] as
n-+ oo

I

y[nl

which is the formula for summing the first L + I terms
of a geometric series. Armed with this fact, the formula
(8. 14) for yln) (when a 1 'I- 1) becomes

= 0.8y(n -

IJ + 5x[n]

Notice that the limiting value is 25, which can be
calculated from the filter coefficients

r = l
Lim y [n]
11-,00

5
= -1 -ho-a, = - = 25
1 - 0.8
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ufn]

~l ..

u[n - k]

~~

k < 0 (or n < k). The fina l result

for n < 0

III IIIIIIIIIIIIIl
5

0

nlI lI

IIIII III I

t... ! J

5
10
Time Index (n)

0

for II

n

y[n]

=

II

L

bo(a1t-k

= bo(ai)" L

k=O

(a,)-1-

k=O
11

1

_ b ( )" l - (l /ai) +
o a1
l - (1 /a1)

IS

(8. 18)

-

1 - (a1)'•+ l

Figure 8-4: (a) Unit-step signal u[11], (b) Step response
of a first-order UR filter.

Now suppose that we try to compute the step response
by the convolution sum
00

L x[k ]h [n -

0

Using (8.15) we can write the step response for n :'.'.: O as

(b)

y[n] = x[n] * h [n] =

:'.'.:

15

JO
(a)

y[n)

= 0 for n -

is

kl

=bo- - -1 - a1

which is identical to (8.16), the step response computed
by iterating the difference equation. Notice that we were
able to arrive at a closed-form expression in this case
because of the special nature of the input and impulse
response. Tn general, it would be difficult or impossible
to obtain such a closed-form result, but we can always
use iteration of the difference equation to compute the
output sample-by-sample.

(8.17)

k= - oo

Since both the input and tl1e impulse response have
infinite durations, we might have difficulty in c,mying
out the computation. However, the fact that the input
and output are given by the formulas x [n] = u [n] and
h[nl = bo(a,)"u[n] makes it possible to obtain a result.
Substituting these formulas into (8. 17) gives

8-3

System Function of an IIR Filter

We saw in Chapter 7 for the FIR case that the system
function is the z-transform of the impulse response
of the system, and that the system fu nction and the
frequency response are intimately related. Furthermore,
the following result was shown:

00

y[n]

=

L

u[k]bo(a 1)"- ku[n - k]

k=- cc

The u[k] and u[n - k] tenns inside the sum will change
the limits on the sum because u [k] = O for k < O and

Convolution iu tlze n-domain corresponds
to multiplication in the z-domain.
y [n]

= xln] * h[n]

Y(z)

= X(z)H(z)

8-3
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The same is true for the HR case. The system function
for an FIR filter is always a polynomial; however, when
the difference equation has feedback, it turns out that the
system function H(z) is the ratio of two polynomials.
Ratios of polynomials are called rati.onal functions. In
this section we will determine the system function for
the example of a first-order IIR system, and show how
the system function, impulse response, and difference
equation are related.

8-3.1

The General First-Order Case

The general form of the first-order difference equation
with feedback is

y[n]

= a 1y[n -

l] + box[nl + b 1x[n - 1]

(8. 19)

Since this equation must be satisfied for all values of n,
we can use the property (7. I 3) on p. 169 to take the ztransform of both sides of the equation to obtain
Y(z)

= a,z- 1 Y(z) + boX(z) + b1z- 1X(z)

Subtracting the term a 1C 1 Y(z) from both sides of the
equation leads to the following manipulations:

= boX(z) + b1z- 1X(z)
a,z- 1 )Y(z) = (bo + b1z- 1)X(z)

Y(z) - a1z- 1Y(z)

(I -

H(z)

X(z)

[ - C11C 1

B(z)
A(z)

In MATLAB, the filter function follows this same
format. The statement
yy = filter(bb,aa,xx)

implements an llR filter, where the vectors bb and
aa hold the filter coefficients for the numerator and
denominator polynomials, respectively.

Example 8-4: MATlAB for IIR Filter

The following feedback filter:

=

= Y(z) = bo + b1z- 1 _

The coefficients of the numerator polynomial
of the system function of an IIR system are
the coefficients of the feed-forward terms of
the difference equation. For the denominator
polynomial. the constant tenn is one, and the
remaining coefficients are the negatives of the
feedback coefficients.

~

Since the system is an LTI system, it should be true that
Y(z)
ll(z)X(z ), where H(z) is the system function
of the LTI system. Solving this equation for H (z)
Y(z)/X(z), we obtain

=

versions; the denominator polynomial A (z) is defined by
the feedback coefficients (at}. That this correspondence
is true in general should be clear from the analysis that
leads to the formula for H(z). Indeed, the following is
true for IIR systems of any order:

ylnJ

= 0.5y[n -

J] - 3x[n] + 2x[11 - 1)

would be implemented in MATLAB by
yy = filter( [-3,2),

[1, -0.5 ), xx)

(8.20)

Thus, we have shown that H(z) for the first-order IIR
system is a ratio of two polynomials. The numerator
polynomial B(z) is defined by the weighting coefficients
{bd that multiply the input signal x[n] and its delayed

where xx and yy are the input and output signal vectors,
respectively. Notice that the aa vector has -a 1 for its
second element. just like in the polynomial A(z). We can
imagine that the fil ter coefficient multiplying y[n] is I,
so we always have 1 for the first element of aa.
■
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'~'" EXERCISE 8.6: Find the system function (i.e.,
z-transfom1) of the follow ing feedback fi lter:

y(nl

= 0.Sy [n -

IIR FILTERS

bo
y [11j

11 - 3x[n] + 2x[n - Jl

r?'~ EXERCISE 8.7: Determine the system function
of the system implemented by the following MATLAB
statement:
yy = filter{S,

[1,0.8), xx).

Feed-Forward Part
B (z)

Feedback Part

I
A(z)

Figure 8-5: First-order llR system showing one feedback

coefficient a I and two feed-forward coefficients bo and b1
in Direct Form I structure.

8-3.2 The System Function and
Block-Diagram Structures
As we have seen, the system function displays the
coefficients of the difference equation in a convenient
way that makes it easy to move back and forth between
the difference equation and the system function. In
this section, we will show that this makes it possible
to derive other difference equations, and thus other
implementations, by simply manipulating the system
function.
8-3.2.1

Direct Form I Structure

To illustrate the connection between the system function
and the block diagram, let us return to the block
diagram of Fig. 8- 1, which is repeated in Fig. 8-5 for
convenience. Block diagrams such as Fig. 8-5 are called
implementation structures, or, more commonly, simply
structures, because they give a pictorial representation
of the difference equations that can be used to implement
the system.
Recall that the product of two z-transform system
functions con-esponds to the cascade of two systems. The

system function for the first-order feedback filter can be
factored into an FIR piece and an IIR piece. as in

The conclusion to be drawn from this algebraic
manipulation is that a valid implementation for H (z) is
the pair of difference equations

v[nl = hox[nl

+ b1x[11 - 11
y [n] = a 1y[11 - ll + u[n]

(8.21)
(8.22)

We see in Fig. 8-5 that the polynomial B (z) is the
system function of the feed-forward part of the block
diagram, and that I/ A (z) is the system function of a
feedback part that completes the system. The system
implemented in this way is cal1ed the Direct Form I
implementation because it is possible to go directly
from the system function to this block diagram (or
the difference equations that it represents) with no

8-3
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bo
y[n]

x[n]

Feedback Part

Feed-Forward Part

I

B (z)

Figure 8-7: First-order IlR system in Direct Form ll
structure. This is identical to Fig. 8-6, except that the
two delays have been merged into one.

A(z)

Figure 8-6: First-order UR system showing one feedback
coefficient a 1 and two feed-forward coefficiellls bo and b 1
in a Direct Fonn ll structure.

of the first-order lIR system with syste m function
H (z)

other manipulations than lo w1ite the numerator and
denominator as polynomjals in the variable C 1•
8-3.2.2

Direct Form II Structure

We know that for an LTI cascade system, we can change
the order of the systems without changing the overaJI
system response. In other words,
1
H( z) = ( - '- ) • B(z) = B(z). ( -- )
A(z)
A(z)

Using the correspondences that we have established,
leads to the block diagram shown in Fig. 8-6. Note that
we have defined a new intermediate variable w[n) as the
output of the feedback part and input to the feed-forward
part. Thus, the block diagram tells us that an equivalent
implementation of the system is

= a ,w rn - I] +.r(nl
y l11] = bow[n] + b,w[n - 1]

w [n]

(8.23)
(8.24)

Again, because there is such a direct and simple
correspondence between Fig. 8-6 and H (z), this implementation is called the Direct Form II implementation

= bo +b ,z- 1I
I - a,z-

The block-diagram representation of Fig. 8-6 leads
to a valuable insight. Notice that the input to each
of the unit delay operators is the same signal wi n I.
Thus, there is no need for two delay operations; they
can be combined into a single delay, as in Fig. 8-7.
Since delay operations are implemented with memory
in a computer, the implementation of Fig. 8-7 would
require less memory that the implementation of Fig. 8-6 .
Note, however, that both block diagrams represent the
difference equations (8.23) and (8.24).

~-,~ EXERCISE 8.8:
Find the z-transfo1m system
function of the following set of cascaded difference
equations:

= -0.5 w [n - 11 + 7x[n]
y[n ] = 2w[n] - 4w[n - I]

w[11]

Draw the block diagrams of this system in both Direct
Form I and Direct Form IL

CHAPTER 8
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ho
x{n1

y[n]
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l. Assign variable names to the inputs of all delay
elements. For example, vf11] is used in fig. 8-8,
so the output of the delay is v[n - 1].

2. Write equations at all of the summing nodes; there
are two in this case.

= box[n] + v [n - 1]
v[n] = b,x[n] + a1y[n]

y [n]

Figure 8-8: Computational structure for a general firstorder IIR filter as a transposed Direct Form II strucmre.

8-3.2.3

The Transposed Form Structure

A somewhat surptising fact about block diagrams like
Fig. 8-7 is that if the block diagram undergoes the
following transfonnation:

Y(z)

= boX(z) + ,-,V(z)

V(z)

= b,X(z) +a1Y(z)

Now we eliminate V (z) by substituting the second
equation into the first as follows:

3. The input and the output are interchanged.
then the overall system has the same system function
as the original system. We will not prove this, but it is
true for the kinds of block diagrams that we have just
introduced. However, we can use the <:-transform to
verify that this is true for our simple fi rst-order system.
The feedback structure given in the signal-flow graph
of Fig. 8-8 is the transposed form of the Direct Forni II
structure shown in Fig. 8-7. In order to derive the actual
difference equations, we need to write the equations that
are defined by the signal-flow graph. There is an orderly
procedure for doing this if we follow two rules:

(8.26)

The signal-flow graph specifies an actual computation,
so (8.25) and (8.26) require three multiplies and two adds
at each time step n. Equation (8.25) must be done first,
because y[n] is needed in (8.26).
Owing to the feedback, it is impossible to manipulate
these equations into one of the other forms by e liminating
variables.
However, we can recombi ne these two
equations in the ,-transform domain to verify that we
have the correct system function. First, we take the itransfom1 of each difference equation obtaining

l. All the arrows are reversed with multipliers being
unchanged in value or location.

2. All branch points become summing points, and all
summing points become branch points.

(8.25)

= boX(z) + , - 1(b,X(z) +a,Y(z))
a 1, - 1)Y(z) = (bo + b,,- 1)X(z)
Y(z)

(1 -

Therefore, we get

H(z)

=

Y(z)
X(z)

= bo + b1C 1
I -a 1z- 1

Thus, because they have the same system function, (8.25)
and (8.26) are equivalent to the Direct Form I (8.21) and
(8.22), and to the Direct Form II (8.23) and (8.24).
Why are these different implementations of the same
system function of interest to us? They all use the
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same number of multiplications and additions to compute
exactly the same output from a given input. However,
this is true only when the arithmetic is perfect. On a
computer with finite precision (e.g., 16-bit words), each
calculation will involve round-off errors, which means
that each implementation will behave slightly differently.
In practice, the implementation of high-quality digital
filters in hardware demands correct engineering to control
round-off errors and overflows.

209
the preceding analysis, we can state the following
exceedingly important z-transform pair:
a"u[n]

(8.27)

I - az- 1

We will have many occasions to use this result in this
chapter.
~

Example 8-5: H (z) from Impulse
Response

8-3.3

Relation to the Impulse Response

In the analysis of Section 8-3.l we implicitJy assumed
that the system function is the z-transfo1m of the impulse
response of an IIR system. While this is true, we
have demonstrated only that it is true for the FIR case.
In the llR case, we need to be able to take the ztransform of an infinitely long sequence. A s an example
of such a sequence, consider h(n] a"u[n]. Applying
the definition of the z-transform from equation (7. 15) on
p. 169, we would write

As an example of the use of this result, recall that in
Section 8-2.2 we showed by iteration that the impulse
response of the system
y[n]

= a,y[11. -

l] + box[n] + b1x[11 - l]

is

=

00

H (z)

=L

00

11=0

Thus, using the linearity property of the z-transforrn, the
delay property of the z-transform, and the result of (8.27).
Lhe system function for this system is
H (z)=bo (

which is the sum of all the terms in a geometric series
where the ratio between successive terms is az- •. Thus,
we know that if laC 11 < l , then the sum is finite, and in
fact is given by the closed-form expression

'°'
oo

H(z)

(8.29)

a"z-n = L(az- 1t

n=O

I

= ~ a"z- " = -I - az-•

(8.28)

I _1)

1 -a 1z

+b1z- 1(

1
1-

bo + b, z-•

= 1 -a, z- 1

a,z

_, )
(8.30)

which is what we obtained before in Section 8-3. I
on p. 205 by taking the z-transfom1 of the difference
equation and solving for H (z) = Y(z)/ X(z).
■

11=0

The condition for the infini te sum to equal the closedform expression can be expressed as laI <rzl The
values of z in the complex plane satisfying this
condition are called the region of convergence. From

8-3.4

Summary of the Method

In this section, we have illustrated some important
analysis techniques. We have seen that it is possible
to go from the difference equation (8.28) directly to
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the system function (8.30). We have also seen that.
in this simple example, it is possible by taking the
inverse z-transform to go directly from the system
function (8.30) to the impulse response (8.29) of the
system without the tedious process of iterating the
difference equation. We will see that it is possible
to do this, in general, by a process of inverse
z-transformarion based on breaking the z-transform into
a sum of terms like the right-hand side of (8.27). Before
developing this technique, which will be applicable to
higher-order systems, we will continue to focus on the
first-order IIR system to illustrate some more important
points about the z-transform and its relation to UR
systems.

8-4

An interesting fact about the z-transform system function
is that the numerator and denominator polynomials
These zero locations in the complex
have zeros.
z-plane are very important for characterizing the system.
Although we like to write the system function in terms of
z- 1 to facilitate the correspondence with the difference
equatio n. it is probably better for finding roots to rewrite
the polynomials as functions of z rather than z- 1• lf we
multiply the numerator and denominator by z, we obtain

z-

Root at z =

- -b1

a1

=0

=>

Root at z = a 1

so this locatio n (z
function H (z) .

= ai) is called a pole of the system

,,,a..., EXERCISE 8.9:

Find the poles and zeros of the
following z-transform system function

H (z)

=

3 + 4z- 1
1 + o.s,- 1

z-a,

and denominator polynomials.

~ EXERCISE 8.10:
following feedback fi lter

For the z-transform of the

DEMO: PeZ GUI

LAB: PeZ - The z,

11 ,

and wDomains

y[n l

= 0.5y[n -

l] - xfn] + 3x[n - l]

determine the locations of the pole and zeros.

~

bo

If we consider H (z ) as a function of z over the entire
complex z-plane, the root of the numerator is a zero of
the function H (z) , i.e.,

1

Tn this form, it is easy to find the roots of the numerator
--'&

=>

and the denominator has its root at

= bo + bi z- = boz + b i
J - ai z- 1

-~

hoz + bi = 0

RecaJI that the root of the denominator is a location in
the z-plane where the function H (z) blows up

Poles and Zeros

H (z)

The numerator has one root at

DEMO: PeZ Tutorial
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POLES AND ZEROS

8-4.1
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Poles or Zeros at the Origin or
Infinity

·ia'• EXERCISE 8.11 :

When the numerator and denominator polynomials have
a different number of coefficients, we can have either
zeros or poles at z = O. We saw this in Chapter 7,
where FIR systems, whose system functions have only a
numerator polynomial. had a number of poles at z = 0
equal to the number of zeros of the polynomial. If we
count all the poles and zeros at z = oo, as well as z = 0,
then we can assert that the number of poles equals the
number of zeros. Consider the following examples.

~

Example 8-6: Find Poles and Zeros

= 0.5y[n

11 + 2x[n ]

-

is found by inspection to be

H (z)

= I-

yin] = 0.5y [n - l}

=

8-4.2

0.5c'

l _ 1)

l -a1z

bo + h,z- 1

2z

· a,.."

Example 8-7: Zero at z

= 0.5 and a zero at
■

= oo

The system fuction of the feedback filter
y[n]

= 0.5yfn -

I] + 3x ln -

11

is found by inspection to be
H(z)

=l-

3C

1

0.5z- 1

+b1z- 1 (

l _1 )

1 -a, z

bo(z + b1/bo)
(z - ai)

has an impulse response

0.5

we see that there is one pole at z
z = 0.

=

Pole Locations and Stability

H (z)=bo (

2

= z-

2]

Show that H(z) has a pole at z 0, as well as z 0.5.
In addition, show that H (z) has two zeros at z = oo by
taJcing the limit as z ---+ oo.

When we express H ( z) in positive powers of z
H (z)

+ 3x[n -

The pole location of a first-order filter determines the
shape of the impulse response. 1n Section 8-3.3 we
showed that a system having system function

The system function of the feedback filter
y [n]

Determine the system function H (z) of the following feedback fi lter:

3
= z - 0.5

The system has one pole at z = 0.5. and if we take the
limit of H (z) as z ➔ oo, we get H (z) ➔ 0. Thus, it also
has one zero at z = oo.
■
Boch of the cases in Examples 8-6 and 8-7 have exactly
one pole and one zero, if we count the zero at z. = oo.

h[n)

= bo(a1)"11 [11I + b1(a.1)''- 1u[n - 1)
o
forn < o
= ho
for n = 0

l

(b0

+ b 1a 11)aj'

forn ~ I

=

Thar is, an UR system with a single pole at z a1 has
an impulse response that is proportional to aj' for 11 ~ I.
We see that if la1I < I , the impulse response wiU ctie
out as 11 - oo. On the other hand, if la1 I ~ I, the
impulse response will not die out; in fact if ja 1I > I,
it will grow without bound. Since the pole of the system
function is at z = a 1• we see that the location of the pole
can tell us whether the impulse response will decay or
grow. Clearly, it is desirable for the impulse response
to die out, because an exponentially growing impulse

2 12
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response would produce unbounded outputs even if lhe
input samples have finite size. Systems lhat produce
bounded outputs when the input is bounded are called
stable systems . If la1 I < 1, the pole of the system
function is inside the unil circle of lhe z-plane. It turns
out that, for the UR systems we have been discussing, the
following is true in general:
A causal LT/ IIR system with initial rest conditions
is stable if all of the poles of its system function lie
strictly inside the unit circle ofthe z-plane.

Thus, stability of a system can be seen at a glance
from a z-plane plot of lhe poles and zeros of the system
function.

8-5
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Frequency Response of an IIR
Filter

In Chapter 6, we introduced the concept of frequency
response H (eiw) as the complex function that determines
the amplitude and phase change experienced by a
complex exponential input to an LTl system; i.e., if
x[n] = ei w11 , then
(8.31)

In Section 7-6 on p. 175 we showed that the frequency
response of an FIR system is related to the system
function by
(8.32)

Example 8-8: Stability from Pole Location

The system whose system function is

I - 2z- 1

z- 2

o.sz- 1 = z - o.s
has a zero at z = 2 and a pole at z = 0.8. Therefore. the
H(z) = 1 -

system is stable. Note that the location of lhe zero, which
is outside the unit circle, has nothing to do with stability
of the system. Recall that the zeros correspond to an FTR
system that is in cascade wilh an IIR system defined by
the poles. Since FIR systems are always stable, it is not
surprising that stability is determined solely by the poles
of the system function.
■

~ EXERCISE 8.12: An LTI llR system has system
function
H (z)

=

2+2c 1
1 - 1.25z- 1

Plot the pole and zero in the z-plane, and state whether
or not the system is stable.

This relation between the system function and the
frequency response also holds for ITR systems. However,
we must add the provision that the system must be stable
in order for the frequency response to exist and to be
given by (8.32). This condition of stability is a general
condition, but all FIR systems are stable, so up to now
we have not needed to be concerned with stability.
Recall that the system function for the general firstorder IIR system has the form

where the region of convergence of the system function
is la, z- 11 < 1 or lad < lzl. lfwe wish to evaluate H(z)
for z = eiw, then the values of z on the unit circle should
be in the region of convergence; i.e., we require lzl = 1
to be in the region of convergence of the z-transform.
This means that la, I < 1, which was shown in Section
8-4.2 to be the condition for stability of the first-order
system. In Section 8-8 we will give another interpretation
of why stability is required for the frequency response to
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exist. Assuming stability in the first-order case, we get
the following formula for the frequency response:
(8.33)
A simple evaluation will verify that (8.33) is a periodic
function with a period equal to 2rr. This must always
be the case for the frequency response of a discrete-time
system.
Remember that the frequency response H (eiw) is a
complex-valued function of frequency w. Therefore, we
can reduce (8.33) to two separate real formulas for the
magnitude and the phase as functions of frequency. For
the magnitude response, it is expedient to compute the
magnitude squared first, and then take a square root if
necessary.
The magnitude squared can be formed by multiplying
the complex H (ei"') in (8.33) by its conjugate (denoted
by H'''). For our first-order example,
IH (ei"') l2

= H (eiw) H *(eiw)
bo + b1 e- iw

b0+ b!e+iw

L - a 1 e-iw · I - afe+iw

-

lbol2 + lb1 12 + bob;e+iw + b0b1e-1"'
= I + la11 2 - aje+i w - a 1e-iw

=

lbol2 +lb1 12 + 2me(b0b1e
l

+ latl 2 -

1"'}

29te[a 1e-iw}

This derivation does not assume that the fi lter coefficients
are real. If the coefficients were real, we would get the
fuither simplification
IH (ei ';,) l2

= lhol2 +lh112 + 2bob1 cos(w)
1 + la1 12

-

2a1 cos(w)

This formula is not particularly infonnative, because
it is difficult to use it to visualize the shape of
IH(eiw)I. However, it could be used to write a program
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for evaluating and plotting the frequency response.
The phase response is even messier.
Arctangents
would be used to extract the angles of the numerator
and denominator, and then the two phases would be
subtracted. When the fiJter coefficients are real, the phase
is

~
<f>(w)

= tan -•

(

-b 1 sin c'b ~ ) - tan - •( a 1 sin w ~ )
bo + b, cosw
1 - a 1 cosw

Again, the formula is so complicated that we cannot gain
insight from it directly. ln a later section, we will use
the poles and zeros of the system function together with
the relationship (8.32) to construct an approximate plot
of the frequency response without recourse to formulas.

8-5.1

Frequency Response using MATLAB

Frequency responses can be computed and plotted easily
by many signal processing software packages. In
M ATLAB, for example, the function freqz is provided
for just that purpose.2 The frequency response is
evaluated over an equally spaced g1id in the wdo main,
and then its magnitude and phase can be plotted. In
MATLAB, the functions abs and angl e will extract the
magnitude and the angle of each element in a complex
vector.
Example 8-9: Plot H (eiw) via MATLAB

Consider the example
y [11] =0.8y[11 -

1] +2\·[n] +2xln - IJ

In order to define the filter coefficients in M ATLAB, we
put all the terms with y [n] on one side of the equation,
and the terms with x[n] on the other.
y [n] - 0.8y[n - I]= 2.x[n]

+ 2.x(n -

lj

2Toe function freqz is part of MATLAB's Signal Processing
Toolbox. [n case a substitute is needed. there is a similar function
called freekz that is part of the SP-Fmt Toolbox on the CD-ROM.
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=

which has a pole at z 0.8 and a zero at z = - 1.
The point z - 1 is the same as w rr because
z
I = e 1 1r ei"'l,~=n . Thus, H (e141 ) has the value
zero at w rr, since H(z) is zero at z = - 1. In a
similar manner, the pole at z = 0.8 has an effect on
the frequency response near w= 0. Since H (z) blows
up at z = 0.8, the nearby points on the unit circle
must have large values. The closest point on the unit
circle is at z = ei0 = I. In this case, we can evaluate
the frequency response directly from the formula to
get

20

=-

15
IH(ejw)I ID

!t

-2

O

Jr

2
Frequency &

3,r
2

=

=
=

=

·- 1 = H (z) I = 2+2z-1_ I
w=O
1 - 0.8z

H (e1"')

1

z=I

Figure 8-9: Frequency response (magnitude and phase)
for a first-order feedback filter. The pole is at z = 0.8.
and the numerator has a zero ac z = - 1.

Then we read off the filter coefficients and define the
vectors aa and bb as

aa

=

[ 1,

bb = [ 2, 2 )

-0 .8

Thus, the vectors aa and bb are in the same fonn as
for the filter fu nction. The following caJI to freqz
will generate a 40 I-point vec1or HH containing the values
of the frequency response at the vector of frequencies
specified by the third argument, [ - 6 : O . o3 : 6) .

HH = freqz( bb, aa,

(-6:0.03:6)

) ;

Plots of the resulting magnitude and phase are shown in
Fig. 8-9. The frequency interval -6 :$ w :;S +6 is shown
so that the 2rr-periodicity of H (ei"') will be evident. ■
In this example, we can look for a connection between
the poles and zeros and the shape of the frequency
response. For this system, we have the system function

H(z)

=

2 + 2z- 1
l - 0 .8z- 1

z=I

2+2
4
--=-=20

1 - 0.8

0.2

8-5.2 Three-Dimensional Plot of a System
Function
The relationship between H (eiw) and the pole-zero
locations of H (z) can be illustrated by making a threedimensional plot of H (z) and then cutting out the
frequency respon e. The frequency response H (eN')
is obtained by selecting the values of H (z) along the
unit circle (i.e., ac; wgoes from - rr to +1r, the equation
z eF" defines the unit circle).
In this section, we use lhe system function

=

H( Z) -- -I- -0-.8l z--,
to illustrate the relationship between the system function
and the frequency response. Figures 8-10 and 8-11 are
plots of the magnitude and phase of H (z) over the region
(-1 .4, 1.4] x [-1.4, 1.4] of the z-plane. In the magnitude
plot of Fig. 8-10, we observe that the pole (at z = 0.8)
creates a large peak that makes all nearby values very
large. Al the precise location of the pole, H (z) -+ oo, but
the grid in Fig. 8-10 does not contain the point (z = 0.8),
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1)

I
12
10

I
'II

-rr

8

.21C
1f

-2

Ir

0

I

TC

•(J)

TC

CV

(a)

6

4

LH(eiw)

2
0
-TC

Figure 8-10: z-lra.nsform evaluated over a region of the zphrne including tl1e unit circle. Values along the unit circle
are shown as a dark line where the frequency response
(magnitude) is evaluated. The view is from the fourth
quadrant, so the point ;: = I is on the right. The firstorder tilter has a pole at z = 0.8 and a zero at z = 0.

(b)

Figure 8-12: Frequency response (magnitude and phase)
for a first-order feedback filter. The pole is at z 0.8 and
the numerator has a zero at z 0. These are the values
of H (z) along the unit c;irclc in the z-plime.

=

=

3

2

0
- I

-2

-3

Figure 8-11: Phase of H (z) evaluated over a region of
the z-plane that includes the unit circle. View is from the
fourth quadrant, so z = 1 lies to the right.

so the plot stays within a finite scale. The phase response
in Fig. 8-11 also exhibits its most rapid transition at w= 0
which is ~ = l (the closest point on the unit circle to the
pole at z = 0.8).
The frequency response H (eiw) is obtained by
selecting the values of the z-transform along the unit
circle in Figs. 8- 10 and 8- 11 . Plots of H (ei<i> ) versus
ware given in Fig. 8-12. The shape of the frequency
response can be explained in tenns of the pole location
by recognizing that in Fig. 8-10 the pole at z 0.8 pushes
H (eiw) up in the region near w 0, which is the same
as z = l.

=

=

DEMO: Z to Freq

The unit circle values follow the ups and downs of
H(z) as wgoes from -rr to +rr.
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Following the procedures illuslrated for the first-order
case, we can also define the z-Lransfom1 system function
directly from th e filter coefficients as

ll(z)

H (z)

= bo + biZ- 1 + b2z- 2
J-

a,z- 1 -

a2z- 2

and we can also obtain the frequency response

h [n ] - -- - - - - -- - H (ejw)

w-

Figure 8-13: Relationship among the 11-, z-. and
domains. The filter coefficients {ak. bk) play a cenlraJ
role.

8-6

Three Domains

To illuslrate the use of the analysis tools that we have
developed , we consider the general second-order case.
DEMO: Three Domains - IIR

The three domains: n, z and ware depicted in Fig. 8-13.
The defin ing equation for the IIR digital fi lter is the
feedback difference equation, which, for the secondorder case, is

y(11]

= a1y[n -

1] + a2y[n - 2]

+ box [n] + b1x [n -

1) + b2x[11 - 2]

This equation provides the algorithm for computing the
output signal from the input signal by iteration using the
fi ltercoefficients {a 1. a2, b0 , b1, b2}. Italsodefines the
impulse response h[n].

Since the system function is a ratio of polynomials, the
poles and zeros of H (z) make up a sm all set of parameters
that completely define the filter.
Finally, the shapes of the passbands and stopbands of
the frequency response are highly dependent on the pole
and zero locations with respect to the unit circle, and the
character of the impulse response can be related to the
poles. To make this last point for the general case, we
need to develop one more tool-a technique for getting
h[n] directly from If (z). This process, which applies
to any z-transform and its corresponding sequence, is
called the inverse z-transform. The inverse z-transform
is developed in the next section.

8-7 The Inverse z-Transform and
Some Applications
We have seen how the three domains are connected for
the first-order IIR system. Many of the concepts that
we have introduced for the first-order system can be
extended to higher-order systems in a straightforward
manner. However, finding the impulse response from
the system function is not an obvious extension of what
we have done for the first-order case. We need to develop
a process for inverting the z-transform that can be applied
to systems with more than one pole. This process is called
the inverse z-tra11sfonn. In this section we will show
how to find the inverse for a general rational z-transfonn.

8-7 THE INVERSE z-TRANSFORM AND SOME APPLICATIONS
We will i11ustrate the process with some examples. The
techniques that we develop will then be available for
determining the impulse responses of second-order and
higher-order systems.
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Table 8-1 : Summary of important z-transfonn properties and
pairs.

Short Table Of z-Transforms

-z

x[n]

8-7.1

Revisiting the Step Response of a
First-Order System

In Section 8-2.4 we computed the step response of a firstorder system by both iteration and convolution. Now we
will show how the z-transform can be used for the same
purpose. Consider a system whose system function is
bo + b1zl
_,
-a1z

1.

ax 1[11] + bx2[n]

2.

'
+---+

5.

o[n - no]

=

6.

a"u[n]

--

Y(z) = H(z)X (z)

l

z- no

z

z

--+---+

1

H(z)

z-nox(z)

+---+

3. y[n] = x[n] * h [n]

oln]

aX1(z) +bX2(z)

z

xln - no]

4.

X(z)

z

l-az- 1

Recall that the z-transform of the output of this system is
y (z) = H (z)X (z), so one approach to finding the output
for a given input x[n] is as follows:
so Y(z) is
l. Determine the z-transfom1 X (z) of the input signal
x[n] .

Y(z)

2. Multiply X (z) by H (z) to get Y (z).

3. Determine the inverse z-transform of Y (z) to get the
output y[n].
Clearly, this procedure wi ll work and will avoid both
iteration and convolution if we can determjne X (z) and
if we can perform the necessary inverse transformation.
Our focus in this section will be on deriving a general
procedure for step (3).
In the case of the step response, we see that lhe
input x [n) = u[n] is a special case of the more general
sequence a"u[n]; i.e., a= I. Therefore, from (8.27) it
follows that the z-transforrn of x[n] = u.[n] is

I

X(z)

= l - z-'

= H (z)X(z) = (]-a,z-l)(l -

z-')

(8.34)

bo+b, C 1

=----------=
1-(1 + a )z- +a,z1

1

2

Now we need to go back to then-domain by inverse
transfonnation. A standard approach is to use a table
of ,-transform pairs and simply look up the answer in
lhe table. Our previous ruscussions in Chapter 7 and
earlier in this chapter have developed the basis for a
simple version of such a table. A summary of the ztransform knowledge lhat we have developed so far is
given in Table 8-1. Although more extensive tables can
be constnicted, the results 1hat we have assembled in
Table 8- 1 are more than adequate for our purposes in this
text.
Now let us return to the problem of finding y [n] given
y (z) in (8.34). The technique that we will use is based on
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the partial fraction expansionJ of Y (z). This technique
is based on the observation that a rational function Y (z)
can be expressed as a sum of simpler rational functi ons;
i.e.,
Y(z)

= H(z) X (z)
ho + b, c

'

= - - - - -- - -

(8.35)

( l -a1z-1)( 1 -z-1)

A

S imilarly, we can find 8 by
B

--•

a, z-

1

z-'

y[n]

will be equal tob0 +b 1z- 1• Equating the two numer::itors
would give two equations in the two unknowns A and
B . However, there is a much quicker way. A systematic
procedure for finding the desired A and Bis based on the
observation that, for this example,
_ 1)

bo + bi z- • A+ B( l - a 1z=- -- =
(1- Z- 1)
I -z- 1

Theo we can evaluate at
Y( z)(]

-a,z - •)

I:="'

1 -

£21

B

I-

If the expression on the right is pulled together over a
common denominator, it should be possible to find A and
B so that the numerator of the resulting rational function

Y( z)(I -a1,

bo + bi

Now using the superposition p roperty of the z-transform
(entry 1 in Table 8-1), and the exponential z-transfonn
pair (entry 6 in Table 8-1), we can write down the desired
answer as

- - - - -1+ - - 1-

= Y(z)( I - z-•>1-- =

/o -+b-,z-- l I
=1

( I - z-•) :::;,,
B(l -

a, c

1
)

I

= A+ - - -1= A
1 - z:="•

1-a1

a;'u[n]

bo +
b1 ) u[n ]
+(-l-a1

which, after some manipulation becomes

yn
I I=

(

(bo + bi) - (boa1
I

y fn]

= bo

+ bi>a;

1
)

-a,

If we substitute the value b 1

1
)

z = a1 to isolate A; i.e.,

= ( bo + b1a_11 )

[

Ll/1

]

(8.36)

= 0 into (8.36), we get

')
(1-a"+
a,
I

1-

ulnl

which is the same result obtained in Section 8-2.4 both
by iteration of the difference equation (8.16) and by
convolution (8. 18).
With this example, we have established tht: framework
for using 1.he basic properties of z-transforms together
with a few basic z-transform pairs to perform inven,e
We
z-transfom1ation for any rational z-transform.
summarize this procedure in the following subsection.

With this result, it follows that

8-7.2

3The partial fraction expa11sion is an algebraic decomposition
usually presented in calculus for evalua1ing certain 1y~ of inlegrals.

A General Procedure for Inverse
z-Transformation

Let X (z) be any rational z-transform of degree N in the
denominator and M in the numerator. Assuming that
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M < N , we can find the sequence x[n] that corre~-ponds
to X (z) by the following procedure:

Procedure for

Inverse z-Transformation (M < N)

We wish to write X (z) in the form
X(

=~

_ 1-2.1z- 1 1
1 - o.sz- 1 ~=-o.5

and

= X(z)(J -

B

=L A~ (pk)"11[11]

x[n]

= 2(-0.5)' 11f11l 1

(8.37)

(0.8)"uln)

Note that the poles at z = p 1 = -0.5 and
0.8 give rise to terms in .x[n] of the form p'{

k= I

This procedure will always work if the poles, Pk, are
distinct. Repeated poles complicate the process, but can
be handled systematically. We will restrict our attention
to the case of non-repeated poles. Fult.hermore, this
procedure can be applied to the inversion of any rational
z-transform, not just a system function. We will illustrate
the use of this procedure with two examples.
Example 8-10: Inverse z-Transform

1

1-2.lzI - 0.3c 1 - 0.4z-2
1 - 2.l z- 1
=---,,-----(1 +0.5z- 1)(1 - 0.8.c 1)

z = p2 =
■

In Example 8- 10, the degree of the numerator is M = I
and the degree of the denominator is N = 2. This is
important because the partial fraction expansion works
only for rational function s such 1ha1 M < N. The next
example shows why this is so, and illustrates a method
of dealing with this complication.
,.,a,.

Example 8-11 : Long Division

Let Y(z) be

Let a z-transform X (z) be

=

l - 0.8z- 1

1

and

N

X(z)

I

Therefore,
2
z - I + 0.5c

hlnl

1+4.2=
2
1 + 1.6

0.8z- 1)j:.a0.8
1

X( ) -

3. Write down the answer as

B

0.8z- 1

_ 1 - 2.1c
= _1_-_2_.1_;_0._s = _ 1
1
I + 0.5z- ,==0.s I + 0.5/ 0.8

Ak

~ l - Pk Z- 1
k=I

+ 1-

+ o.sc ')l~=-o.s

A= X(z)(J

N

H (z)

_
A
z) - 1 + o.sz- 1

Continuing the procedure for partial fraction expansion,
we obtain

l. Factor the denominator polynomial of H (z)
and express the pole factors in the fon11
( 1 - /1kZ- 1) fork= I, 2, ... , N.
2. Make a partial fraction expansion of H (z) into
a sum of terms of the form

2 19

Y (z)

=2-

1

2

2.4z- - 0.4zI - 0.3z- 1 - 0.4c 2
2 - 2.4z-• - 0.4c

2

(1 +0.5z- 1)( 1 - 0.8z- 1)
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Now we must add a constant term to the partial fraction
expansion, otherwise, we cannot generate the term
- 0.4z- 2 in the numerator when we combine the partial
fractions over a common denominator. That is, we must
assume the following form for Y(z):

A
Y(z)= I +0.5c '

+

B

l -0.8z- 1 +c

How can we determine the constant C? One way is to
perform long division of the denominator polynomial into
the numerator polynomial until we get a remainder whose
degree is lower than that of the denominator. In this case,
the polynomial long division looks a<; follows:

8-8 Steady-State Response and
Stability
A stable system is one that does not "blow up."
This intuitive statement can be formalized by saying
that the output of a stable system can always be
bounded (ly[n]I < M v) whenever the input is bounded
(lx[n]I < Mx)-4
·
We can use the inverse z-transform method developed
in Section 8-7 to demonstrate an important point about
stability, the frequency response, and the sinusoidal
steady-state response. To iUustrate this point, consider
the LTI system defined by
y[n]

-0.4z-2 - 0.3c 1 + 1 l-o.4z-2
-0.4c2

2.4c 1 + 2
1
- 0.3C + l
-2.lZ- 1 + I
-

Thus, if we place the remainder ( I - 2. lz- 1) over the
denominator (in factored form), we can write Y (z) as a
rationaJ part (fraction) plus the constant 1; i.e.•
Y(z)

=

1-2.l z- 1
( I + 0.5z- 1)(1 - 0.8z- 1)

+I

The next step would be to apply the partial fraction
expansion technique to the rational pait of Y(z). Since
the rational part turns out to be identical to X (z) in (8.37)
from Example 8-10, the results would be the same as in
that example, so we can wri te Y(z) as

2

Y(z)

= 1 +0.5z- 1

I
I -0.8c

- -- -1 +I

T herefore, from Table 8-1,
y[n]

= 2(-0.5)

11

11[n] - (0.8)"u[n] + 8[n]

Notice again that the time-domain sequence has terms of
the form PZ. T he constant term in the system function
generates an impulse, which is nonzero only at n = 0
(entry 4 i n Table 8-1).
■
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= a,y[n -

1] + box[n]

From our discussion so far, we can state without further
analysis that the system function of this system is
bo
H ( z ) = - --

1 - a,z-1

and that the impulse res ponse is
h[n]

= boa~ u[n]

We can state aJso that the frequency response is

•

H(eJ"')

= H (z) Il=~'... = I -

ho

..

a 1e-J"'

but this is true only if the system is stable (la, I < I). The
objective of this section is to refine the concept of stability
and demonstrate its impact on the response to a sinusoid
applied at n = 0.
Recall from Section 8-5 and equations (8.3 l ) and
(8.33) that the output of this system for a complex
exponential input is
y[n]

= H(eiwo)eiwon = ( 1 -

bo

.. ) eiwo11

a 1e-1wo

4This definition for stability is called bounded-input. boundedoutput stability. The finite constants Mx and My can be different.
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for -oo < 11 < oo. What if the complex exponential
input sequence is suddenly applied instead of existing
for all 11? The z-transform tools that we have developed
make it easy to solve this problem. Indeed, the ztransfonn is ideally suited for situations where the
sequences are either finite-length sequences or suddenly
applied exponentials. For the suddenly applied complex
exponential sequence with frequency lV<l

n, in which case it would be called the tra11sie11t
component. The second term is proportional to the
input complex exponential signal, and the constant of
proportionality term is H (eiwo), the frequency response
of the system evaluated at the frequency of the suddenly
applied complex sinusoid. This complex exponentia l
component is the sinusoidal steady -state component of
the output.
Now we see that the location of the pole of H (z) is
crucial if we want the output to reach the sinusoidal steady
state. Clearly, if la1 I < 1, then the system is stable and
the pole is inside the unit circle. For this condition, the
exponential a~• dies out and we can slate that the limiting
value for large 11

8-8

x[11]

= ei&io"u[n]

the z-transform is found from entry 6 of Table 8-1 to be
X(z)

l

= I - elwoz..

and the z-transfom1 of the output of the LTI system is

Y(z)

= H(z) X(z)

- (

-

l -

bo

)(
a 1z- 1
l

1
- ei&'Oz-1

)

bo
- (1 - a 1z;- 1)(1 -ei&ioz- 1)

Using the technique of pa11ial fraction expansion, we can
show that

y[n]-+- (

I-

bo .. ) eiwo11

a 1e-1wo

= H (eiwo)eii»on

Otherwise, if lad :::. l, the term proportional to a\'
will grow with increasing n and soon dominate the
output. The following example g ives a specific numerical
illustration.
~

Example 8-12: Transient and Steady-State

If bo = 5, a 1 = -0.8, and Wo

= 2n/ 10, the transient

component is
y,ln]

Therefore, the output due to the suddenly applied
complex exponential sequence is

(8.38)

Similarly, the steady-state component is
ys,, [n]

Equation (8.38) shows that the output consists of
two terms. One term is proportional to an exponential
sequence a;' that is solely determined by the pole at
z a1. If la, I < l , this term will die out with increasing

=

4

= ( _0 _8 -_ ejo.2n ) (-0.8)" u[nJ
= 2.335 Je-i0•3502 (- 0.8)"u[n]
= 2. 1933(-0.8)"11[11] - j0.8012(-0.8)"u[11]
=(

l

5

.

+ 0.8e-1o.21r

) ej0.2n11u[n ]

= 2.9188ei0 •2781 eJ0.2Jrnu[n]
= 2.9188cos (0.2rrn + 0 .2781) u[n]
+ j 2.9188 sin (0.2rrn + 0.2781) u[n]
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Figure 8-15: illustration of an unstable TTR system. Pole
is at z = 1. 1.

15

20

(c)

Figu re 8-14: Illustration of transient and steady-state
responses ofan llR system: (a) TOlal output !He{y[1111. (b)
decaying transient component i11e(y 1[n ]}. and (c) steadystate response me(y~~111 I}.

Figure 8- 14 shows the real part of the total output
(a), and also the transient component (b), and the
steady-state component (c). The signals all start at
n = 0 when the complex exponential is applied at the
input. Note how the transient component oscillates,
but dies away, which explains why the steady-state
component eventually equals the total output.
In
Fig. 8-14, y [n] in (a) and Y~sln] in (c) look identical for
11 > 15.
•
On the other hand, if the pole were at z = l. 1, the
system would be unstable and the output would "blow up"

as shown in Fig. 8-15. In this case, the output contains a
tenn (1. I )" that eventually dominates an d grows without
bound.
The result of Example 8-12 can be generalized by
observing that the only difference between this example
and a system with a higher-order system function is
that the total output would inc lude one exponential
factor for each pole of the system fu nction as well
as the term H(eiwo )e1 c;'O',u[n]. That is, it can be
shown that for a suddenly applied exponential input
sequence x[11] = ei~" u[n I, the output of an N 111 -order
UR (N > M) system wi ll always be of the form
N

y[n]

= L A k(pk)

11

u[11]

+ H (eiWO)ei W0

11

1,ln]

A= I

where the p 1 s are the poles of the system fu nction.
Therefore, the sinusoidal steady state will exist and
dominate in the total response if the po les of the system
function all lie strictly inside the unit circle. This makes
the concept of frequency response useful in a practical
setting where all signaJs must have a beginning point at
some finite time.

8-9
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Second-Order Filters

which can be solved for H(z ) as

We now turn our attention to filters wilh two feedback
coefficients, a 1 and a2 • T he general difference equation
(8.1) becomes the second-order difference equation
y[n]

= a 1y [n - 1] + a2y[11 - 2J
+ hox [n] + b1x[n - l] + b2xln -

(8.39)
2]

As before, we can characterize the second-order fi lter
(8.39) in each of the three domains: time domain,
frequency domain, and ;:-domain. We start with the
z-transform domain because by now we have demonstrated that the poles and zeros of the system function
give a great deal of insight into most aspects of both the
time and frequency responses.
•$ ~

8-9.1

DEMO: PeZ GUI

Using the approach followed in Section 8-3. 1 for the firstorder case, we can cake the z-transform of the secondorder difference equation (8.39) by replacing each delay
with z- 1 (second entry in Table 8- 1), and also replacing
the input and output signals with their z-transforms:

+ boX(z) + b, z- 1X(z) + b2z- 2 X(z)
In the z.-transform domain, the input-output relationship
is Y(z) = H(z)X(z),sowecan solveforH(z)byfinding
Y (z)/ X ( z ). For the second-order filter we get
Y(z) -

a, z.-

Y(z) - a2

z- 1 Y(z)

= boX(z) +b1z- 1 X(z) +
( I - aiz- 1 - a2z-2)Y(z)

b2z-2 X(z)

= (bo+b1z- 1 +b2z-2 )X(z)

(8.40)

~ EXERCISE 8.13:

Find system function H (z)

of the following DR filter:

= O.s_vrn - 11+ 0.3y [n - x [n] + 3x[n - l] -

2]
2x[n - 2]

Conversely, given the system function H ( z). it is a
simple matter to write down the difference equation.

~ EXERCISE 8.14:

H (z)

= u,z- 1Y(z) + a2z- 2 Y(z)

1

Y(z)
ho+ b,z- 1 + b2z- 2
==- - - -X(z)
I - a1z- 1 - a2z-2

Thus. the system function H (z) for an IJR filter is a ratio
of two second-degree polynomials, where the numerator
polynomial depends on rhe feed-forward coefficients {bk}
and the denominator depends on the feedback coefficients
{ae}. It should be possible to work problems such as
Exercise 8. 13 by simply reading the filter coefficients
from the difference equation and then substituting them
directly into the z-transform expression for H(z).

y[n]

z-Transform of Second-Order
Filters

Y(z)

H (z)

= I-

For the system function

I+ 2z- 1 + z- 2

0.8z;- 1 + 0.64z- 2

write down the difference equation that relates the input
x[n[ to the output y[n J.

Example 8-13: Structure for H (z)

The connection between H (z) and the difference
equation can be generalized to higher-order filters. If
we are given a fourth-order system
I -3C 2
H (-) - - -- - -- - - - , -

(, -

l - 0.8z.- 1 + 0.6z-3 + 0.3z-4
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ho

bo

xln]
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y[n]

w[n]

x[11J

y[nl

bi

a2
I

I

L---{X'~ ---'--

-

-.-<x,-...~

Figure 8-16: Direct Fonn II (DF-11), an alternative
computational stmcture for the second-order recursive
filter.

Figure 8-17: Transposed Direct Form II (TDF-U),
another computalional structure for the second-order
recursive fiJ ter.

the corresponding difference equation is
y [11]

= 0.8y[n -

I] - 0.6y[n - 3]

- 0.3y[n - 4]

+ x l n] -

3x[n - 2]

As before, note the sign change in the feedback
■
coefficients, {ad.

8-9.2

Structures for Second-Order IIR
Systems

The difference equation (8.39) can be interpreted as
an algorithm for computing the output sequence from
the input. Other computational orderings are possible,
and the z-transform has the power to derive alternative
Two
structures through polynomial manipulations.
alternative computational orderings that will implement
the system defined by H (z) io (8.40) are given in
Figs. 8-16 and 8-17.
In order to verify that the block diagram in Fig. 8-16
has the correct system function, we need to write the

equations of the structure at the adders, and then eliminate
the internal variable(s). For the case of the Direct Form ll
in Fig. 8-16, the equations at the output of the summing
nodes are

= bow[n] + b 1w [n - 1) + b2w[n - 2]
w[n] = x[n] + a 1w [n - I)+ a2w[11 - 2]
y[n]

(8.41)

lt is impossible to eliminate w[n] in these two equations,
The
unless we work in the z-transform domain.
corresponding z-transform equations are
Y(z)

W(z)

= boW (z) + b,z-' W(z) + b2z-2 W(z)
= X(z) + a1z- 1 W(z) +

a2z- 2 W(z)

which can be rearranged into the form
Y(z)

= (bo+b1z- 1 +biz-2 ) W (z)

X(z)

= (l -

a1z- 1 - a2z-2 )W(z)

8-9

SECOND-ORDER FILTERS

225

Since the system function H (z) is the ratio of Y (z) to
X(z), we gel

so we get by division
H(z)

H(z)

= Y(z) = ho+ b1C 1 + b2 z-2
X(z)

Thus we have proved that the Direct Form I1 (DF-II}
structure in Fig. 8-16 which implements the pair of
difference equations (8.41) is identical to the system
defined by the single difference equation (8.39).
The Transposed Direct Fo1m TI (TDF-II) in Fig. 8-17
can be worked out similarly. The difference equations
represented by the block diagram are
y[n]

v2f11]

I)

(8.42)

= b2x[n] + a2y[n ]

Taking the z-transform of each of the three equations
gives
Y(z)

= boX(z) + z-

1

V1(z)

Vt (z) = b1X (z) + a, Y(z) + z- 1V2 (z)
V2(z)

Using these equations. we can eliminate V 1(z) and V2 (z)
as follows:
z- 1(b, X(z) +

= boX(z) +

Y(z)

= boX(z) + z- 1(b1X(z) +a 1 Y(z)

a1

=ho+ b,z- 1 + b2 z- 2
I-

a,c' - a2c

2

Thus we have shown that the Transposed Direct Fonn
lo the system function for the
basic Direct Foim-l difference equation in (8.39}. Both
examples illustrate the powerofthe z-transfonn approach
in manipulating polynomials that correspond to different
structures.
In theory, the system with system function given
by (8.40) can be implemented by iterating any o f the
equations (8.39), (8.41), or (8.42). For example, the
MATLAB function filter uses the TDF-11 structure.
However, as mentioned before, the rea'ion for having
different block diagram structures is that the order of
calculation defined by equations (8.39), (8.41 ), and (8.42)
is different. In a hardware implementation, the different
structures will behave differently, especially when using
fixed-point arithmetic where rounding error is fed back
into the structure. With double-precision floati ng-point
arithmetic as in MATLAB, there is little difference.

II (TDF-11) is equivaJent

(8.43)

= b2X(z) +a2Y(z)

Y(z)

Y(z)

X(z}

1 - a1z- 1 - a2z-2

= box[n] + v1 [n - l]
v, [n] = h,x [n] + a,y[n] + v2[n -

=

~ EXERCISE 8.15:
Draw the block diagram of
the Direct Form l difference equation defined by (8.39).
and compare it to the other block diagrams in Figs. 8-16
and 8-17.

Y(z) + z- ' V2 (z))

+z- 1(b2X(z) +a2Y(z)))
Moving alJ the X (z) terms to the right-hand side and the
Y (z) terms to the left-band side gives

8-9.3

Poles and Zeros

Finding the poles and zeros of H (z) is less confusing if
we rewrite the polynomials as functions of z rather lhan
z- 1• Thus, the general second-order rational z-transfoim
would become
H (z)

= bo + b,c' +

biz-

2

1 - a1z- 1 - a2z-2

=

2

b0 z + b 1z + bi
z2 - a 1z - a2
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after multiplying the numerator and denominator by z2 •
R ecall from algebra the following important property of
polynomials:

,a®-:

Example 8-14: Complex Poles

The following H (z) has two poles and t\Vo zeros.

+ 2zz +z
= -1 -2- z-1
-+z--2 = 2z2-- z+ I
1

H (z)

Property Of Real Polynomials
A polynomial of degree N has N roots.
if all the coefficients of the polynomial are real,
the roots either must be real or must occur in
complex conjugate pairs.
Therefore, in the second-order case, the numerator
and denominator polynomials each have two roots, and
there are two possibilities: Either the roots are complex
conjugates of each other, or they are both real. We will
now concentrate on the roots of the denominator, but
exactly the same results hold for the numerator. From
the quadratic formula, we get t\vo poles at

2

The poles {p,, P2l and zeros {z:1, z2) are

= ½+ i ½./3 = e irr/3
P2 = ½- j½./3 = e -jrr/ 3
p,

z, =0
Z2

= -I

The system function can be written in factored form as
either of the t wo forms
2z(z+ I)

H (z)

= (z - e111. 1·•' )(z -

· / 3)
e-pr
·

2c 1 + c

a ± /ai + 4a2

1

)

1

2
When af +4a2 ~ 0, both poles are real; when af+4a2 =
0, they are real and equal. However, when af + 4o2 < 0,
the square root produces an imaginary result, and we have
complex-conjugate poles with values
Pt= 2I 01
and

+ J• 2I ✓-a,2 -

P2 = 2I a 1 - J• 2I ✓ - a 21

8-9.4

4 a2

4 a2

-

Since the numerator has no c 2 tenn. we have one zero
at the origin. As is our custom, we plot these locations
in the z-plane and mark the pole locations with X and the
zeros with o. See Fig. 8- 18.
■

In polar form, the complex poles can be expressed as
p1
re19 and p 2 = re-JC', where the radius r is

Impulse Response of a
Second-Order IIR System

We have derived the general z-transfonn system function
for the second-order filter

=

r = )<½01) 2+ ¼<-a; - 402)

= ✓ ¼a? - ¼ar -

a2

and the angle 0 satisfies

rcos0

= ½a1

==>

0

= cos-

H(z)
(

2

A(z)

l - a1 z- - a2z-

(8.44)

and we have seen that the denominator polynomial A(z)
has two roots that define the poles of the second-order
filter. Expressing H (z) in terms of the poles g ives

= -Fci2
1

= -8(::) = -bo +- b1 -C
-1+
-b2-C
-2
1

H (z)

ai

2Fa;,

)

=

1

2

b0 + b 1z- + h2z( I - P 1Z- 1){1 - p2z- 1)

(8.45)
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1 ~m(zl

~mlzl
X

(2

9!e{z}

:1ie{z]

X

Figure 8-18: Pole-zero plot for system with H (z)

2 +2c

1- c

1

1

+c

2

•

=

The unit circle is shown for reference.

Using the partial fraction expausion technique developed
in Section 8-7, we can express the system function (8.44)
as

Figure 8-19: Pole-zero plot for system of Example 8-15.
The poles are at z = ½and z =
there are two zeros at

!;

z =0.

Example 8-15: Second-Order: Real Poles

As~ume that
H (z)= - -- --

1-

~z-l + !z-2

(8.46)

I

where A I

and

= - --- -- 1
1

A2 can be evaluated by Ak =

(1 -

½z- )( 1 - ½z-

1

H(z)(l - Pk Z- )1~=w Therefore, the impulse response

will have the form

Furthermore, the poles may both be real or they may be a
pair of complex conjugates. We will examine these two
cases separately.
8-9.4.1

Real Poles

If p 1 and p 2 are real, the impulse response is composed
of two real exponentials of the form pk. This case is
illustrated by the following example:

)

=

=

from which we see that the poles are at z ½and z ½
and that there are two zeros at z 0. The poles and zeros
of H (z) are plotted in Fig. 8-19. We can extract the fi lter
coefficients from H (z) and write the following difference
equation

=

y[n]

= ly ln -

I] -

h·[n -

2] + x[nj

(8.4 7)

which must be satisfied for any input and its corresponding output. Specifically, the impulse response would
satisfy the difference equation

hln]

= ih[n -

1) - !hfn - 2]

+ 8[n]

(8.48)
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which can be iterated to compute h[n] if we know the
values of h(-1] and h[- 2), i.e., the values of the impulse
response sequence just prior ton = 0 where the impulse
first becomes nonzero. These values are supplied by the
initial rest condition, which means that h[- 1] 0 and
h[-2] = 0. The following table shows the computation
of a few values of the impulse response:

=

II

n<O

0

1

2

3

4

...

x[nl

0

1

0

0

0

0

...

h[n - 2)

0

0

0

1

6

36

19

...

5

19

65
216
211
1296

...

h[n - I]

0

0

I

h[n]

0

I

6

5

5

6

36

19

65
216

36

3
=1 - lz-1

Complex Poles

Now let us assume that the coefficients a 1 and a 2 in the
second-order clifference equation are such that the poles
of H (z) are complex. If we express the poles in polar
form
and
it is convenient to rewrite the denominator polynomial in
terms of the parameters r and 0. Basic algebra allows us
to start from the factored fonn and derive the polynomial
coefficients:

...

A(z)

In contrast to the simpler first-order case, it is very
difficult to guess the general 11 1h term for the impulse
response sequence. Fortunately, we can rely on the
inverse z-transform technique to give us the general
formula. Applying the partial fraction expansion to
(8.46), we get

H (z)

8-9.5

2

H()

z

=

2(½)" 11(11)

3(!)11 - 2(1)11

forn~O

0

for n < 0

1

2

3

■

a1

~ EXERCISE 8.16: Find the impulse response of
the following second-order system:
2)

+ Sx[n] -

4x[n - J]

Plot the resulting signal h[n] versus n.

1

2

bo+b1C +biC

(l - reiBz-•)(I - re- JOz_- 1)

(8.50)

= 2r cos0

and

(8.51)

so the corresponding difference equation is
y [n]

= ¼y[11 -

(8.49)

We can also identify the two feedback filter coefficients
as

Since both poles are inside the unit circle, the impulse
response dies out for II large; i.e., the system is stable.

y[n]

=

bo + b,c 1 + b2z- 2
l - 2r cosBz- 1 + r2z-2

which implies that

= 3(½)" u[n] -

= (1 - p1z- 1) (1 - p2z - 1)
= (1 - r ei9 z- 1) (1 - re-Jez- ')
= l - (r ei0 + r e-19 ) z- 1 + r 2 z- 2
= I - (2rcos0)z- 1 +r 2 z-2

The system function is therefore

2

h[n]

HR FILTERS

= (2r cos 0)y[n - 1] - r 2y [n - 2]
+ box[n] + b1x[11 - l] + b2x[n - 2)

(8.52)

This parameterization is significant because it allows us
to see directly how the poles define the feedback terms
of the difference equation (8.52). For example, if we
want to change the angle of the pole, then we vary the

8-9
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coefficient a 1• Finally, we must remember that (8.5 1)
is valid only for the special case of complex-conjugate
poles; when the poles (p 1 , p 2 ) are both real, the filter
coefficients are
and

a1 = Pi + P2

LS

Time Index (n)

©

Example 8-16: Invert Complex Poles

Figure 8-20: Impulse response for system with A (z)

I

Consider the following system

- z- 1 +z- 2 .

=

y [n.] = y [n - 1] - y [n - 2] + 2x [nJ + 2x[n - l ]
whose system function is

2+2c 1

H (z)

= 1 - z-1 + z-2
= (I _

20 + c

1
)

(8.53)

ei1t!3z- 1)(1 _ e-ilT/3z-')

A pole-zero plot for H (z) was already given in Fig. 8-18.
Using the p artial fraction expansion technique, we can
write /-l (z) in the form

2 + 2e- irr13 )

H(z)

so

h[n]

=

( I _ e-i2tr/3
l _ ei,r/3z- 1

=

2e- jtc/3
l - ei,r/3z-1

( 2 + 2ei"/3 )

+

I _ eJ2rr/3
J _ e-Jrr/3z-l
zeirr/3

+I

- e-i"!3z- 1

= 2e- i"13 ei(n/J)"u[n] + 2ei"13 e-i<tcf3>nu[11J

= 4cos (21r(¼)(11 -

0) 11[n]

a sille wave oscillator. After being stimulated by
the single input sample from the impulse, the system
continues indefinitely to produce a sinusoid of frequency
wo = 2rr ( ¼). This frequency is equal to the angle of the
poles. A first-order filter (or a filter with all real poles)
can only decay (or grow) as (p)" or oscillate up and
down as ( - I)11 , but a second-order system can oscillate
with djfferent periods. This is important when modeling
physical signals such as speech, music, or other sounds.
Note that in order to produce the continuing sinusoidal
output, the system must have its poles on the unit circle5
of the z-plane. i.e., r = 1. Also note that the angle of
the poles is exactly equal to the radian frequency of the
sinusoidal output. Thus, we can control the frequency o r
the sinusoidal osci liar or by adjusting the a1 coefficient of
the difference equation (8.52) while leaving a 2 fixed at
a2

=-

~

1.
Example 8-17: Poles on Unit Circle

The two complex exponentials with frequencies ±:rr/3
combine to form the cosine. The impulse response is
■
plotted in Fig. 8-20.

As an example of an oscillator with a different
frequency, we can use (8.52) to define a difference
equation with prescribed pole locations. If we take

An important observation about the system in Example
8-16 is that it produces a pure sinusoid when stimulated
by an impulse. Such a system is an example of

5 strictly speaking, a system with poles on the unit circle is
unstable, so for some inpurs it may blow up, but not for the impulse
input.
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~m{z)

X

(2)

(2)

~le{.;:)

me(z)

X

Figure

1

H (z) - -

r

Pole-zero plot for

8-21:

system with

- - l +z-2·
reference.

The unit circle is shown for

= 1 and 0 = rr/2,

as shown in Fig. 8-21, we get

a1

= 2rcos0 = 0 and a 2 = -r = -1.
= -y[n -

2] + x[n]

(8.54)

The system function of this system is

I
H(z)=

l +z-2

l

2
J -ei1r/2z-1

= lc
·os(2rr (¼) 11)

+ 41z

_

2

The unit circle is shown for reference.

•

If the complex conjugate poles of the second-order
system lie on the unit circle, the output oscillates
sinusoidally and does nm decay to zero. lf the poles
lie outside the unit circle. the output grows exponentially,
whereas if they are inside the unit circle. the output decnys
exponentially to zero.

+

I

2
1 - e-i1r/2z - •

for n ~ 0
forn < 0

=

=

½ef(1r/ 2111 ul11] + ½e- 1"'/ 2l 11 u[11]

0

_1

As an example of a stable system, if we take r
½
and 0
rr/3, as shown in Fig. 8-22, we get a 1
2
2rcos0 = 2(½H½)
½ and a 2 - r 2
and the difference equation (8.52) becomes

The inverse z-transform gives a general formula for h[11J:

hfnl =

1

=

Example 8-18: Stable Complex Poles

-------,--(1 _ ei1r/2z;- 1)(1 ----_ e-i,r/ 2z-1)
=

I

I - 2z

2

y[nj

Fibrure 8-22: Pole-zero plot for system with H(z)

y [nJ

=

= ½y[n -

=

= -<½> = -¼,

I]- ¼y[11 - 2) +xf11]

The system function of this system is
(8.55)

Once again, the frequency of the cosine term in the
impulse response is equal to the angle of the pole.
rr/2 = 2rr(¼)■

I
H(z ) = - - - -1+

½z-1 ¼z-2

.le-j,r/ 6

-

~

1 _ ½elni 3z-•

=

.lein/6

+--~~3'---

l _ ½e-i,r/3z-1

(8.56)

8-10

FREQUENCY RESPONSE OF SECOND-ORDER IIR FILTER

and lhe general formula for hfn] is
h[nJ

2

= J3(½)" cos (2rc(!)n - i ) t1[11]

(8.57)

In this case, the general formula for h[11J has a decay of
( ½)" multiplying a periodic cosine with period 6. The
frequency of lhe cosine term in the impulse response
(8.57) is again the angle of the pole, rr /3 = 2rr /6; while
the decaying term is controlled by the radius of the pole,
i.e., r" = (½)".
■
DEMO: /JR Filtering

8-10

Frequency Response of
Second-Order IIR Filter

Since the frequency response of a stable system is related
to the z-transform by
H (eF")

= H (z)I

231

The magnitude squared is derived by multiplying
out all the terms in the numerator and denominator of
H (ej';,) H *(ej';,), and then collecting tem1s where the
inverse Euler fonnu la applies.

1 _ e- i2ii>
I - 0 .9e-iw + 0.8 l e-i2io

1 _ ei2;;,
1 - 0 .9ei,;, + 0.8 Jefw

2 + 2cos(2w)
2.4661 - 3.258 cos&+ l.62cos(2w)
This form ula is useful because it is expressed completely
in terms of cosine functions. The procedure is general,
so a similar formula could be derived for any IlR filter.
Since the cosine is an even function. we can state that
any magnitude-squared fu nction IH (ei"')l 2 will always
be even; i.e..

..

:,,_=.('JM

we get the following formula for the frequency response
of a second-order system:

.,

H (e1 '" )

=

bo + b,e- iw + b 2e-iu;,
..
·2w
I -a 1 e- 1w-a2e- 1

(8.58)

Since (8.58) contains terms like e- fw and e-1'2fo, H (efw)
is guaranteed to be a periodic function with a period
of 2rr.
The magnitude squared of the frequency response can
be formed by multiplying the complex H(eiw) by its
conjugate (denoted by H • (eiw)). Rather than work out
a general formula, we take a specific numerical example
to show the kind of formula that results.

...

~

Example 8·19: Frequency Response of
Second-Order

Consider the case where the system function is
H (z)

=

I - 7 -2
I - 0.9c 1 ~ 0.8 l c

2

The phase response is a bit messier. If arctangents
are used to extract the angle of the numerator and
denominator, then the two phases must be subtracted.
The filter coefficients in this example are real, so the

phase is
A

</>(w)

= tan-1 (
- tan

sin(2&) )
(Z
I - cos w)
A

- 1(

0.9 sin w- 0.8 1sin(2w)
A

)
A

1 - 0.9 cosw + 0. 8 I cos(2w)

which is an odd function of w.

•

The formulas obtained in this example are too
complicated to provide much insight directly. In a later
section we will see how to use the poles and zeros of the
system function to construct an approximate plot of the
frequency response without recourse to such formulas.
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8-10.1

Frequency Response via

MATLAB

Tedious calculation and plotting of H (eiw) by hand
is usually unnecessary if a computer program such as
MATLAB is available. The MATLAB function freqz is
provided for just that purpose. The frequency response
can be evaluated over a grid in the wdomain. and then
its magnitude and phase can be plotted. In MATLAB, the
functions abs and ang 1 e will extract the magnitude and
the angle of each element in a complex vector.

®

= 0.9y[n -

response. For this H (z) we have
H(z)

=

-z-2

l
1 - 0.9z- 1 + 0.8l c

2

which has its poles at z = 0.9e±i1r/ 3 and its zeros at z = l
and z = -1. Since z = -1 is the same as z = ei", we
conclude that H (eiw) is zero at w= 1r, because H (z)
0 at z = - I ; likewise, the zero of H (z) at z = +1 is a zero
of H (e1 ,.;,) at w= 0. The poles have angles of ±rr /3 rad,
so the poles have an effect on the frequency response near
w= ±rr/3. Since H(z) is infinite at z = 0.9e±i1rr3, the
nearby points on the unit circle (at z e±i1rl 3 ) must have
large values. In this case, we can evaluate the frequency
response directly from the fommla to get

=

=

Example 8-20: MATLAB for H(ejw)

Consider the system introduced in Example 8-19:
y[n]

IIR FILTERS

l] - 0.8ly(11 - 2] + x[n] - x[n - 2]

H(eiw)I w=rr/3 --

H (z)I z-=eJl</3

In order to define the filter coefficients in

MATLAB, we
put all the terms with y[n] on one side of the equation,
and the terms with x[n] on the other.

y[n] - 0.9y[n - l]

+ 0.8 l y [n -

2]

= xln] .-

=

1, -0.9, 0.81

bb =

1 , 0, -1

The following call to freqz will generate a vector HH
containing the values of the frequency response at the
vector of frequencies specified by the th.ird argument,
[-pi: (pi/100) : pi).
HH = freqz (bb, aa,

z-2

I

I-

(-½ - J½J3)

xln - 2)

[-pi: (pi/ 100) : pi) )

A plot of the resulting magnitude and phase is shown in
Fig. 8-23. Since H (eiw) is always periodic with a period
of 2rr, it is sufficient to make the frequency response plot
over the range - rr ~ w~ rr.
For this example, we can look for a connection between
the poles and zeros and the shape of the frequency

2~,~,3

- - - -- - ----='----='--- -- - 1 - 0.9(½ - J½../3) + 0.81 <- ½ - j ½../3)

Then we read off the filter coefficients and define the
vectors aa and bb.
aa =

I-

1 - 0.9z- 1 + 0.8 lz-2

=

ll.5 +J0.5(v'3)1
10. 145 + }0.045(../3)1

= 10.522

This value of the frequency response magnitude is a
good approximation to the true maximum value, which
actually occurs at w 0.334,r.
D

=

8-10.2

3-dB Bandwidth

The width of the peak of the frequency response in
Fig. 8-23 is called the bandwidth. It must be measured
at some standard point on the plot of IH (eiw) 1- The most
common practice is to use the 3-dB width,6 which is
calculated as follows:
6Toe tenn 3-dB means -3 decibels which is 20 log (1 / v'2). lt
10
is common practice to plol the IH (eiw)I on a dB scale.
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approximation for the second-order case with nan-ow
peaks is given by the formula

IH(ejW)I

A

A,....,

11 - rl

uw~ 2 - -

(8.59)

Jr

-rr

_!I_

,r

0

3

rr

J

w

(a)

A

bw

LH(eF")
,r

2
,r

-Jt

T

1{

(JJ

11

--i
(b)

Figure 8-23: Frequency response (magnitude and phase)
for a second-order feedback filter. The poles are at z =
0.9e±jn/J and the numerator has zeros at z = J and z =
- 1. The shaded region shows the 3-dB bandwidth around
the peak at w n/3.

=

Determine the peak value for IH (eiw)I and then
find the nearest frequency on each side of the
peak where the value of the frequency response
is (1/.,/i.)Hpeak·
The 3-dB width is the
between these two frequencies.
difference

tlw

In Fig. 8-23, the true peak value is 10.526 at
w= 0 .334n, so we look for points where IH (el"') I =
(1/.,/i.)Hpcak = (0.707)(10.526) = 7.443. These occur
at = 0.3021r and = 0.369n, so the bandwidth is
bw 0.0671r 2n(0.0335) 0.2105 rad.
The 3-dB bandwidth calculation can be carried out
efficiently with a computer program, but it is also
helpful to have an approximate formula that can give
quick "back-of-the-envelope" calculations. An excellent

w

=

=

w

which shows that the distance of the pole from the unit
circle 11- r l controls the bandwidth.7 In Fig. 8-23, the
bandwidth (8.59) evaluates to

=

2 (1 - 0.9)

0 .2
0.95

= --- = 0.95

::::: 0.2108

rad

Thus we see that the approxjmation is quite good in this
case, where the pole is rather close to the unit circle
(radius= 0.9).

8-10.3 Three-Dimensional Plot of System
Functions
Since the frequency response H (eFi,) is the system
function evaluated on the unit circle, we can illustrate the
connection between the z and domains with a threedimensional plot such as the one shown in Fig. 8-24.
Figure 8-24 shows a plot of the system function H (z)
at points inside, outside, and on the unit circle. The peaks
located at the poles, 0.85e±Jn/2 , determine the frequency
response behavior near w ±n/2. If the poles were
moved closer to the w1it circle, the frequency response
would have a higher and narrower peak. The zeros at z
± 1 create valleys that lie on the unit circle at
0, rr.

w

=

w=

~

DEMO: Z

=

to Freq

We can estimate any value of IH(ei"')I directly from
the poles and zeros. This can be done systematically by
writing H(z) in the following form:
H (z)

=G

(z - z,)(z - z2)
(z - p,)(z - P2)

7This approximate fonnula for bandwidth is good only when the
poles are isolated from one another. The approximation breaks down,
for example, when a second-order system has two poles with small
angles.
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':\m{zl

Figure 8-24: z-transform evaluated over a region of
the z-plane including the unit circle. The view is from
the fourth quadrant, so the z = 1 point is at the right.
Values along the unit circle are the frequency response
(magnitude) for a second-order feedback filter. The poles
are at z = 0.85e±Jir/ 2 and the numerator has zeros at
~ = ±l.

flgure8-25: , -transform evaluated on the unit circle (z =
eiw) by using n product of vector lengths from the poles
and zeros. P; Z denotes the vector from the i th pole to
(z = eiw). and Z j Z denotes the vector from the j'h zero
to (z = ei';,).

product of the lengths of the vectors to the poles.
where z, and z2are the zeros and p 1 and p 2are the poles
of the second-order filter. The parameter G is a gain tenn
that may have to be factored out. Then lhe magnitude of
the frequency response is
(8.60)

Equation (8.60) has a simple geometric interpretation.
Each term leiw- Z; I or lei& - p; I is the vector length
from the zero Z; or the pole Pi 10 the unit circle position
eiw, shown in Fig. 8-25. The frequency response at a
fixed value of w is the product of G times the producl
of the lengths of the vectors to the zeros divided by the

As we go around the unit circle, these vector lengths
When we are on top of a zero, one of
change.
the numerator lengths is zero, so IH (eiw) I = 0 at that
frequency. When we are close to a pole, one of the
denominator lengths is very small. so IH(ei"')I will be
large at that frequency.
We can apply this geometric reasoning to estimate the
magnitude of H (eiw) at w Jr /2 in Fig. 8-24. We begin
by estimating the lengths of the vectors from the zeros
and poles to the point z = eiir/2, which is the same as

=
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Figure 8-26: Graphical User Interface (GUI) for PeZ which illustrates the three-domains concept. The user can enter poles
and zeros and sec the resulting impulse res ponse and frequency response. In addition, the poles/zero can be moved with a
mouse pointer and and Lhe other plots will be updated in real-time.

z = j. The lengths of the vectors from the zeros are then
divided by the lengths of the vectors from the poles, so

2
= 0.
- - - - - ==7.207
)5 X 1.85

we get

= JH (J)I

JH(ejrr/ 2 )1

Jj- l llj+l l
= ----------Jj -0.85j l U - (- 0.85j)I

The gain G was assumed to be I.
An excellent way to practice with these ideas is to use
the M ATLAB GUI called PeZ (see Fig. 8-26).
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H (z)

=

0.0798( I +z- 1 +c2 +z- 3 )
l - J .556z- 1+ I .272c 2 - 0.398c

(8.61)

3

0.0798(1 +z- 1)(l - ej"l 2 z- 1)(l - e-j"l2 z- 1 )

- -- --1)(l-0.846ejo.
- - -- -3-- -- -- - (1-0.556c
nz- 1)( l -0.846e-jO.Jn z- 1)
1

0.62

0. 17ejO.%n

(8.62)

0.17e-jO.%n

= --5 + - - - + -l -.846ei
--~-:------:+ -l-.846e-i
- -- -0 -3nz-l
0 -3nz- 1
l-.556c 1
8-11

Example of an IIR Lowpass
Filter

First-order and second-order 1lR filters are useful and
provide simple examples. but, in many cases, we
use higher-order IIR filters because they can realize
frequency responses with flatter passbands and stop bands
and sharper transition regions. The butter, chebyl,
cheby 2, and e l lip functions in MATLAB'$ Signal
Processing Toolbox can be used to design fi lters with
prescribed frequency-selective characteristics. As an
example, consider the system with system function H (z)
given by (8.61).
This system is an example of a lowpass elliptic filter
whose numerator and denominator coefficients were
obtained using the MATLAB function ellip. The exact
call was el l ip (3 , 1 , 30, O. 3). Each of the three
different forms above is useful: (8.6 I ) for identifying
the tilter coefficients, (8.62) for sketching the polezero plot and the frequency response, and (8.63) for
finding the impulse response. 8 Figure 8-27 shows the
poles and zeros of this filter. Note that all the zeros
are on the unit circle and that the poles are strictly
inside the unit circle, as they must be for a stable
system.
8Factoring polynomials and obtaining the partial fraction
expansion was done in MATLAB using the functions roots and
residuez, respectively.

llR FILTERS

(8.63)

:Jm {z}

X

- -+if - - - ----lf---~ -

-

9le[z)

X

Figure 8-27: Pole-zero plot for a third-order UR filter
(8.62).

EXERCISE 8.17:
From (8.61) det.ennine the
difference equation (Direct Fon11 for implementing this
system.

n

The system function was evaluated on the unit circle
using the MATLAB function freqz. A plot of this result
is shown in Fig. 8-28. Note that the frequency response
is large in the vicinity of the poles and small around
the zeros. In particular, the passband of the frequency
response is lwl :s 2,r(0.15), which corresponds to the
poles with angles at ±0.3rr. Also, the frequency response
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SUMMARY AND LINKS

h[n] 0.3
0.2

ll

~

j

! 1. ' ! • • •••
- - -........,
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I

);r

- 'ff

1f

T
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Time Index (11)

(a)

F igurl' 8-29: Impulse response for a third-order UR filter.
L H(eiw)
7f

_ _ __'ff

-T(

(J)

-]f

The elliptic filter example described in this section is a
simple example of a practical IlR lowpass filter. Higherorder filters can exhibit much better frequency-selective
filter characteristics.

(b)

Figure 8-28: Fre4uency response (magnitude and phase)
for a third-order JIR tilter.

is exactly zero at w= ±0.5,r and w re since the zeros
of H (z) are at these angles and lie on U1e unit circle.

=

EXERCISE 8.18: From (8.61) or (8.62), determine the value o f the frequency response at w 0.

=

Finally, Fig. 8-29 shows the impulse response of
the system. Note that it oscillates and dies out wi th
increasing n because of the two complex conjugate
poles at angles ±0.3,r and radius 0.846. The decaying
envelope is (0.846)11 •

~ EXERCISE 8.19:
Use the partial fraction form
(8.63) to determine an equation for the impulse response
of the filter.
Hint: Apply the inverse z-transform.

8-12

Summary and Links

The class of llR filters was introduced in this chapter,
along with the z-transform method for filters with
poles. The z-transform ch anges problems about im pulse
responses, frequency responses, and system structures
into algebraic manipulations of polynomials and rational
functions. Poles of the system fu nction fl (z) turn out
to be the most important elements for UR filters because
properties such as the shape of the frequency response or
ilie form of the impulse response can be inferred quickly
from the pole locations.
We also continued to stress the important concept of
"domains of representation." The n-domain or time
domain, the w-domain or frequency domain, and the
z-domain give us three domains for thinking about the
characteristics o f a system. We completed the ties
between domains by introducing the inverse z-transform
for constructing a signal from its z-transform. As a
result, even difficult problems such as convolution can
be simplified by working in the most convenient domain
(z) and then transforming back to the original domain (n).
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Lab # 11 is devoted to UR filt ers. This lab u es a
MATLAB user interface tool called PeZ that supports an
interactive exploration of the three domains.

The reader is again reminded of the large number of
solved homework problems on the CD-ROM that are
available for review and practice.

~

LAB: #11 PeZ - the z, 11, and wDomains
The PeZ tool is useful for studying llR systems
because it presents the user with multiple views of an
LTI system: pole-zero domain, frequency response and
impulse response. (See Fig. 8-26.) Similar capabi lities
are now being incorporated into many commercial
software packages (e.g., sptool in MATLAB).
The CD-ROM also contains the following demonstrations of the relationship between the z-plane and the
frequency domain and time domain:
(a) A set of ''three-domain" movies that show how the

frequency response and impulse response of an IIR
fi lter change as a pole location is varied. Several
different filters are demonstrated.

8-13

(b) A movie that animates the relationship between
the z-plane and the unit circle where the frequency
response lies.
DEMO: Z to Freq

-~

(c) The PeZ GUI can be used to construct different IIR
and FIR filters.
~

,.1

NOTE: Hundreds of Solved Problems

Problems

P-8.1 Find the impulse response of the second-order
system
y[n]

= ✓2y[n - l l -

P-8.2 Determine a general formula for the Fibonacci
sequence by finding the impulse response of the
following second-order system:

ylnJ = y in - I]+ y [11 -2] + xlnl
P-8.3 Let the input be x[11] = 8[n ] - a8[n - 5] and
the impulse response, h[1tJ 5(0.8)11 11[n]. lf yin] =
xlnl * h[11], dete1mine a so that _y[11] 0 for 11:::: 5.

=

DEMO: PeZ GUI

= ½y[n -

(e) A demo that gives more examples of llR filters.
"~

DEMO: 1/R Filtering

11 + ½.vln - 2]
-x[n]

(cl) A tutorial on how to use PeZ.
DEMO: PeZ Tutorial

=

P-8.4 For the following feedback filters, determine the
locations of the poles and zeros and plot the positions in
the z-plane.
y[n]

~

y[n - 2) + xLn l

Express your answer as separate formulas for the cases
where n < 0 and n :::: 0, thus covering the entire rnnge
of n.

DEMO: Three Domains - /JR

f >a":,i

I1R FILTERS

Y [nl

= .!.y[11
2·

+ 3x[n -

J] - 2x[n - 2 ]

1) - lv[11
- 2]
3-

- xfnj

+ 3x[n -

l] + 2xl11 - 2]

In the second case, only the signs on y in - 2] andx[n-21
were changed. Compare the two results.
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P-8.5 In this problem. the degrees of the numerator and
denominator polynomials are different, so there should
be zeros (or poles) at z 0 or z = oo. Determine the
poles and zeros of the following fil ters:

=

(a) Detennine the system function H (;:) for this system.
Express H (z) as a ratio of polynomials in z- •
(negative powers of z) and also as a ratio of
polynomiaJs in positive powers of z.

y[n l

= ½y[n -11-*y[n -2]-x[n]

(b) Plot the poles and zeros of H (z) in the z-plane.

y[n]

= ½yin -

1) - ½y[n -

y [nj

= ½J[n -

1] -

(c) From H (z), obtain an expression for H (ejw), the
frequency response of this system.

21 -

x[n - 2]

h·ln - 2] -

x[n - 4]

(d) Show that IH(ejw)l2
Plot the positions of the poles and zeros in the z-plane. [n
all cases, make sure that the number of poles and zeros is
the same, by allowing zeros (or poles) al z = oo or z = 0.
P-8.6 Given an TTR filter defined by the difference
equation
y[n]

= -½ y [n -

lj + x[n]

(a) Determine the system function H (z). What are its
poles and zeros?
(b) When the input to the system is three successive

impulses
x (nl =

P~8.8 Given an UR filter defined by the difference
equation
y [nl

10

for11

= 0.1, 2

for n < 0 and 11

~

3

determine the functional form for the output signal
y[n j . Assume that the output signal y l nJ is zero for
n < 0.
Hint: Use linearity to find the output as the sum of
three terms, each related to the impulse response of
the system. Recall that the impulse response of a
first-order IIR fi lter has the form boa" for 11 ::'.:. 0.

y[nj

= -0.Sy[n -

lj + O.Sx[n]

+ x[n -

l]

5] + x[nl

(8.64)

(b) How many poles does the system have? Compute
and plot the pole locations.
(c) When the input to the system is the two-point pulse
signal:

=

l

= 0, I

+l

when 11

0

when 11 =f. 0, I

detem1ine the output signal y[n ], so that you can
make a plot of itc; general form. Assume that the
output signal is zero for 11 < 0.
(d) The ou1put signal is periodic for 11 > 0. Determine
the period.

· P-8.9 Given an IIR filter defined by the difference
equation
y[n]

P-8.7 A linear time-invariant filter is described by the
difference equation

= -y[11 -

(a) Determine the system function H( z).

x[11j

+1

= l for all w.

= -0.9 y f11 -

6J + x [n]

(a) Find the z-transform system function for the system.
(b) Find the poles of the system and plot their location
in the z-plane.
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P-8.10 Given an
equation
y[n]

filter defined by the difference

= -½y[11 -

1]

+ x[n]

(a) Determine the system function H(z). What are its
poles and zeros?

P-8.13 For each of the pole-zero plots in Fig. P-8.13,
determine which of the following systems (specified by
either an H (z) or a difference equation) matches the pole.
zero plot.
~m{z)

o-

~m{z)

0

(b) When the input to the system is
(5)

x[n ]

= o[n] + o[n -

1]

+ o[n -

, me{z)

2]

determine the output signal y[n] . Assume that y[n]
is zero for 11 < 0.

o_

!Re{z)

0

Pole-Zero Plot #1

Pole-Zero Plot #2

~m{zl

~ m{z)

P-8.11 Determ ine the inverse z-transform of the
following:
1-

(3)

z- 1

9le{z}

(a) Ha(Z)

= 1 + 0.77z

(b) Hb(Z)

=

(c) flc:(z)

= 1-

(d) H,1(z)

= t - c ' + zz-3 -

o.sz-

1
1+
I - 0.9c '

9le{z)

Pole-Zero Plot #3

z-2
0

0.9z- '

Pole-Zero Plot #4

-"n(zl

:Im{.:)

0

(4)

3c4

, 9le{z}

!lle{z)

0

P-8.12 Detem1ine the inverse z-transfonn of the
following:
(a) Xa(Z)

= l-

Pole-Zero Plot #6

Figure P-8.13

1 - Z-'
6

6
-2

= 1 + 0.9z- ' ~ 0.8l z-2
1 + z- 1

(c) Xc(z)

Pole-Zero Plot #5

l z- 1 - ! z-2

1+

(b) Xb(Z)

0

= 1 - O. Iz- 1 - 0.72z-2

1] + ½x[n] + ½x[n - 1]

y [n]

= 0.9y [n -

y [n]

= -0.9y [n !(t -

H (z)

z- 1)

1] + 9x[n] + l0x[11 - 1]

= ~ + 0.9z-1

8-13
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y[n]

= ¼x[n] + x[n -

1] + ~x[11 - 2]

+x[11 - 3) + ¼xfn - 4]

Ss:

H(z) = l -z- 1 +z- 2 -z- 3 + z-4

===...._A
___.___.....=
- ~

--=
( A=)

3

y [n]

':IL- rr

= I >rn - kl

3 ;r

- T

,r

-2

,r

O

,r

0

-4

__,

."f

;r

2

T

,r

11

4

2

311

4

3,r

rr

k=O

y[nJ

= x[n ] + x[n - I] + x[n - 2)
+x[n -3) +x[n -4) + x[n - 5)

P-8.14 For each of the frequency-response plots (A-F)
in Fig. P-8.14, determine which of the following systems
(specified by either an H (z) or a difference equation)
matches the frequency response.
Note: The frequency axis for each plot extends over
the range -rr ~ w~ 1r.
S1

:

S2:

y[n]
y[n]

= 0.9y[n -

½o - z-

H( z)

y[n]

1)

I]+ 9x[n] + IOx[n -1 )

= -0.9y[n -

.

+ ½x[n] + ½xfn -

1)

1
)

= 1 + 0.9z- 1

= ¾x[n] + x ln -

I)+ } x[n - 2J

+x[n-3]+¼x[n - 4]

Ss:

H(z)

= 1 - z- 1 + z- 2 - z- 3 + z-4
3

y [nJ

=L

x[n - k]

y[n ]

= x[n] + x(n -

lJ + x [11 - 2]

+x[n - 3] +x[n -4] +x[n - 5]

P-8.15 Given an JIR filter defined by the difference
equation
y[n]

1:1
I

-rr

= ½y [n -

1] + x [n ]

311

- T

I

11

-;r

-2

T

rr

5~ ~ J
0

-rr

311

,r

"

--;r -2

-,r

:1 ~
-,r

k=O

(D)

3:r

-T

,r

-2

0

,r

4

,r
O
1r
- ;r
4
Frequency (w)

,r

3,r

2

T

,r

T

2

311

,r

rr

Figure P-8.14

(a) When Lhe input to the system is a unit-step sequence,
u[n], determine the functional form for the output
signal y[n]. Use the inverse z-transform method.
Assume that the output signal y [n] is zero forn < 0.
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(b) Find the output when x[n] is a complex exponential
that starts at n. 0:

:'im{z;}

=

:'lm(z}

~ie {z}

(c) From (b), identify the steady-state component of the
response, and compare its magnitude and phase to
the frequency response at w rr /4.

=

Pole-Zero Plot #1

!lle(z l

Pole-Zero Plot #2
.:'im{z}

~m{z l

P-8.16 In Fig. P-8.16, match each pole-zero plot (PZ
1-4) with the correct one of fi ve possible frequency
responses (A-E). ln the pole-zero plots, poles are denoted
by x and zeros by o.
P-8.17
In Fig. P-8. 17, match each pole-zero plot (PZ 1-4)
with the correct one of five possible impulse responses
(A-E). In the pole-zero plots, poles are denoted by x and
zeros by o.
P-8.18 A linear time-invariant filter is described by the
difference equation
y[n]

= 0.8yln -

I] - 0.8x[11] + x[n -

11

(a) Determine the system function H (z) for this system.
Express H (z) as a ratio of polynomials in c ' and
as a ratio of polynomials in z.

(b) Plot the poles and zeros of H (z) in the z-plane.
(c) From H (z), obtain an expression for H (eiw ). the
freq uency response of this system.

(d) Show that IH(e 1'")12

= 1 for all c'iJ.

= 4 + cos[(:,r/4)n) -

~!e{z}
Pole--Zero Plot #3

'~I

(A)
3,r

JT

I _3:

~
JT

- 7T

JT

0

1r

-!

0

1r

4

2

JT
-2 -;r

0

JT

1t

4

2

-j

JT

- 7T

3n:

- 4

JT

4

I

what can you say, without further calculation, about
the form of the output y[n]?

1T

3JT

4

rry

_3: - ½ - :r
JT

3,r

T

1T

_J

- ~)

0

rr

'J

In ~) ~

rr

2

0 '!!.
~4
,
Frequency (w)

3 cos[(2JT /3)11]

4

(~

10 ~
~-

.,,r

. (~

-n

'~I

~te{z}

Pole-Zero Plot #4

-rr - T - 2 -4

I~

x

-]'{ _3n: _ 'f!. _ J!..
4
2
4

(e) If the input to the system is
x [n]

X

Figure P-8.16

3n:

T

1T

3n:
4

1T
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, P-8.19 The system func1ion of a linear time-invariant
system is given by the formuJa

~m{z)

::'lm{z}
X

~le{z}

(I _ z- 1)(! _ ei:r/2z-1)(l _ e- iTC/2z- 1)
H (7) - - - -- - - - - - -- - - - - (1 - 0.9ei!n/3z-l )( J - 0.9e-1.2Jr/3z-1)

9le(i l

X

Pole-Zero Plot #1

(a) Write the difference equation that gives the relation
between the input xfn ] and the output y [11].
Hint: Multiply out the factors of H (z).

Pole-Zero Plot #2

~m{z}

~m{z:)

:He{z:)

Pole-Zero Plot #3
2

<J)

0 ••••

T

-5

0

(c) If the input is of the form x[n l = Aei¢ei1'vo11 , for
what values of - rr .::: Wc> .::: rr will y[11 ] = O?

Pole-Zero Plot #4

T T

! !T •'•'~'•'•
5

10

15

r1.o: ~.. T] i1'. ••11 i , • , "
-5

0

5

10

0

5

10

!I-~)-. Ij!!III TI I
-5

I (N)
0 • • • • •

-5

5

0

0

li

P-8.20 The input to the C-to-D converter in Fig. P-8.20

is
x (t)

15

ii.<~>•• jI, •, ... .... ... .
-5

(b) Plot the poles and zeros of H (z) in the complex zplane.
Hint:
Express H (z) as a ratio of factored
polynomials i11 z instead of C 1•

15

3 cos[ (2000rr /3) t I

The system function for Lhe LTI system is

(I - z- 1)(1 - ei1r/2z- 1)(l - e-itt! 2z- •)

H (z)

If ls

=

( I - 0.9eJ2n-/ 3 z- 1)(1 - 0.9e- 1 2ir13 z- 1)

=

I000 samples/sec, determine an expression for
y(t ), the outpu1 of the D-to-C conve11.er.

It Tl"
10

15
x(t )

•

5
LO
Time Index (11)
Figure P-8. 17

= 4 + cos(500rr t ) -

Ideal x tII I
C-to-D

LTI
y[n]
Ideal
S}stem 1 - - - i D-to-C

y(t)

H (:)

15
, JS -

Figure P-8.20

I

T,
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P-8.21 Answer the following questions about the
system whose z-transform system function is
_ l +0.8z-

H

(z) -

1

TIR FILTERS

(c) For the systems in (b), obtain a single difference
equation that relates y [n] to x[n] in Fig. 2.
{d) For the systems in (b), plot the poles and zeros of
H (z) in the complex z-plane.

1 - 0.9z- 1

(a) Determine the poles and zeros of H(z).
{b) Determine the difference equation relating the input
and output of this filter.
(c) Derive a simple expression (purely real) for the
magnitude squared of the frequency response
jH(eN')l2.
(d) Is this filter a lowpass filter or a highpass filter?
Explain your answer in terms of the poles and zeros
of H(z ).

P-8.22 The diagram in Fig. 2 depicts a cascade
connection of two linear time-invariant systems; i.e., the
output of the first system is the input to the second system,
and the overall output is the output of the second system.

(e) Derive a condition on H(z) that guarantees that the
output signal will always be equal to the input signal.
(f) If System 1 is the difference equation y 1[n] ==
x[n] + ~x [n - l]. find a system function H 2(z) so
that output of the cascaded system will always be
equal to its input. In other words, find H2 (z), which
will undo the filtering action of H 1 (z). This is called
deconvolution and H 2(z) is the inverse of Hi (z) .

(g) Suppose that H 1(z) represents a general FIR filter.
What conditions on Hi (z) must hold if H2 (z) is to
be a stable and causal inverse fi lter for H 1 (z )?

P-8.23 Define a discrete-time signal using the formul a:
y[n]

(a) Use z-transforms to show that the system function
for the overall system (from x[n) to y [n]) is H (z)
H 2 (z) H1(z), where Y( z)
H (z)X(z).

= (0.99t cos(21r(0.123)11 + </))

=

(a) Make a sketch of y [n] versus n, as a "stem" plot.
Take the range of II to be O .::: n .::: 20.

(b) Suppose that System 1 is an FIR fi lter described by
the difference equation Y1ln] xrn) + ~x[n - I],
and System 2 is described by the system function
1 - 2z- 1 + z- 2 . Determine the system
H 2 (z )
function of the overall cascade system.

(b) Design an IIR filter that will synthesize y[n] . Give
your an swer in the form of a difference equation
with numerical values for the coeffi cients. Assume
that the synthesis will be accomplished by using
an impulse input to "start" the difference equation
(which is at rest; i.e., has zero initial conditions).

=

=

=

x[n] _

LTI I

w [n]

LTI 2

y[n]

X( z;)

H1(z), h1[11]

W(z)

/-12(2), h2[11]

Y(z)

Figure P-8.22

C H A

T E R

Continuous-Time
Signals and LTI Systems
time signal that can be processed by the human ear,
another continuous-time system. Even when we want to
perfom1 analog processing using the combination of AID
converter, digital filter, and D/A converter as in Fig. 6-17
on p. 152, the input is a continuous-time signal x(t) and
the output is another continuous-time signal, y(t). S ince
the overall effect of the system is a transformation from
x(t) to y(I), we want to be able to describe and analyze
that transfom1ation independent of the fact that we might
use a digital filter as part of the implementation.
Another issue is the specification of processing
systems in terms of their ideal behavior. We will see
that communication systems such as radios and modems
can be built up from ideal subsystems such as ideal
filters and modulators. The advantage of this abstract
approach is that we can analyze the system behavior
prior to specifying the implementation details of the
subsystems. One might call this approach Analog Signal

We began this text with an introduction to continuoustime signals and systems, and now we are going to return
to that topic. In Chapters 4-8, we focused on discretetime signals and systems with topics such as sampling,
FIR filtering, frequency response, and the z;-transform.
While discrete-time systems have many virtues, it is
generally impossible to avoid some consideration of
continuous-time signals and systems since most signals
originate in continuous-time fom1.
For example, musical instrnments produce signals in
continuous-time, and microphones convert the resulting
acoustic pressure wave into a continuously varying
electrical signal that can be further processed by
amplifiers and filters. When stored on a CD-ROM,
a music signal is converted to a discrete-time signal
by sampling. However, when we listen to a music
signal that is represented on a CD in digital form, it is
necessary to convert the samples back to a continuous-
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Procening. 1n some cases, the preferred implementation
of the continuous-time system might involve an analog
electronic circuit; in others, a digital implementation
would be employed.
Therefore, it is useful to develop a good set of
tools for analyzing continuous-time signals and systems,
The Fourier
especially in the frequency-domain.
Transform provides the general method for describing the
frequency content of continuous-time signals, as well as
the frequency response of continuous-time systems. It
also sheds new light on the relation between continuoustime and discrete-time signals and systems. This is the
goal of Chapters 9-12.
In this chapter. we will begin with a review of our
earlier discussion of continuous-time sinusoidal signals
and then introduce several other basic signals that are
important in the study of continuous-time systems. We
will review the concepts of linearity and time-invariance
and introduce the convolution representation of linear
time-invariant systems. As part of our discussion,
we will introduce the unit-impulse signal o(r) and its
mathematical properties. This signal o(t) is necessary
to define the impulse response for LTI systems, which is
one element of continuous-time convolution.
This chapter, along with Chapters 10 and 11 , focuses
on the basic theory of continuous-time signals and LTl
systems. While it may appear that the results are highly
mathematical, and it may not be obvious why they are
useful, it is necessary lo firsr build a foundation that can
represent and solve real problems. Chapters 12 and 13
discuss a variety of applications of the basic concepts,
including fi ltering, modulation, sampling, and spectrum
analysis. Patient study of the fundamentals will be worth
the effort!

9-1

Continuous-Time Signals

Continuous-time signals can be expressed as functions of
a continuous independent variable. We use the notation

x (r) to denote a continuous-ti me signal.

The independent
variable, t. is generally associated with time, but that
need not always be the ca<;e. For example, the theory
and techniques that we develop are readily applicable
to other situations such as image processing where the
independent variable is distance.
It is useful to classify continuous-time signals in tem1s
of their duration, or length. For our purposes, we
will define the signal length to be the smallest time
interval that contains all the nonzero signal values. In
mathematical tenninology, this interval is called the
support of the signal.

9-1.1

Two-Sided Infinite-Length Signals

In Chapters 2 and 3, we studied various types of infinite
length signals that were also periodic signals. We
emphasized sinusoidal signals of the form
x(t)

= A cos(w0 t + </>)

(9.1)

which can also be represented as the real part of the
complex exponential signal
:(t)

= Xei<"lV = Aei4'e1wci
= A cos(wot + ¢) + jA sin(wor + ¢)
1

(9.2)

where the complex amplitude X is equal to Aei</J. In
both (9.1) and (9.2), the signal is represented by an
equation that gives a rule for assigning a signal value
to each time value in the range -oo < t < oo. Another
common representation of these signals is a graph such
as Fig. 9-l(a).
A wider class of infinite-length signals is the
class of periodic signals that satisfy the relationship
x(t) = x(t + To), where To is the repetition period. One
common example of a periodic signal is the square wave
shown in Fig. 9- 1(b) where the period is To = ½ sec.
Finally, it is possible to have an infinite length signal that
is not periodic. An example is the decaying exponential
signaJ x(t) = se- 1'1 which has nonzero values over all

9-J
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(a)

..

0

°VV\f\TT

~

(c)

.2.
t.'

-1

0

l

•t

Figure 9-1: Continuous-time signals chat are infinitely
10
long: (a) 1.5-Hz Sinusoid with wo 3rr rad/s, A

and<J>

=
=
= O. (b) Square wave with a fundamental frequeocy

(c)

;~

>

0

Figure 9-2: One-sided continuous-time signals: (a) Unit
step. (b) Cosine wave starting in (9.4) at t = 0. (c)
Decaying exponential. Each of Lhese signals is zero for
I < 0.

of 3 Hz. (c) 1\vo-sided decaying exponential signal.

time, -oo < L < oo, as shown in Fig. 9- l(c). The signals
in Fig. 9- 1 are often called two-sided signals because they
are nonzero for both positive and negative time.

so its input signal is effectively zero. To represent
this situation mathematically, it is very useful to define
the continuous-time unit-step signal according to the
mathematical equation 1

9-1.2 One-Sided Signals

=

One-sided signals have the property that x(t) 0 on a
semi-infinite interval. For example, a signal might be
zero fort < to, in whi.ch case it is called a right-sided
signal because its graph stalls at t = 10 and goes all
the way to the right. One-sided signals are necessary
because most signals that we generate have a definite
starting time-often taken to be t = 0. For example, a
switch might be used to connect the signal to a system.
but prior to closing the switch the system has no input

u(I )

=

g

l ~

I

0

< 0

(9.3)

which is shown in Fig. 9-2(a). The unit step can then be
used to multiply other signals to make a new signal that
1Toe value of the unit step at r = 0 is ambiguous. Some au1hors
but we have chosen 11(0 )
I. In either case. !here
define 11(0)
will be situations where the value of u (Ol appears to be ambiguous.
This is OK, because mathematics tells us that the value of a function
at one isolated point is inconsequential.

= }.

=
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sta1t s at t = 0. For example in Fig. 9-2(b), a sinusoidal
signal that is "turned on" at t = 0 would be represented
as
x(t)

=

JO cos(3rrt - rr/4)u(t)

(a)

(9.4)
0

2

3

4

5

..

and similarly, the one-sided exponential signal

v(t)

= se-

01

u(t)

=

se- at
O

t

!

would appear as in Fig. 9-2(c) for a

~

0

t < 0

(b)

(9.5)

In order to get a different starting time, we can define
a shifted unit step, e.g., x(t) = u(t - 7). Expanding the
definition of the unit step, we have

= u(t -

7)

= (~

..

Figure 9-3: Finite-length continuous-time signals: (a)
Finite-length pulse with duration= 2 sec. (b) Sinusoidal
signal multiplied by a 3-sec. pulse.

form a finite-length signal. Thus, the pulse signal
p(I) = u(t - 2) - u(t - 4) has values that are given by

(t - 7) ~ 0

(t - 7) < 0

so a plot of x(t ) is zero for t < 7. and it makes its
transition from zero to one at t 7.
■

=

9-1 .3

5

= I.

Example 9-1 : Shifting the Unit Step

x (t)

4

Finite-Length Signals

The class of finite-length signals contains signals such as
short pulses that can be used to carry binary information.
Figure 9-3(a) shows a two-second pulse starting at r = 2
and ending at t = 4. As in the case of u(t). a finitelength pulse can be used to multiply another signal to
form a short burst of that signal, e.g., the finite-length
sinusoid in Fig. 9-3(b).
There is a simple relationship between the unitstep signal u(t) and finite-length pulses: shifted
versions of the unit-step signal can be subtracted to

p(t)

= "(I -2) -

u(I - 4)

=

g

2~l ~4
otherwise

(9 _6)

This signal is plotted in Fig. 9-3(a). A second way to
write the finite-length pulse in terms o f u (t) is to use a
product notation (see Prob. P-9.1).

EXERCISE 9.1: Write a formula for the finitelength sinusoidal signal of Fig. 9-3(b) using a unit-step
notation similar to (9.6) to indicate itS finite duration.

9-2 The Unit Impulse
In this section we will introduce a useful concept-a
pulse whose duration appears to be so short that it starts
and ends at the same instant of time. We will call this
signal the unit impulse signal.
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Recall that in the discrete-time case, we defined the
unit impulse sequence to be
~[n]

=

g

=0

I?# 0

i.e., it is the discrete-time sequence with only one nonzero
value. Perhaps the most important use for o[n] is its role
as a test input to produce the impulse response h [11] of FIR
and IIR systems. The impulse response h[n] completely
characterizes an LTI discrete-time system through the
discrete convolution sum expression (5.1 1) on p. 110.
Now, for continuous-time systems, we would like
to have a similar test signal that would momentarily
stimulate the system and give us an "impulse response"
that can be used to characterize the continuous-time
system if it is LTI. Like 8[11], the continuous-time
impulse must be a very short signal, concentrated at zero.
However, the following definition does not work

~(/)= (~

t=O
I

#0

NO!

(9.7)

because thjs signal has no strength- its integral is zero.
Instead, we will describe o(t) as being zero everywhere
except for t = 0, but also satisfying

f

00

o(t)d1

----u.
I

/1

=1

(9.8)

- oo

This does not pin down the value of 8(t) at t = 0, but
does define a necessary property that 8(t ) must satisfy.2
Since it is problematic to define a function of a
continuous variable to be nonzero at only one isolated
2The unit impulse for continuous-time signals is hard to define
jn a mathematically sound fashion because it is 1101 a f1111ctio11 in
the 11onnal mathematical seme. That is, it is not a well-behaved
function like a sinusoid or an exponential function . Instead, we wiJI
describe the desirable properties for an impulse, and use these as its
mathematical definition.

- - - - I U?
I

I-

-

~

2

I

I

:
l!,.2

Figure 9-4: Approximating the unit impulse with
narrowing pulses.

point, we must take an indirect approach and define
the impulse to be the limit of a sequence of continuous
functions that become increasingly concentrated at one
point. An example is
86(1)

=

l

otherwise

f

=1

I
26

0

- A< l < A

(9.9)

which is a pulse whose width is 2A and whose height is
I/ (2A). As the parameter A approaches zero, the pulse
gets narrower, but higher. Figure 9-4 shows examples of
86 (t) for three different values of A. Each of these signals
has the prope11y that its total area is one, independent of
A , so we have
00

86 (r)d1:

(9. 10)

-00

The limit of the function 86 (t) as A ➔ 0 becomes zero
everywhere except at t = 0 where irs value approaches
oo. We use this as an intuitive definition of the unit
impub;e signal
o(t)

= 6➔0
Jim 06(1)

(9.11)
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J(t)ot:.(t) ~ /(O)ot:.(l)
f(t)8t:.(1)-+

..

0

-

/

(a)

j(0)/2!::.

-ti O t::.

Figure 9-5: Scaled unit-impulse signal is symbo lized
with an arrow. The area of the impulse is written in
parentheses next to the arrowhead.

J(t)o(1)

= f (O)o(l)
(b)

(f(O))

More important than the limiting value is the fact that the
total area of oA (l) remains constant at one regardless of
the size of I),, . This unit area property also applies3 to the
limit (9.11 ). so we conclude that the unit-impulse signal
has the following basic properties:
a(t)

=o

I

fort =I= 0

(9.12)

-f<...t) /
0

F igure 9-6: (a) Signal j(f) multiplied by a narrow
pulse tliat approxima1es a unit impulse. (b) Signal f (t)
multiplied by a unit impulse.

00

8(t)dt

=1

(9.13)

-oo

=

In plotting the unit-impulse signal, we will use the style
illustrated in Fig. 9-5, which displays c5(r) as a verticaJ
line with an arrowhead on top. The area (or "size") of the
impulse (9. 13) is written as the value (A) in parentheses
next to the m-rowhead. If we write Ao(t), we say that the
area or size of this scaled impulse signal is A because

I

00

I

00

Ao(t)dr

formulating the sampling property of 8(t) . Since the
0, we consider what
impulse is concentrated at t
happens when we multiply an impulse signal by a
continuous signal J(t). As before we use oA(I) and form
1he product

=A

-oo

o(t)dl

- oo

Even though (9. J 2) and (9. I 3) seem adequate to define
an impulse, we can develop a better definition by
3The unit area property assumes that the following delicate math-

f l'.-+O
Jim 06. (t )dt ==

lim

A➔ O

=

I

t')/26

- A< I < 6

otherw ise

Figure 9-6(a) shows a continuous signal f (t) and the
product f (t)ol'. (t). This figure shows 1ha1 in the limit as
I),, ➔ 0, the only value of J (I) that matters in the product
is d1e value at the single point t = 0. From this it follows

=A

9-2.1 Sampling Property of the Impulse

ematical rearrangement is true

f(,)8.(1)

f SA (t)dt .

that
f(t)8(t)

= f(t)
=

Jim oA (f)

6. ➔ 0

Jim j(t)86. (t)

A--0

= lim /(0)81".(t) = /(0)8(1)
A-+0

(9.14)
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In other words. when an impulse multiplies a continuous
signal, the value of the continuous sigDal at t = 0 is
"sampled" out of the signal, and we are left with only
an impulse whose area is scaled by .f (0). The notation
in (9.14) can be confusing, but we emphasize that 1he
right-hand side must include the impulse and the area of
the impulse conveys the sample value.
If we want the actual value off (1) alt = 0, then we
must integrate (9 .14):

J
00

=

(f(t1 ))

(f(t2))

Figure 9-7: Signal/ (1) multiplied by two shifted unit impulses. The re.suiting signal is f (t)(8(r - t 1)+8(t-t2)) =
f (11 )8(1 - rt) + f (t2)8(t - 12 ).

J
00

.f(t)8(t)dt

J(t)(8(r - t1) + 8(r - t2))

f(0)8(t)dr

-oo
oc

= f (0)

J

o(f)dt

= f (0)

(9.15)

- x

·~

This is depicted in Fig. 9-6(b) where (f (0)) is placed
beside the anowhead to indicate the area of the impulse.
The sampling property can be generalized a little bit
if we introduce time shifting. The ti me-shifted impulse
8(t - r0 ) is called ..an impulse at time t0 ." Now if we
form the product J(t)o(t - to), the concentration of the
impulse is centered at t = to, so we get

Example 9-2: Sampling with an Impulse

Suppose that we are given the expression
to simplify. The sampling property
sin(20m)<5(t (9.16} enables the followiog simplification

'io)

sin(20m)8(t -

Sampling Property of the Impulse
(9.16)

f(t)o(t - to)= J<ro)8(1 - to)

and also I.he integral form of the Sampling Property

I

00

f (l)o(t - to)dt

= f (to)

(9. 17)

-oo

85) = sin[20rr (iti)]o(t - tc;)
= sin(0.25,r)o(t - !!~ )
= 0.7078(1 - io>

The imponant thing to no1e is that a continuous function
(in this case sin(20m)) multiplied by an impulse
becomes an impulse with a size dependent only on the
value of the conlinuous function at the time location of
the impulse. Using the result of the above manipulation,
it follows also that

f

00

sin(20rrt)8(t - i)dr

= 0.707

-00

_which is true because the integral of the shifted impulse
is also unity. Figure 9-7 shows sampling with two shifted
impulses at t = t 1 and t = t 2.

since the limits of integration include the time at which
~~~l~~~•
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First of all, we must state a generalized "area property"
for the impulse

The impulse is not a function, although some of
its properties suggest that it can be treated like
one. A rigorous definition of the impulse requires a
mathematical theory called "distributions.'' In this theory
the impulse is actually defined as an object that represents
the operation of sampling. In our notation, the best
definition of the impulse would be the integral form of
the sampling property (9.1 7). In fact, a common warning
is that an impulse should only be used within an integral
where it can be evaluated to a number. Said another way,
it is the area of the impulse 8(t - to) that matters, not its
to.
(infinite) value at t

=

j

6(/)dt

=

a

I~

if a < 0 and b ::: 0
~

if a

0 or b < 0

(9.18)

where we assume b > a. 4
This generalization is
reasonable because a definite integral is the area of its
integrand between the limits of integration. Since o(t) is
concentrated at t
0, the area should be one when 8(1)
lies between the limits of integration.
Now we can obtain the relationship between the unit
impulse and the unit step. Consider the running integral
of 8(t)

=

f
I

9-2.3

Engineering Reality

We cannot generate a true impulse signal with electronic
equipment, but that does not diminish the utility of the
impulse idea. Applications such as flash photography and
high-speed data modems need extremely short pulses.
Furthermore, we have already seen that the impulse
response completely characterizes an LTI system, so it is
important to be able to measure the impulse response in
the lab with actual narrow-pulse signals. In Section 9-7.4
we will show that a very narrow pulse, which is a normal
mathematical fu nction, can produce an ou tput for an LTl
system that is virtually identical to the theoretical impulse
response of that system.

9-2.4

Derivative of the Unit Step

In calculus we learn that it is not possible to take
the derivative of a discontinuous function. However,
impulses can be used to expand the concept of
differentiation to include discontinuous functions. In this
section we will show the close relationship between the
impulse 8(t) and the unit step u(t).

(9. 19)

8(r)dr

-oo

From the generalized area property (9.18) we get

j

6(,)d,

=

-oo

I~

if t ::: 0
if t < 0

(9.20)

But the right-hand side of (9.20) is identical to the
definition of the unit step u(r) in (9.3) on p. 247, so

f
I

u (l)

=

8(-r)d-c

(9.21)

-oo

Next, we recall the Fundamental Theorem of Calculus
which states that
g(t)

=

j

I

f(r)dr

==?

a
4The situation where one of the limits is zero is indeterminale, so
we make an arbitrary <lislin.c tion in (9. 18} in order to be consistem
with our definition of the unit step u((}.
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r(I-

oft = 0.5 If we differentiate x(t) using the product rule
familiar from calculus and apply the sampling property
of the impulse from (9.14), we obtain6

2)

3

(a)

1 I
0

X

2

O> ()
I

f( )du (t)
df(t)
= -dx(r)
=
l - + U( t ) - dt
dt
dt
df(t)
= J (t)l,(t) + --u(t)
dt

= f (0)8(t) + df (t) u(t)

(b)

0

2

t

Figure 9-8: (a) Unit step signal 311 (t - 2) and (b) its

derivative, 38(t - 2).

dt

Thus, the derivative of a discontinuous signal contains
an impulse whose area is equal to the size of the j ump
in the signal plus the ordinary derivative of the signal at
all other times t where the signal is continuous. If the
discontinuity is a negative j ump, then the impulse area
would be negative.

from which we conclude that the unit impulse acts like
the derivative of the unit step
a(t )

d

== dt u(t)

(9.22)

A quick review of the foregoing derivation would lead to
the same properties being true for a shifted impulse
a(t - to)

= -dtd u(t -

J

to)

Example 9-3: Derivative of a
Discontinuous Function

Consider the signal x(1) = e-2<1 - 1>u(t - 1) which is
discontinuous at t = l. Its derivative is
dx(t)
dtt(I - I )
de- 2(1 - 1>
- - =e-2(r- n _ _ __ +u(t - 1) - - dt
dt
dt

(9.23)

= e- 2< -lla(t 1

1) - 2e- 2<1- 1>u(t - l )

t

u(t - to)

=

a(T - to)dT

= e08(t -

(9.24)

-oo

Figure 9-8 shows a shifted scaled unit step and its
derivative, a shifted scaled w1it impulse.
Armed with a newfound ability to differentiate
discontinuous signals, we can use the product rule
from calculus to take the derivative of the signal
x(t) = f (t)u(t) which is discontinuous at t = 0 even
when f (t) is differentiable. The signal x(t) will j ump
from Ojust before t = 0 to f (0+ ) just on the other side

l) - 2e- 2<1- 1'u(t - I)

The graphical representation of this example is shown in
Fig. 9-9. Such figures are useful because they show that
each discontinuity of the function generates an impulse
in the derivative whose size is equal to the size of the
discontinuity of the function.
■
5

The notation f (O+) means lim f(t), but approaching through
/-40

positive values only.
6-rbe compact superscript notation (IJ means the first derivative.
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r(I) ,-,, ~

"u(I - I)

t'::::::--:

I

0

x~v(t)

Figure 9-10: Block diagram representation of a
continuous-time system.

1

f,x(I)

~

(a)

(I)

(b)

input signal going through a block diagram that contains
the symbol for the transformation T{ •} as in Fig. 9-10.

0

9-3.1
-2
Figure 9-9: (a) Delayed one-sided exponential and (b) its
derivative.

Some Basic Continuous-Time
Systems

A simple example of a continuous-time system is the
squaring system defined by the input/output relation
y(t)

9-3

= Tlx(t))

Continuous-Time Systems

Continuous-time systems arc natural phenomena or manmade devices that transform one continuous-time signal
into another. Mathematically, we say that the system
operates on the input signal x(t) to produce the output
signal y(r), and we represent this by a notation such as
y(I)

= T{x(r)}

(9.25)

where T( •I is a general symbolic representation of the
input/output operator that describes the system. ln other
words, T (·} is the mathematical rule for assigning an
output signal to an input signal. Sometimes it might be
possible to state the rule in words, but generally we want
a mathematical formula to define how y(r) is produced
from x(t). As in the case of discrete-time systems,
another compact notation is
x(t)

1---7

y(t)

(9.26)

which conveys the fact that y(t) is the output of a system
when x(t) is the input. A third representation shows the

= [x(/)]2

(9.27)

which states that the output signal value at time r is
equal to the square of the input signal value at that same
time. Some other systems that have ~imple mathematical
definitions are the ideal dellly system defined by
y(t)

= x(r -

t,1)

(9.28)

where td is the time delay of the system, and the ideal
differentiator system, defi ned by

dx(r)
y (I)= - dr

(9.29)

Finally. we have the ideal integrator, which is defined
as the system whose input and output satisfy the 1w111in~
inregral equation

f
(

y(t)

=

x(T)dr

(9.30)

- oo

Integrators are useful models for a variety of continuoustime systems such as capacitors and op-amps in electrical
circuits.
ln each of tbe four cases given here, the rule for
getting the output from the input could have been stated

9-4
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in words. However, it is customary lo convert the rule to
a mathematical equation in order to facilitate analysis of
the operation.

9-3.2

Continuous-Time Outputs

Given the rule for a system's operator, it is often easy
to determine the output once the input is known. For
example, suppose that the input to the squaring system is
x(I) == -3u(t - 2). Then the output signal is
y(t)

= [- 3u(t - 2)) 2
= 9Lu(t - 2)]2 = 9u(t -

=

I
I

=

lhe input sequence lo the oulput i,;equence. Likewise,
an ideal discrete-time delay system for . equence inputs
was defined by (5.9) on p. 109 with the time-shift
parameter restricted to be an integer number of samples.
On the other hand, while the ideal differentiator is
similar to the discrete-time first-difference system, the
analogy is not perfect since differentiation is inherently
a continuous variable operation involving infinitesimal
limits. Likewise, the ideal integrator, defined in (9.30) is
similar to a "running sum" discrete-time system defined
by the equation

2)

Because the unit step is either zero or one, squaring
u(t - 2) gives zero or one too.
The output of a system is called its respollse. One
particular response is quite important. This is the
impulse re!>ponse, which is the output when the input
is x(t) o(t). For example, the impulse response of the
ideal integrator can be found by substituting c5(t) into the
system defi nition (9.30)
y(t)
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o(r)dr

II

y in]=

L

x [k]

(9.31)

k=-oc

The system defined by (9.3 J) is also called an
accumulator system since in compuling the output
sample y[n l it sums (or accumulates) the values of the
input sequence up to and including the value at 11. The
accumulator simply sums numbers. and this is easily done
in hardware with digital arithmetic. The integrator also
sums past values of the input signal, but it does the sum
in the incremental sense of the Riemann integral.

-oo

A previous result (9 .2 1) tells us thnt the impulse response
of the ideal integrator is, in fact, the unit step.

The impulse response occurs so often that a
specific notalion is re.l'erved for that signal.
Instead of y (t), the outpLII is denoted by h(t)
when the input is an impulse.
Thus we would say h(t)

= u(t ) for the integrator.

9-4

Linear Time-Invariant Systems

Just as in the case of discrete-time systems, we can study
continuous-time systems by imposing certain properties
on the system transformation. Tn Chapter 5 on FIR
Filters, Section 5-5, we introduced the properties of
linearity and time-invariance for discrete-time systems,
and we showed that these two constraints lead to the
convolution sum
oc

9-3.3

Analogous Discrete-Time Systems

RecaJl that in Chapter 5 we have already defined a
discrete-time version of the squarer system in (5. 14)
on p. 11 6 using a formula similar to (9.27) for relating

y [n] =

L

x[k]h[n - k]

- OO<ll<OO

(9.32)

k=-oo

a general representation that applies to a ll linear ti meinvariant (LTI) discrete-time systems. In this section, we
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will see that linearity and time-invariance also lead to a
general relation between the input and output of an LTI
continuous-time system. This relation is the convolution

integral.

9-4.1
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of the original output y(t ). This is done by changing
r - t0 . In
the "dummy variable" of integration to u
this substitution, dr is replaced by du, the lower limit
r = -oo becomes u = -oo, and the upper limit r t
becomes u = t - t0 . Therefore (9.35) becomes

=

=

Time-Invariance

Suppose that a continuous-time system is represented by
X(t) ~ y(l)

(9.33)

This system is time-invariant if, when we delay the input
signal by an arbitrary amount t0, the result is only to delay
the output by that same amount. Using the notation of
(9.33) the time-invaiiance condition is
x(t - to)

~

(9.34)

y(t - to)

This condition must be true for any signal x(t) and for
any real number to. Figure 5-16 on p. 116 shows how
to test a discrete-time system for time-invariance. An
identical method can be used for testing continuous-time
systems.
~

f

1-10

Example 9-4: Squaring Is Time-Invariant

Consider the squaring system given by (9.27). When
[x(t)]2. Now if the
the input is x(t) , the output is y(t )
input isx(t - to), the corresponding output will be w(t)
[x(t - to)J2. Therefore, we see that w(t)
y(t - to), so
the system is time-invariant.
■

=

=

=

w(t)

=

x(u)du

- 00

and it is now clear that w(t) = y(t - t0 ), so the integrator
■
system is seen to be time-invariant.
~

Example 9-6: A Time-Varying System

As a third example, consider the amplitude modulator
system defined by
y(t )

= x(t) cos(wct)

(9.36)

Such a system is a fundamental component of many radio
systems. lf we apply the test for time-invariance, we
change the input to x (t - 10 ) obtaining as output the signal
w(t) = x(t - to) cos(wct), which is not equal to y(t -to)
because to obtain y(t - t0 ), both variables t in (9.36) must
be replaced by (1 - to) giving x(t - to) cos[w<.(t - to)].
Therefore, the system is not time-invariant or more
■
directly, it is a rime-varying system.

EXERCISE 9.2: The input and output of the
time delay system satisfy y(t) x(t -rd) where ld is the
delay of the system. Show that the time delay system is
a time-i nvariant system.

=

Example 9-5: Integrator Is Time-Invariant

The integrator system is also a ti.me-invariant system.
To prove this, we replace x(r) in (9.30) by x(r - to)
obtaining the output w(t)

f

9-4.2

Linearity

I

w(t)

=

x(r - t0)d-r

(9.35)

A continuous-time system is linear if when x 1(t)
Yt (t) and x2(1) 1-+ Y2(t) , then

-00

Now, to prove time-invariance, we must manipulate the
integral in (9.35) into a form that is recognizable in terms

x(I)

= ax1 (t) + f3x2(t)
~ y(t)

= ay1 (t) + f3y2(t)

~

(9.37)

9-4
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Equation (9.37) expresses the principle of superposition
for continuous-time linear systems. Figure 5-17 on p.
J t 7 shows how to test a discrete-time system to see if it
is linear. We can apply the same procedure to continuoustime systems.

EXERCISE 9.3: The differentiator system is
defined by the input/output relation
y(t)

= dx(t)
dt

~

Show that the differentiator system is both linear and
time-invariant (LTI).

Example 9-7: Squaring is Nonlinear

The squaring system is not a linear system, i.e.,
it is a nonlinear system. To see this, note that if
x (t ) = ax1 (t) + f3x2(t), the corresponding output is

9-4.3

When a continuous-time system is both linear and timeinvariant (LTI), the following general statement is true:

and after some algebra we obtain
y(t)

The Convolution Integral

= a 2[x1 (t)]2 + 2af3x 1(t)x2(t) + /32 [x2 (t)J2
:f:. <XY1 (t)

+ f3Y2(t )

Every LT/ system can be described
by a convolution integral

where Yi (t) = [x1(t)]2 and Y2(t)
the squaring system is nonlinear.

= [x2(t)]2. Therefore,
■

f

(9.38)

00

y(t)

=

x(r)h(t - r)dr

-oo

Example 9-8: Integrator is Linear

The integrator system is a linear system. To show this,
note that if x(t) = ax 1(t) + f3x2 (t), the corresponding
output is

f
= f
I

y(t)

=

x(r)dr

-oc

f
I

=

[ax 1('r)

-oo

I

a

+ f3x2 (r)]dr

f
I

xi (r)dr + /3

-oo

x 2 (r)dr

where h(t) is the impulse response of the system, x(t)
is the input and y(t ) is the output. Convolution (9.38) is
a binary operation between two functions x(t) and h(t)
that produces a third function y(t) defined for all time,
-oo < t < oo. This operation is usually written as y(t) =
x(t) * h(t), meaning "x(t) is convolved with h(t) ." We
hasten to point out that the operator notation x(t) * h(t)
can sometimes be misleading. It disguises the fact that
when we write y(t) we really mean "the value of the
function y at time t ." This value y(t) is obtained by
evaluating the integral

-oo

= O')'J (t) + f3y2(t)
Thus, the integrator system is a linear system.

f

00

•

y(t)

=

- oo

x(r}h(t - r)dr
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which depends on the parameter t . To obtain al1 the
values of the function y, the integral must be evaluated
for each t. Thus, a better notation would bey= x * h,
emphasizing that the function y is obtained by convolving
the two functions x and /1. However, the notation y(f) =
x(t) * h(t) is generally used to mean the same as (9.38)
without much confusion.
First of all, note that the convolution integral is
a definite integral, and the limits - oo to oo in the
definition (9.38) imply that the integration must be done
over all nonzero portions of the integrand x(r)lz(t - r).
In specific cases, the limits will be finite, in other
cases they might be functions of t.
Furthem10re.
the variables t and r play distinctly different roles.
The variable T is the "dummy variable" of integration.
It disappears when the integral is evaluated. The
variable t on the other hand, is the independent
variable of the output function y(t ) and it wi ll range
over all values -oo < r < oo. In lhe integral, t is a
constant, so, in effect. we must evaluate the integral
for each different value of t . We will discuss the
evaluation of convolution integrals in more detail in
Section 9-7.
Strictly speaking. the statement in (9.38) should read
as follows: "A system is LTf if and only if its output
can be represented as a convo lution." We w ill not
prove the "only if" pan of this theorem, but we can
verify that the convol ution integral does represent a
linear and time-invariant system. First assume that
x(r)
a x 1(t) + f3x2 (t). Then the corresponding output
is

=

f

00

y (t)

=

x(r)h(t - r )dr

- oo

f

00

=

-00

La x1 (r)

+ f3x2(r)]h(t -

r)dr

f

00

=a

f

00

x1(r)h(r - r)dr

+ /3

- 00

x2(r)h(1 - r)dr

- 00

Thus, the operation o f convolutio n of an input x(t ) with
h(t) is a linear operation.
To verify that convolution is time-invariant, replace the
input by x(r - to) and examine the resulting output

f

00

w(t)

=

x(r - t0 )h (t - r)dr

- oo

By making a substitulion a

=r

- to for the dummy
variable of integration, we transform the integral into

J
=f
00

w(t )

=

x(a)h(t - a - to)da

- co

(X)

x(a)h((r - to) - a)da

= y(t -

to)

- oc

Therefore, convolution is time-invariant as well as linear,
so (9.38) defines an LTI system. Thus. an equivalent
statement to (9.38) is the following:

For every LT/ system, the output y(t) is always
equal to x(t) * h (t ). the convolution of the
input signal x(t) with the system impulse
response h (t ).
In other words, once we know the impulse response h(f)
of an LTJ system, we can use the convolution integral to
get the output of the system for auy input.

9-4
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"~

associative. and distributive over addition.

Example 9-9: Convolve Unit Steps

When the impulse response is a unit step, h(c) = u(t),
and the input is a lso a unit step, x(t) = u(t), the
convolution integral becomes

f
=f
=
=f

Commutativity:

00

y(t)

=

These
properties are analogous to similarly named properties of
ordinary multiplication and addition, as well as discretetime convolution.

x(r)h(t - r)dr

x(t)

-=

u(r )u(t - r)dr

ltt (t - r)dr

f
=f
=f

00

0

y(l)
1 :::.

0

(9.39)

I< 0

=

= f u(f)

=

x(r)h(t - r)dr

-oo

-oc

The upper limit becomes l because u (t - r)
I when
t-r::: O,orr ~ t . Thefinalanswer (9.39)canhewritten
concisely as
(9.40)

The signal tu (t) is called a unit ramp because it is linearly
increasing with a slope of one.
This example illustrates that one skill in doing a
convolution integral is the proper manipulation of the
limits of integration prior to performing Lhe actual
integration.
■

9-4.4

(9.41)

=

- 00

* u(t)

* h(t) = h(t) * x(t)

i.e., we can determine the output of an LTI system by
convolving .x(t ) with h (t) or vice-versa. This property is
proved by making the substitution a
t - rand da =
-dr in the convolution integral and manipulating it as
follows:

00

u(t)

The commutative property is

x(t - a)h(a)(-da)

00

00

f

00

x(t - a)h(a}dcr

- oc

=

h(a)x(r - <r)dcr

- 00

Recall that reversing the sign of a definite integral
reverses the order of lhe limits. The last form o f the
expression for y(r) is by defin ition h(t) * .x(t), so the
commutativity of convolution is proved.

Associativity:
ciative if

An operation like convolution is asso-

Properties of Convolution

The operation of convolution, and therefore the class
of continuous-time LTI systems, has a number of
useful mathematical properties that make it possible
to manipulate and simplify complicated LTI systems.
Specifically, the operation ofconvolution is commutative,

[n plain English, if we have a convolution of three

functions. we can do the convolution operations in any
order. This is j ust like multiplication where numbers (or
functions) can be multiplied in any order. At this point
of our discussion, the proof of this result would involve
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a tedious manipulation of a double integral. However,
in Section 9-8 we will show how this result falls out
naturally in the context of manipulating cascaded LTI
systems.
Convolution also satis-

Distributivity Over Addition:

fies the relation
x(t)

* [h 1(t) + h2(t)] = x(t) * h 1 (t) + x(t) * h 2 (t)
(9.43)

The proof of this property is simple if we recall that
convolution is a linear operation. Therefore, convolution
of x (1) with the sum h 1(t) + h2 (t) must be the sum of the
individual convolutions.
Identity Element of Convolution: The question of
finding an identity element for convolution is the problem
of solving for x(t) in the following equation:
x(t)

* h (t ) = h(t)

(9.44)

We can show that the answer is the unit-impulse signal
by substituting x(I) = 8(t) in the convolution integral
(9.38) and applying the sampling property of the impulse
to obtain

f

00

f

00

8(r )h(t - r)dr

-oo

=

In other words, the impulse is the identity signal
for the operation of convolution, much as 1 is the
identity element for ordinary multiplication. Another
interpretation of (9.45) is that the output (response) of
the LTI system due to a unit impulse input is h(t ), but we
already knew this fact from the definition of the impulse
response!

9-5

Impulse Responses of Basic
LTI Systems

If a system is LTI, it is completely characterized by its
impulse response h(t). In a practical setting, we might

have to resort to measuring a system's impulse response
experimentally using a very short pulse that approximates
the impulse. ln other cases, we have to solve difficult
mathematical equations to get h(t). In this section, we
will "measure" the impulse responses of several simple
LTI systems by simply using 8(t) as the input to the
system to generate the output.

9-5.1

Integrator

The integrator system was defined by the input/output
relation 7

8(r)h(t - O)dr

- oo

y(r)

f

=

00

= h(t)

8(r)dr

= h (t)

-oo

ln making this derivation, it is permissible to move
h(t) outside of the integral because the variable t is

* h(t) =

h(t)

(9.45)

x(r)dT

= x<- l>(t)

-oo

The impulse response of this system is the unit step
as shown previously in Equation (9.2 1). Thus, we can
represent the integrator operationally as follows:

an independent parameter different from r , the dummy
variable of integration.
We can summarize the identity element in convolution
notation, because we have just demonstrated that
o(t)

f
I

A R1111ni11g Integral is equivalent
to convolution with a unit step.
x(t)
7

* u(t)

(9.46)

= x <- ll(t)

Thesuperscript (-I) means the first anti-derivative, i.e., integral.
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9-5.2

9-5.3

Differentiator

The ideal delay system was defined previously as the
system whose output is obtained from the input by

The djfferentiator system defined by
y(t)

dx(t)
=- = x'IJ(t)
dt

y(t)

is also an LTI system. If we proceed as in the case of the
integrator and substitute 8(t) for x(t), we obtain
h(t)

do(t)

Differe11tiatio11 is co11volutio11
with derivative of an impulse.

* o<ll(t)

= x(t -

fd )

where Id is the amount of time delay in seconds.
Substituting x(t) = 8(1) gives the impulse response of
the ideal delay system as

= -dt- = o0 ><n

h (t)

The question of what the derivative of an impulse might
be can be studied by limiting arguments; however, the
concept of a convolution operator gives us a useful
interpretation simply by noting that since 8(1) (t) is
the impulse response of the differentiator system, the
following operational definition must be true:

x(t)

Ideal Delay

= o(t -

rd)

Thus, the impulse response of the ideal delay is a delayed
td." In our symbolic
impulse, or "an impulse at time t
notation, the input is convolved with h(t) to give the
output, so the result is

=

Ti.me shift is the same as
co11volutio1Z with a shifted impulse.
X(I)

* o(t - Id)= x(t -

(9.48)

tJ).

(9.47)

= xCl>(t)

This is a very important result that should be treated as one
of the fundamental properties of the impulse function.

The signal o(ll(r) is called the doublet.

9-6

With the time-shift property of (9.48), it is relatively easy
to perform the convolution of signals that only coniain
impulses. In fact, this case is quite similar to discretetime convolution except that the impulses do not have to
be regularly spaced. Here is the basic theorem that we
need:

Example 9-10: Convolution with Doublet

The convolution of the unit step with the doublet
y(t)

Convolution of Impulses

= u(t) * 8( 1l(1)

can be evaluated by using (9.47), and the derivative
property of the unit step (9.22); i.e.,

Co11volutio11 of Impulses
o(t - ti)* 8(t - t2)

y(l)

= -dtd u(t) = o(t)
■

= D(t -

(t 1 + t2))

(9.49)

In other words, the convolution of two shifted impulses
at t 1 and t2 gives a shifted impulse located at the sum,
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=

t t1 + t2 • In order to see that this statement is true, we
simply need to invoke (9.48); i.e.,
x(t )

==> 0(1 -

11)

* o(t -

t2)

* 0(1 -12)

= x(l -

rt)

I

= o((t -

t2) - 11)

= o(t -

(11 + 12))

r) ii) f 0.5)

Example 9-11: Convolve Impulses

= o(t -

5)

x(t )

= scr -

(c)

I

+ 8(t + 5)

0.5

y(t)

= 8(1 -

5)

* 8(r

+ 5)) * cscc-

= 8(1 -

5.5) - 38(r -

3

4

= x(t) * h(t).

o.5) - 30(1))

- o.5) - 38(1 - 5)

+ 8(r + 5) * o(r -

2

Figure 9-11: Convolution of a pulse with impulses: (a)
Pulse input x(r). (b) Impulse response h(t) consisting
only of impulses. (c} Resulting output after convolution,

o.5) - 3o(t)

* h (l)
5) + 8(i

I

1.5

0

= (8 (t -

* 0(1)

+ 5) * o(t )
5) + o(t + 4.5) - 38(1 + 5)
0.5) - 38(1

So we end up with impulses at t = 5.5, -4.5 and ±5.
The area of the impulses at t
±5 is - 3.
a

=

~--

2
y(t)

and

h (t )

(b)

)I,

0

When combined with the linearity property, we can
work problems such as convolving the following two
signals:
x (t )

)I

2

0

where we have substituted o (t - t 1) for x(t ).
ct'~

ta)

12)

Example 9-12: Impulse Convolution
Causes Shifting

When one of the signals in a convolution is a regular
continuous-time function and the other contains only
impulses, a graphical approach often leads to a simple

solution. Consider the pulse input x(t ) and the impulse
response h (r) = 8(r - 1)+0.5o(t - 2)shown in Fig.9- 11.
The equation for the output is simply
y(t )

= x(t ) * [8 (t -

= x(t -

I ) + 0.58(t - 2)]

I)+ 0.5x(r - 2)

As Fig. 9- 1 l shows. such convolutions are easy to do
graphically. We simply shi ft a scaled copy of the
continuous signal to the location of each impulse and
sum all the shifted and scaled copies. AJ; shown by the
dotted lines in Fig. 9-11(c), the two copies overlap in the
region 2 :'.:: t < 3, so the output is l + 0.5 = I .5 in that
■
interval.

9-7
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,.

0

I~
0

I

(b)

(a)

Figure 9-12: Example of convolution: (a) loput is a
shifted unit-step signal, (b) Impulse response is a decaying
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variable" of integration in the integral of (9.50) because
it disappears when we evaluate at the upper and lower
limits. Furthermore, t is the independent variable of y(t).
T hus, to compute each value of the function y(t), we
must form the product h(r)x(t - r) and then evaluate
the integral in (9.50) for each different value of t .
If we substitute the functions x(t) and h(T) into (9.50),
we obtain

exponential.

f

00

y(t)

=

(9.51)

e- r u(-r)u(t - T - ])dr

-00

9-7

Evaluating Convolution
Integrals

In the analysis of continuous-time LTI systems, 1t ,s
sometimes necessary to evaluate the convolution of two
continuous-time signals in detail. We have seen that if
one of the two signals is an impulse or a sum of impulses.
the evaluation is straightforward; we simply shift the
time origin of the other function to the location of the
impulse and scale it by the area of the impulse. A more
complicated, but nevertheless tractable, situation occurs
when both functions are made up of pieces of simple
functions like conswnts or exponentials whose products
are readily integrable with a table of integrals. Jn such
cases, care in setting up the limits of integration is crucial
to succe~s. We will illustrate this with some examples.

9-7.1

Delayed Unit-Step Input

Suppose that we wish to evaluate a convolution integral

f

00

y(t )

=

h(r)x(t - -r)d-r

which is certainly a correct form, but one that still needs
a lot of work. 1n particular, this form does not make it
obvious how the limits of integration depend on t. The
key to efficient and correct evaluation of a convolution
integral of this type is to draw an auxiliary sketch of
the two functions whose product is the integrand of the
convolution integral. TI1e sketch of h(r) is easy; it is
just the same graph as h(t) with the axis relabeled. The
sketch of x(t - r), however, is less obvious. but if we
proceed systematically, it is also easily done. To see the
steps, consider Fig. 9- 13. Figure 9- 13(a) shows x(r),
which is obtained from Fig. 9-12 by simply relabeling
the horizontal axis. Figure9-13(b)shows!((T) = x(-r),
which is the time-reversed version ofx (r ). (We introduce
the new symbol g(r) simply to emphasize that the timereversed function is really jusr a new fu nction of r .)
Finally, in Fig. 9-13(c) we show the fu nction g(r) with
its time origin shifted by t. Remember that as far as
the dummy variable of integration r is concerned, t is a
constant. Now from the definition of g(-r), we obtain

(9.50)

-oo

where the two functions h (t) = e- 1 u (t) and x (t) =
u (t - 1) are plotted in Fig. 9-12. Now it is important
to point out again that r is what we call the "dummy

g(r - /)

= x(-(r -

1))

= x(t -

-r)

i.e., the desired function x (t - r) is obtained by first timereversing x(r) and then shifting the result by t. Thus, to
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r)I

{a)

I

+-- x(t - r) t=2.5

x(t - r) l,=O

►

T

r<)=x(-,)

(b)

0

-1

•T

0
g (r - t)

l

= x(-(T -

t ))

= x(t -

-

0

Ah(r),x(t - r)

(a)

0

-1

CONTINUOUS-TIME SIGNALS AND LTI SYSTEMS

(t - 1)

T

y(t)

(b)

I •..••..•••••.•••• ••...• •• ••••.

r)

(c)

t-J

..

t

T

Figure 9-13: Illustration of determining x(t - r) in
evaluating convolution: (a) Input signal x(r). (b) Time
reversed input signal x(- r). (c) Time reversed input
3). The
signaJ shifted by t on the r axis (shown fort
gray axis indicates a change from t to T.

0

1

=

plot o r sketch the graph of x(r - r), we must follow the
two steps detailed in Fig. 9-13:

1. flip x(•) with respect to the origin

Figure 9-14: Illustration of evaluation of convolution. (a)
the signal h(t) and flipped versions of x(t) plotted on the
r axis, (b) the output signal y(t ) plotted versus t . The
gray axjs indicates a change from t to r.

see a " typical" plot of x (t - r) that is representative of all
values oft such that t - 1 < 0. For this case, the nonzero
parts of the two functions h (r) andx(t--r:) do not overlap
and hence, their product h ( -r: )x (t - r ) is zero for all r < I .
Therefore, the convolution integral evaluates to

2. then shift the r-origin tor.
We will generaUy have to do this for many values oft.
Now we are ready to draw the sketch that shows how
h(r) and x(t - r) interact in evaluating the convolution
integral (9.50). Figure 9- l4(a) shows a plot of both h (r)
and x(t - r) on the same set of axes for two different
choices oft. Note that the graph /J ( r) is identical to the
graph /z(t) in Fig. 9- 12(a) only with its axis relabeled
r instead oft. Also shown in Fig. 9-14 is x(t - r) =
u.(t - r - 1) for two djfferent values oft.
Figure 9-14 shows that there are two different regions
for evaluating this convolution integral. On the left, we

t

y(t )

=0

fort < 1

The second typical plot of x(t - -r) in Fig. 9- 14(a) is
shown with a g ray line. This plot is representative for a!J
values oft such that t - 1 > 0, even though it is drawn for
the specific value t = 2.5. Since the flipped and shifted
x(t - r) extends infinitely to the left, the nonzero parts of
h (-r) and x (t - 1:) will overlap for all t such thatt - 1 > 0,
or equivalently fort > l. Using the plot of Fig. 9-14, it is
straightforward now to evaluate the convolution, b ecause
we can see that the product h(r)x(t - r) equals e-r over
the range O < r < t - 1, meaning that the output fort > l

9-7
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is given by the integral

EXERCISE 9.4:

Show that the convolution of
two exponential signals, x(t ) e - a'u(t) and h(t)
e- b, u(I), is

,_,

=

y(t)

f

e- Tdr

for I > 1

0

y(t)

The evaluation of this integral involves the following
steps:

f

=

= x(t) * h (t) = -I- (eb-a

=

0

'

u(t) - e-br u.(t))

if a =/= b

1-J

y(t)

=

e-r dr

€ , EXERCISE 9.5: Convince yourself of the truth
of the following statement: If the input contains no
impulses, but is discontinuous (like u (l)) then the impulse
response must contain at least one impulse in order that
the output be discontinuous too.

0

= -e-T JI-I
o
= -e- c,- 1) + 1

=1-

e-c,-i)

fort > I

FinalJy, we can use the unit-step function to express the
zero and nonzero regions of y(t), giving the compact
form
y(t)

= (1 -

e-c,- tl)u(t - 1)

(9.52)

which is plotted in Fig. 9-l4(b).
This example illustrates some important general
properties of continuous-time convolution. First, this is
an example of the more general case where x(t) = 0 for
t < T0 and h(t)
0 for r < T 1. (In this case T0
I and
T, 0.) By drawing a sketch simHar to Fig. 9-14, it can
be shown that if t < To + T1, then the nonzero parts of
x(t) and h(t - r) do not overlap. Therefore, regardless
of the detailed nature of the input and impulse response
at other values oft, it follows that it is always true that
y(t)
0 fort < To+ Ti. Another important conceptthat
is illustrated by this example is that even if one or both of
the signals involved in the convolution is discontinuous,
the result of the convolution (output) will be a continuous
function of time. This is due to the integration, which has
a natural tendency to smooth the signals.

=

=

~ EXERCISE 9.6: Show by drawing pictures l ike
Fig. 9-14(a) that if x(t) = 0 for l < T 1 and h(t ) = 0 for
t < T2, then the output y(t)
x(t) * h(t) is zero fort <
Ti + T2 . On other words, the starting time of y(t) is the
sum of the starting times of x(t) and h(t).

=

~ EXERCISE 9.7:
Repeat the convolution of
x(r)
u(t - 1) with h(t) = e- 'u(t), but this time use
the convolution integral fonn

=

=

f

00

y (t)

=

x(r)h (t - r)dr

-00

Because convolution is commutative, your answer should
be the same as (9.52).

=

fn order to provide a tool for studying convolution for
continuous-time systems, a MATLAB GUI was created to
run different cases where the signals can be selected from
a menu of pulses, exponentials, sinusoids and impulses.
The screen shot of Fig. 9-15 shows the GUI with a pulse

266

CHAPTER 9

·) Continuous Convolullon Demo v 2 04
Plol Options Help

o.e

CONTINUOUS-TIME SIGNALS AND LTI SYSTEMS
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Impulse Response
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0.5

0.5

0.4
0
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0

5
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Get h(I)

Flipx(t)

r, Flip h{I)
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Multiplication
0.8

r

0.6
0.4

1.5

Signal Axis:
X('t) = blue
h(t-1:) = red
Multiplication Axis:
x(1:) h(t-1:)
Convolution Axis:
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0.5
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8
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Help
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Figure 9-15: Graphical User Interface (GUI) for cconvdemo which illustrates the flip and slide nature of continuou1>time convolution. 111e user cnn pick the two signals. and then use the mou e pointer 10 slide one of the signals (flipped)
over the other one. The area of the overlapped sig11als is shown in the middle panel. The specific example shown here i~
x(t)
u (t - I) - 11(1 - 3) convolved with h(t)
e- o.3, [u(t) - 11(t - 8)J. For rhe specific flipped h(t - r). the value of the
output time parameter is t = 8.

=

=

convol ved with an exponential. The output signal is
shown in the bottom panel of the GUI.
;o''-'

DEMO: Continuous Convolution

To become skilled at evaluating convolution integrals
there is no substitute for practice and studying worked
examples. Section 9-7.3 presenls a more complicated
example, but first, we shall return to the discrele rime-
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h[n]

Ah[J.].xln - k]

.. .'lflIIII. .. :f IIT TT! . IIIIIIII..ll11r1~;:!g!
u[11 - k - l]

0 I

11

0

(a)

II

(b)

Figure 9-16: Example of convolution: (a) Input is a
shifted discrete-time unit-step signal x[111 = 11(11 - I I; (b)
.Impulse response is a discrete-time decaying exponential
h[nl = a"u[n ].

ll=-2

Evaluation of Discrete Convolution

Recall that the discrete convolution sum is defined as

Q

•" lk l.xln- k)

rl

domain and show how what we have just learned
can be used in the closed-form evaluation of discrete
convolutions.

9-7.2

(a)

• • •••••• -~ t I
01

(b)

~---k
(cl

IjIIIIIII.

IIIl

II

00

y[n j

=

L

h[klx[n - k I

- oo <

11

< oo (9.53)

k=-oo

If we compare (9.53) to (9.50) we see that the equations
look very similar. The integral in (9.50) becomes a
discrete sum in (9.53); the dummy variable of integration
r is replaced by the dummy index of summation k; and
the independent time variable of the output signal t is
replaced by the discrete index n. Although these are
significant differences, the basic structure is the same.
We shall continue to explore the analogy by assuming
that the input is a shifted discrete-time unit-step sequence
x [11 ] = u ln - I ) and the impulse response is a discretetime exponential sequence h (n] = a"u[n] as depicted in
Fig. 9- 16. If we substitute these sequences into (9.53),
we obtain
ex:

y[11]

=

L
k=-oo

ak11[k]1dn - k - I]

(9.54)

Figure 9- 17:
convolution.

Illustration of evaluation of di~crele

which is just as confusing a-. (9.5 l ) unless we carefully
consider how the two sequences interact as we change n.
In general, to evaluate (9.53) for a given pair of signals,
we need to form the product hlkJx[n - k] for II fixed
and sum the values of the resulting product sequence
over all k. We must do this for all values - oo < n <
oo. As in the case of continuous-time convolution, it
helps if we plot x[n - k) as a function of k for different
values of 11. We can do this by first time-reversingx[k) to
obtain g[k] = x[-kl. and then shiftinggfk] by n to obtain
glk - 11] = x[-(k - n ) ) = x[11 - k]. For the given pair
of sequences, this is shown in Fig. 9- l 7(a) where both
h[k] = a~ u[k] and x[n - kJ = u[n - k - I I are plotted as
functions of k. In this particular case n = -2. (Note that

CHAPTER 9

268

x[n - k] is plotted gray, while h[k] is plotted in orange

with smaller solid dots.) Similarly, Fig. 9- I7(b) again
shows both h[k] = aku[k] and x[n - k] = u[n - k - 1]
plotted as functions of k, but this time for n
3. T hese
plots make it easier to evaluate the convolution sum in
closed-form. For example, by generalizing from the case
depicted in Fig . 9- I 7(a), we can see that the nonzero
parts of the sequences h[k] and x[n - k] do not overlap
if n - I < 0. Therefore, it follows that

=

y[11]

=0

r) □

I~

11
0

I

2

•

0

(a)

(b)

Figure 9-18: Example of convolution: (a) Input. (b)
Impulse response.

for n < l

Furthermore, from Fig. 9-17(b) it follows that forn -1 ~
0 the output will be

l

n- 1

y [n]

CONTINUOUS-TIME SIGNALS AND LTI SYSTEMS

"

= L a k = -1---aa.

is significant, it should not obscure the fact that discreteand continuous-time convolutions are very similar in their
effects and in their mathematical structures. Keep this in
mind as we consider more examples of continuous-time
convolution in the next sections.

h=O

DEMO: Discrete Convolution

The closed form expression for the sum follows from the
formula for the sum of n terms of a geometric series. We
can combine the results of our evaluation into a single
formula for the output sequence obtaining

9-7.3 Square-Pulse Input
Consider the impulse response h(t)
"pulse" input

11

y[11]

I a
= (l -a

)

u[n - I)

(9.55)

which is plotted in Fig. 9- l 7(c).
A comparison of Figs. 9-14(b) and 9-17(c) shows
that the output in both cases has the appearance of a
"smoothed" version of the input-unit step signal. On the
other band, there are some differences that are mainly
due to the fact that in discrete-convolution the signals
are sequences rather than functions of a continuous Lime
variable. Notice that in the discrete case the output
becomes nonzero immediately when h[k] and x[n - k]
fi rst overlap on the k axis. In contrast, for continuoustime signals the first overlap of h(r) with x(t - r)
produces zero area so the output is zero at that time offirst
overlap. The output signal builds up only as the overlap
region achieves a nonzero width. While this difference

x(t)=u(t- 1) - u(t - 2) =

= e-

I~

1

u(t) and the

l ~ t <2
otherwise

These two functions are shown in Fig. 9-18. We can
evaluate the convolution of these two signals without
using the "flip and shift" method, if we exploit linearity
and time invariance for a previous convolution (9.52) that
we have already done. We can summarize that result as

e-1 u(t) * ll(l

-

I) = ( I - e-(l-l))u(t - 1)

(9.56)

which is shown in Fig. 9- 19(a). T ime invariance means
that shifting the unit-step function from u(t- l ) to u(t-2)
will shift the output by one, or
e- 1 u(t) * u(t - 2)

= (I -

e-<i-2>)u(t - 2)

(9.57)
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Y1(t)

(a)

0
Y2(t )
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Alternatively. we can write y (t) = (l - e- 1 )e- <1 - 2> for
the region (t ~ 2) ac; in Fig. 9-19(c). We can view the
output signal in Fig. 9-l 9(c) as a "smeared out" pulse
whose duration is greater than the duration of the input
pulse. This is a nonnal result of convolution that happens
when the duration of the impulse response is greater than
the duration of the input

(b)

I

9-7.4
0

2

: y(t) ~ Y1(t) - y2(t)

(1-,-1)1

L'=

0

2

(c)

x(t)

t

=

which is shown in Fig. 9-19(b). Now we use linearity to
combine these two results to get the convolution that we
want:
e- 'u(t) * l11(1 - J) - 11(1 - 2))
e-<i- J>)u(t -

Another example will illustrate how a narrow pulse acts
like an impulse. T he following pulse signal has a duration
of l msec, but its area is one:

..

Figure 9-19: Convolution constructed via linearity. (a)
Output when the input is u(t - J). (b) output when
the input is u(t - 2). The output (c) is the difference
of tbe two auxiliary outputs in (a) and (b), because
x(r ) u(r - I) - u(t - 2).

= (1 -

Very Narrow Square Pulse Input

=

I 0OO[u(t) - u(t - 0.001)]

=

! 01000

0 .:5 t < 0.001
otherwise

(9.60)

If we continue to use the same impulse response h(t)

=

1

e- u(t) as in the previous examples, we can use linearity

and time-invariance to construct the output in terms of
the known convolution (9.52): namely,
e- 1 u(t)

* 1000[11(1) -

u(t

(l.001)]

=

1000((1 - e-1 )u(t) - (J - e -<i - O.OOJ))11(1 - 0.001)]
(9.61)
Therefore, the complete equation for y (t) is

I ) - (I - e- <r- 2 >)u(t - 2)

(9.58)
It is hard to visualize the output unless we reduce the
output into cases. The complete equation for y(t) is
t < '

l::::t<2
2 :5 t

(9 .59)

t < 0

0 .:5 I < 0.001

(9.62)

t ~ 0.001

where 1.0005 is the approximate value of 10OO(e0 ·001 - I).
Figure 9-20 is a plot of y(t) in (9.62). although
it is impossible to see any details in the region
(0 .:5 t < 0.001).
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to one. Since this input is nearly an impulse, we might
expect that the output should start to act like the impulse
response, which it does fort > 0.001 secs.

y(I)

2

0

Figu re 9-20: Convolution output for a narrow pulse input.

9-7.5

CONTINUOUS-TIME SIGNALS AND LT! SYSTEMS

Discussion of Convolution
Examples

Two convolution integrals were worked out in the
preceding sections based on the convolution done in
Section 9-7. l. In all three cases, the impulse response
was a decaying exponential which is an appropriate
mathematical model for the impulse response of a firstorder e lectrical circuit consisting of a resistor and a
capacitor and for other physical systems. The feature that
varies among the three examples is the pulse length of the
input signal. In Secti.on 9-7. 1. the input is an infinitely
long signal that turns on at t
I, but lasts forever. Tn
this case, we see that the output of the convolution is also
infinite ly long, but the transition of the unit-step signal at
t
l has been smoothed out by the convolution with the
exponential. The output signal rises grndually from zero
to an asymptotic value of I, but it takes about 5 seconds
for the output to be very close to 1 (within I% of its final
value) . Specifically.

·•<t-- EXERCISE 9.8: Suppose that x(t ) '# 0 only for
T1 St S T2 and '1 (1) '# 0 only for T3 St S T4. Draw a
sketch of x(r) with h(t - i- ) for several values oft as in
Fig. 9-14 for ··typical" finite-duration functions x (t ) and
h(t). Use tbjs figure to show that y(t ) = x(t) * h (t) also
has finite duration given by y(t) '# 0 for T_.-, S t S T6 •
Find Ts and Tt. in tem1s of T1, T2, 'T-J, and T4 •

9-8

Properties of LTI Systems

As we discussed previously for discrete-time systems,
linear time-invariant systems have a number of properties
that can greatly simplify our work. We will discuss
several of these in this section.

=

=

y(6)

= (1 = (I -

e- <6-

1

>)u(6- 1)

e- 5 ) ~ 0.9933

In Section 9-7 .3, the input pulse has a finite duration, but
it is not extremely short. ln this case, the output is a
severely distorted version of the input pulse.
ln Section 9-7.4, the input pulse is very short relative
to the pulse in the second example, and its area is equal

9-8.1

Cascade and Parallel Combinations

A cascade of two LTI systems is shown in Fig. 9-21(a).
ln this configuration, the inputx(t) is the input to the first
system, whose output is the input to the second system,
whose output is the overall output y 1(t ).
This figure shows the input to the first system x(t ),
the output of the first system (and input to the second
system) w 1(t ). and the overall output (output of the
second system) y 1(t) along the top of the arrows
connecting the systems. These symbols stand for
general inputs and outputs of the system. Below the
arrows are the inputs and outputs for an impulse input
to the cascade system. For the impulse input, the
output of the first system is, by definition, its impulse

9-8 PROPERTIES OF LTI SYSTEMS

x(t)

~

8(t )

LTI I
h I (t)

w1(t)

LTJ 2

h 1(t)

h2Ct)
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x(f)

y ,( t)

h2( t )*l1t(t )

8(1)

Delay

System
8(t - 1)

x(t -1 )

Integrator
System

8(1 - I )

u(t)

y(r ) _

-

8(1 - I)* u( t)
- 11(1 - I )

-

(a)

x (t)

LTl2

w2(r)

8(t )

h2V>

h 2(t )

LTI l
h 1(t)

Figure 9-22: Cascade implementation of an integrator
with delay o f I.

Y2(t )

h 1(t)

-

* h 2(t)

(b)

x(t )

8(1)

LTI Equivalent
h(t) = h 1(t) * h 2(t)
(c)

or

of Figs. 9-2l(a) and (b) can be replaced by the single
equivalent system in Fig. 9-2 l (c). Alternatively, a
system like Fig. 9-21(c) whose impulse response can be
expressed as h(t) = h 1(t) * h 2 (t) can be represented and
realized by either of the cascade systems Figs. 9-21(a) or

* Jr I(/)

(b).

y(t)

h1(1)*h2(1)
'12( 1)

Figure 9-21: Cascade connection of LTI systems: (a)
System #2 following System # I. (b) System #1 following
System #2. (c) Equivale11l sybtem to both {a) and (b).

Example 9-13: Delay-Integrator Cascade

Consider the system whose impulse response is
u (t - I). S ince this impulse response is j ust a
delayed unit-step function, it can be represented by the
convolution Ii ( t ) o(t - l) * 11 (t). Thus, the system can
be implemented by the cascade of a delay of 1 followed
by an integrator as depicted in Fig. 9-22. Also note that
the order of the delay and the integrator can be reversed
in the cascade configuration without changing the overall
impulse response.
■
h (t)

response h 1(t). Since h 1(l) becomes the input to
the second system, the overall output is It 1(t ) * h 2 (t),
and this, by definition, is the impulse response of the
overal I cascade system. Figure 9-2 1(b) shows the two
systems in reverse order. The same impulse input
produces the output h2(t ) * h 1(t) for the overall impulse
response of the system. Since, as we have shown,
convolution is a commutative operation. it follows that
h 1(t)*h 2 (t) = h 2 (t)*h 1(t ), so we conclude that the
two cascade systems in Figs. 9-21 (a) and (b) have
the same overall impulse response from input x(I)
to the output y(t). Therefore, y 1 (t) = Y2U) = y(t)
whenever the systems have the same input signal,
x(t). Therefore, yet another system that has the same
overall response h(t) h 1 (t) * h 2(t) = h 2(t) * hi (t ) is
the system in Fig. 9-2 1(c). Thus, the cascade systems

=

=

=

Figure 9-23 shows a parallel connection of two LTI
systems. where the same signal x(t ) is the input to both
systems, and whose outputs are then added to produce
the overall output y(t ). As in Fig. 9-21. the upper signal
variables denote general inputs and outputs, while below
the arrows are the output signals that result when the input
is the unit impulse o(t).
Note that the overall impulse response is h 1 (t) +h2 (t ).
and the parallel connection of two systems can be
replaced by the equivalent system in Fig. 9-23(b).
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LTI I

w1(1)
111 (1)

}71 (1)
x(t)

y(I)

8(1)

LTI2

w2(t )

h 2(r)

'12(1)

CONTINUOUS-TIME SIGNALS AND LTI SYSTEMS

x(t}

LTI I

S(t)

h(t)

y(r)

.

Differentiator

(5(•>cr)

h(t)

)'1(1)

-:..

s< 1)(1) * 1,c,
I

(a)

x(t)
(a)

8(t)

Differentiator x<l)(t)
/j(l)(I)

i5(1)(t)

LTJ 1
/z(t)

n<r>
h( t )

* s0 1(t
I

x (t)

LTI Equivalent
h(t)

S(t )

(b)

y(t)

= h 1(t) + h2(t)

h 1(1)

+ h2(t )

(b)

x(t)

LTI Equivalent

8(1)

h (l)(t)

Figure 9-23: Parallel connection of LTI systems: (a)
Parallel connection of two systems. (b) Equivalent system
to (a).

Example 9-14: Parallel Connection

y(t)

(c)

Figure 9-24:

Differentiation in convolution: (a)
Differentiation of output. (b) Differentiation of input. (c)
Differentiation of impulse response (equivalent syste m to
both {a) and (b)).

Suppose that the impulse response of an LTI system is
h(t)

= u(t -

I ) - u(t - 2)

= {~

1 .::: t < 2
otherwise

Using properties of convolution, we can express h(t) as
h(t)

= u (t) * f8(t -

I) - o(t - 2)]

so that the system could be implemented by a cascade of
an integrator followed by a parallel combination of two
delay systems.
■

9-8.2

Differentiation and Integration of
Convolution

We can use wha t we have just learned about the cascade
connection of LTI systems to derive a basic property
about the derivative of a convolution. First of all, the
output in Fig. 9-24(a) is
Y1(t)

~ EXERCISE 9.9:

Draw a block diagram
representation of the system in Example 9-14 as an
integrator followed by a parallel combination of two
delay systems.

dy(t)
=- = y(I) * oCl)(t )
dt

= [x(t) * h(t)] * s<1>(t)
= x(t) * [h(t) * c5Cll(1)]

= x(t) * h <ll(t)

9-8
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Likewise, the output in Fig. 9-24(b) is
Y2(t)

= x(l>(l) * h(t)

where the superscript x <I) denotes the first derivative.
However, the cascade property implies that
y2 (t) = Yi (t), so we obtain the following general result:

differentiate the input and integrate the impulse respon se
before convolution, we will achieve the same res ult as
convolving the two functions directly. In this case,
x(t) = u(t-1 ) - u(t-2) sox<n(t) = ~(t - l ) - ~(t-2).
To integrate the impulse response, we convolve with the
unit-step function and find that h (- l l
0 for r < O and

=

J
I

Differentiating the input or the
impulse response differentiates the
result of tlze convolution.

1i H> (t)

=

(9.63)

0

=

y< 1>(t) = x<'\t) * h(t) = x(t) * 11<1>(t)
Furthermore, by replacing the differentiators by integrators and doing a similar analysis, we can show that

(I - e-')

More compactly, 1i<-n(t)
compute y(t) as follows:
y(r)

llltegratit1g the input or the impulse
respollse integrates the result ofthe
co11volutio11.

e-r d1:

= x<1>(t) * hH>(t)
= [o(t - 1) - 8(t -

= (1 -

= (1 -

fort > 0

e- 1 )u(t).

Now we

2)] * ((1 - e-')u(t)]

e- <1- 1' )u(t - 1) - (1 - e-c,- 2>)u(t - 2)

I

J

y(r)d1:

= yC- l)(t) = x(t) * 1i<- 1>(1)

(9.64)
If we look closely at the last expression above, we see
that

-00

= x <- 1>(z) * h(t)
y(t )

In fact, the results of (9.63) and (9.64) can be generalized
to
(9.65)
where m and n are positive integers (for derivatives) or
negative integers (for integrals). Sometimes (9.65) can
be used to simplify or provide alternative approaches
for evaluating a convolution. This is illustrated in the
following example.
Example 9-15: Derivative-Integral Cascade

Consider the input and impulse response in Section
9-7.3 and plotted in Fig. 9-18 on p. 268.
If we

=

I

t < l

~l - e- <1- 11)

] ~ ! < 2

e-(r-2) _ e - <r- 1)

2

~

t

which is identical to (9.59) in Section 9-7.3.

9-8.3

•

Stability and Causality

The issues of causality and stability are important if we
wish to implement any type of system. In this subsection, we wilJ discuss these issues for continuoustime LTI systems and show again that the impulse
response completely characterizes and defines the system
properties.
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Stability
x(t)

i---+

For

a

continuous-time

system,

where

y(t), we can describe stability in two ways: a

general definition based on intuition and also as a precise
mathematical condition.

General Definition of Stability: A system
is stable if and only if every bounded input
produces a bounded output.
Mathematical Condition for Stability: A
system is stable if and only if, for all bounded
inputs such that lx(t)I < B < oo for all t, it is
also true that ly(t)I < C < oo for all t , where
B and C are constants.

If we specialize to the case of LTJ systems, then a
necessary and sufficient condition can be based on the
impulse response h(t) as follows:
A co11tinuous-time LTI system is
stable if and only if:

J

(9.66)

00

lh (r) ldr < oo

lh{t)x(t - r)I = lh(r) l · lx(f- r) I of that function. Now
if we assume that the input is bounded, then it must be
true that lx(t - t) I < B < oo for all t and -r. It follows
that if we replace lx(i- , ) 1by its largest possible value B,
we only strengthen the inequality in (9.67). Therefore,
we obtain

f

oc

ly(t) I

~B

(9.68)

lh(r)ldr

-oc

as a bound on the size of ly(t)I. From (9.68) it follows
that if
oc

/

l/z(r)ldt < oo

- oo

then l,v(t)I < C < oo, which means that the syste m is
stable. Thus, we have proved that if lhe system impulse
response satisfies (9.66) then it is a stable system. The
proof that systems satisfying (9.66) are the only LTI
syste ms that are stable is somewhat tricky and will not
be given here.

- oo

The proof of the sufficiency part of this statement is
relatively easy. First, we use the convolution integral to
express ly(t) I in terms of the magnitudes of the input
lx(t)I and the impulse response lh (t)I; i.e .•

ly(l) I

= ~ h(,)x(1 -

f

Consider the LTI system whose impulse response is a
square pulse o f the form

h(1)

= u(I + 10) -

u(t - 10)

=

<)d<
(9.67)

00

~

Example 9-16: Stable System

g

- I0 ~ t < I 0

otherwise

To test to see if this system is stable, we simply substitute
into (9.66) and check to see if the result is finite. That is

lh(r)I · lx (t - r)ldt

- oo

Here we have used the fact that the magnitude of the
total area under the function h (r)x(t - r) must be less
than or equal to the total area under the magnitude

10

cc

f
-oc

1/z(r)ldt

=

J

dr

= 20 <

oo

-10

Therefore this system is stable.

•

9.g
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:c- EXERCISE 9.10:
T he system in Example 9.
16 is one example of a system whose impulse response
has finite duration. Jt turns out that alJ such systems are

stable. We define finite duration to mean that h(r) = 0
for all t < ti and for all t > t2 where -oo < ft < t 2 <
oo. Prove that all such systems are stable if the impulse
response is bounded , i.e.. lh(t)I < D < oo.

r.!!:,,

Example 9-17: Unstable System

Suppose a system is defined by the input/output
relation
y(t)

I

= -x (t )

i.e., the system takes the reciprocal of the input signal.
Since division is not a linear operation, this system is
not LTI. T herefore the stability condition of (9.66) does
not apply. We must go back to the basic definition of
stability, which is that every bounded input mus t produce
a bounded output. To prove that a syste m is stable,
we must test this condition for eve,y bounded input.
However, if we think that the system might be unstable,
we need only find o ne input that is bounded, but produces
an unbounded output, in order to prove 1hat the system
is unstable . l n the c.:ase of the reciprocal system, if the
input signal is bounded, it could certainly take on the
value zero at one or more times, and the outpul will be
infinity at those times. Therefore, the reciproc.:al system
is unstable.
■
Example 9- 18: Integrator is Unstable

Now consider the integrator system. Its impulse
response is h(t )
u(I), so applying (9.66) lead<; to

=

f

00

-oc

f

00

lh (r)ldr

=

dr

---+

.,~ EXERCISE 9.11 : For the integrator system, c.:an
you think of a specific input x(t) that is bounded but
whose integral grows without bound?

Causality

The second property of systems that is
important when implementing systems is causality.
Causality is concerned with precedence in time.

General Definition of Causality: A system
is causal if and only if y(l0 ), the output at the
present time to, does not depend on the values
of the input signal x ( r ) at times in the future,
i.e., for r > to.
fn other words, a causal system cannot anticipate the
future of the input signal. For a continuous-time LTI
system with impulse response h(t). the condition for
causality simplifies to the follow ing test on the impulse
response:

A continuous-time LT/ system is causal
if and only if:
h (r) 0 for r < 0

To prove that this condition is necessary and sufficient
we need two arguments. For necessity, we can show that
the system is non-causal if h(t) ;e O fort < 0. Since h(1)
is the output when ~(I) is the input, having h(t) ;e O for
t < 0 means that the output starts before th e input which
violates the definition of causality.
For the su fficiency of the condition in (9.69), we need
to examine the convolution integral expression for the
output of an LTI system at a specific time t0 ; i.e.,

oo

f

00

0

Therefore the integrator is an unstable system.

(9.69)

=

y(f0 )
■

=

-00

x(r)h(to - r)dr

(9.70)
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If (9.69) is true, then h(to - r) is zero for (to - r) < 0,
which is the same as
h(to - r)

=0

EXERCISE 9.12:
system?

ls the integ rator a causal

for r > to

Therefore, the integrand in (9.70) is zero for r > to and
we can change the upper limit of the integral to r = 10 :

f
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EXERCISE 9.13: The impulse response of the
ideal delay system is h(t) = 8(t - td). For what values
of td will the delay system be causal?

lo

y(to)

=

x(r)h(t0

-

r)dr

(9.7 I)

-oo

9-9

This integral (9.71) says thaty(t0 ) depends only on values
oftheinputx(r)forr ~to. Thus we have demonstrated
that (9.69) is both necessary and sufficient for causality
of an LTI system.

Example 9-19: Non-Causal System

=

Consider the system of Example 9- 16, where h(t)
1 for - l O ~ t < 10. Since the system is LTI and the
impulse response is nonzero for t between - IOand zero,
it is not a causal system.
■

Example 9-20: Fllp System not Causal

Consider a system defined by the input/output relation

y(t)

= x(-t)

Using Convolution to Remove
Multipath Distortion

We have studied convolution and its properties in great
detail. We will use this concept directly or indirectly
at many places in the remaining chapters. Before we
proceed to discuss Fourier transforms, let us consider
an example of a practical application of the convolution
concepts. In many real-life situations it is difficult to
record a signal without distortion. This is the case for
example when we have "echoes'· that can be produced by
improperly terminated transmission lines or by recording
sound in an environment where sound reflects off walls or
other obstructions and multiple copies of the signal return
to the microphone after traveling different distances. The
simplest way lo model this situation would be to define
the recorded signal as the sum of the true signal and one
reflected component
y(t )

This is a time-reversal system, i.e., it "turns the signal
around in time." Equation (9.69) does not apply to
this case because the system is only linear. it is not
time-invariant. Therefore we must resort to the general
definition. From the input/output relation, we see that
y(-2) = x(2); i.e., we need a "future" value of x(r) to
compute y(-2). Indeed, at any time to < 0, we need a
value of the input at a future time -to so the system is
not causal.
■

= x(t) + ax(t -

td)

(9.72)

The parameter a, which is usually less than one in
magnitude, models the loss of signal strength along the
echo path, and Id would be the amount of additional time
for sound to travel the distance of the echo path. When
x (t) is an acoustic signal and td is 100 msec or so, a
human listener would perceive a distinct echo. When td
is small and there are many reflections the effect would
be perceived as a "hollow" sound.

9.9

USING CONVOLUTION TO REMOVE MULTIPATH DISTORTION

Since convolution with a shifted impulse just shift<;
and scales the signal, it follows that we can model the
introduction of echoes by an LTI system with impulse
response
(9.73)
= o(t) + ao(t - td)
so the recorded signal (9. 72) is y(I) = h(t) * x(t). If the

x(t)

8(/)

Echo

-

System
h(l)
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y(t )

h(t)

Inverse
System
h;(t)

= L <XkO(t -

Figure 9-25: Using an LTI system to compensate for an

which leads to
o(t)

tk)

Multiple echoes of this sort produce the effect that we
call reverberation.
When echoes and reverberation occur, it might be
necessary to "recover" x(t) from y(t ). When we study
Fourier analysis later in Chapter 11, we will be able to
understand when it is possible to do this in the general
case. However, for a single echo it is possible to recover
x(t) if one simple condition is satisfied. Indeed, now
we will show that it may be possible to recover x(t) by
simply passing the available signal y(1) through another
LTI system. Such a system would be caUed an i11verse
system for the system whose impulse response is h(t).
The operation that we wish to perform is depicted in
Fig. 9-25, which shows that the goal of the cascade system
is to obtain an overall system whose impulse response is a
single impulse. If we write the convolution for the second
system in Fig. 9-25, and also substitute the definition of
the first system
x(t)

= y(t) * h;(t) = [x(t) * h(I)] * h ;(t)
= x(t) * [h(I) * h;(t)]

(9.75)

then we can solve (9.75) for h;(t) by recalling the identity
element of convolution
x(t)

= x(t) * o(t)

= h(t) * h,(t)

= [8(t) + ali(t -

(9.74)

k=O

* h ;( r)

echo.

N

h(I)

►

h(I)

= 8(1)

h(t)

transmission environment has more than one additional
path, we would simply add more impulses with different
scaling parameters and different time delays to define a
general LTI echo model in terms of the impulse response

x(r)

td}l

* h;(I)

(9.76)

To find the inverse system, we must solve (9.76) for h;(I).
At this point, we have virtually no tools for solving such
convolution equations; however, some intuition and trialand-error can be used to uncover the solution. First, note
that h;(l) must contain an impulse because we have one
on the left-hand side of (9.76). Also, note that we are
trying to cancel the echo of size a at delay td so let's try
including an impulse with size - a at delay td; i.e., we
propose

for the inverse system.
Substituting this for h, (t) in (9.76) gives
h(t)

* li;(t) = [o(t) + ao(t -

= 8(1) -

a

2

rd) ]* [8(t) - a8(t - rd)]

o(I - 2td)

We have gonen rid of the echo of size a at time Id, but
replaced it with an echo of size -a2 at time 2t,1. This
might be an improvement if lal < I because the echo
size will be smaller, but we still have not completely
removed the echo. What would get rid of the echo at 2td?
How about adding a second term to our proposed h; (t)?
Perhaps we should add another impulse at 2td, as in
h;(t)

= li(t) -

ao(t - Id)+ a 2 8(t - 2td)
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which then produces
h(l)

* h, (t)

= 8(1) + 0' 38(1 -

3td)

As before, if 10'1 < I the remaining echo will be smaller.
Tf we keep on doing this, we are led to the solution
00

h;(t)

= I ) - aio(r -

ktd)

(9.77)

k=O

which is the correct one because it will push the remaining
echo off tot = oo and the echo amplitude will be reduced
tozero iflO"I < J.

EXERCISE 9.14: Substitute (9.77) into (9.76)
and show that all the impulses that result on the right-hand
side of the equation cancel except the term 8(1).
f •~

Throughout our discussion, we have repeatedly
mentioned the condition 10'I < 1. Jn this case, the
inverse filter consists of an infinite set of impulses
whose sizes decrease exponentially. If 10'1 ?. 1 the sizes
of the impulses in the inverse fi lter impulse response
would not decrease. Such a system would be an
unstable system and would not be useful in practice. ln
many situations, however, inverse filters can be derived
to at least partially compensate for echoes or other
linear distortions. Another notable example is in data
communication where adaptive inverse filters are used to
compensate for the transmission channel.

9-10

Summary

In this chapter, we have turned our attention to
continuous-time signals and systems. We have shown
that, just as in the case of discrete-time signals, linear
time-invariant continuous-time systems are completely
characterized by their response to a unit impulse signal,

CONTlNUOUS-TIME SIGNALS AND LTI SYSTEMS
in the sense that for any given input to the LTI system.
the output can be computed as the continuous-time
convolution of the input and the impulse response. We
showed how to evaluate convolutions of impulses with
other signals including other impulse signals, and we
gave several examples that illustrate how to evaluate
convolution integrals involving piecewise constant or
piecewise exponential signals. We also showed that
the properties of convolution allow us to manipulate
cascade or parallel combinations ofLTI systems, and we
found that the causality and stability of an LTJ system
can be tested easily by examining the impulse response.
In conclusion, we showed a simple example of how
the concept of convolution can be used to represent a
practical signal processing problem.
This chapter contains two demos:
(a) T he dconvdemo
convolution.
·.S.'"'

demonstrates

discrete-time

DEMO: Discrete Convolution

(b) The cconvdemo demonstrates continuous-time
convolution.

'i>""

DEMO: Continuous Convolution

Both are MATLAB graphical user interfaces (GU!s) that
help students visualize the process of convolution. Some
features are; 1) Users can choose from a variety of
signals; 2) Signals can be dragged around with the mouse
and the display is updated in real-time; 3) Tutorial mode
allows the student to hide the convolution; 4) Various plot
options make both GUJs effective in a lecture/classroom
environment. Lab # 12 provides a structured framework
for students to use both convolution GUTs.
~

LAB: #12 Two Convolution GU/s

9- 11
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The reader is again reminded of the large number of
solved homewo rk problems on the CD-ROM that are
available for review and practice.

(c) An amplitude modulator is a system whose input
and output satisfy a relation of the form
y(t)

a'•• NOTE: Hundreds of Solved Problems

9-11

Problems

(d) A system that ta kes the even part of an input signal
is defined by a relatio n of the form

P-9.1 Equation (9.6) on p. 248 gives one way to write
the finite-length pulse p (t) in Fig. 9-3(a) in terms of the
unit-step signal u(t). A second way is to use a product
notation.
(a) Make a plot of the signal 11(/ - 2).
(b) Make a pJot of the signal u (4 - t). Determine the
region where the signal 11(4 - t ) is zero.
(c) Show that the product signal u (r - 2)11 (4 - t ) is the
same as the signal p(I) in Fig. 9-3(a).
P-9.2 In each of the following cases, state whether
or not the continuous-time system is (i) Linear; (ii)
Time-invariant; (iii) Stable, and (iv) Causal. ln each
case. x (t) represents the input and y(t ) represents the
corresponding output of the system. Provide a brief
justification, either in the form of mathematical equations
or statements in the form of complete. cmTect. English
sentences. Remembe,: in order to show that the system
does not have the p roperry. all you have to do is give an
example input whose output does not satiJfy the condition
of the property.
(a) /\.n expo11entiarion system is defined by the
input/output relation
y (t)

= exp{x(t + 2)} = ex (t + 2 )

= [A + x (t )] cos(<.vrt )

y(t )

x(f) + x(- t )
= Ev{x (t )l = -2- -

P-9.3 Express each of the following in a simpler form:
(a) S(t - IO)* [S(t +IO) + 2e- ' u (t ) + cos( lOOrrt )]
(b) cos( IOOnr)[S(t)
(c)

-d [e-2<1- 2>u(t dt

f

+ o(t

- .002)1

2)]

I

(d)

cos( JOOn r )[o(r )

+ o(t -

-oo

Notes: Use properties of the impulse signal o(t ) and
lhe unit-step signal u (r) to perform the simplifications.
Be careful to distinguish between multiplication and
convolution. Co nvolution is denoted by a "star", as in
x(t )*o(r -2) x(t - 2) and multiplication is usually indicated by juxtaposition a in x(t)o(r -2) x(2)o(r - 2).

=

(b) A phase modulator is a system whose input and
output satisfy a relation of the fonn

= COS[l.tJcf + x (t )]

=

P-9.4 In each of the following cases. simplify the
expression as much as possible using the properties of
the continuous-time unit-impulse signal. Provide some
explanation or intermediate steps for each answer.
(a) e- <i- 4>u (t - 4)S(t - 5)

y (t )

.002)]d.

1- 5

(b)

f

- :x:

o('r - l)d.
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P-9.9 Use linearity and time invariance to determine the
step response of a system whose impulse response is the
following rectangular pulse:

(c) !!,_(e- <r- 4>u(t - 4)1

dt

(d) 0(1 - I)* o(t - 2) * o(t)

h(t)

P-9.5 Find h(t) that satisfies the following equation:
[e-c,-4>u(t - 4)] * h(t)

f

+ 1) + 8(t -

l)]

00

(b)

1) - 5u(t - 4)

= 2e- ru(t)

P-9.6 Suppose that x (t) = e-4' u(t). Express each of
the following in a simpler form:
(a) x(t)[o(t

= 5u(t -

x(r)o(r - l)dr

(a) Expand the convolution into two terms and exploit
the result from Example 9-9 on p. 259 to get y(t)
u(t) * h(t).

=

(b) Write the answer for y (t) as separate cases over three
different regions of the time axis.
(c) Make a plot of y(t) versus t.

-oo

f

00

(c)

x(r)o(t - r)dr

-oo

(d) oO>(t) * x(t - I)

P-9.7 Express each of the following in a simpler form:

(a) [e-

f
f

3
'

+ sin(t)][o(t)+cS(t - 1))

00

(b)

sin(2rrr)8(r - I )dt

-oo
00

(c)

sin(2nr)o(t - r)dr

P-9.10 Use linearity and time-invariance to convolve
the following two rectangular pulses:
x(r)

= 2u(t) -

h(r)

= 3u(t -

2u(t - 2)

5) - 3u (t - 1)

(a) Expand the convolution into four terms and exploit
the result from Example9-9 to gety(t) x(t)*h(I).

=

(b) Write the answer for y(r) as separate cases over five
different regions of the time axis.
(c) Make a plot of y (t) versus r.

P-9.11 The impulse response of an LTI continuoustime system is such that h(t) = 0 for r .::: T1 and for
t ~ T2 . Show that if x(r)
0 for r .::: T.1 and for t ~ T4
then y(t) = x(r ) * h(t) 0 fort .::: T5 and fort ~ T6.
In the process of proving this result you should obtain
expressions for T5 and T6 in terms of T1, T2 , T3 , and
T4 • The best way to work this problem is to draw "fl ip
and slide" pictures for typical input and impulse response
signals (e.g., rectangular pulses).
Another way to approach this problem would be to
use the cconvdemo GUI to generate some examples of

=
=

- oo

P-9.8 Use the convolution integral to determine the
convolution of two exponential signals with the same
exponent; namely,
y(t)

= [e- a' u(t)] * [e-a' u (l ) ].

Compare this result to Example 9-9 on p. 259 and
Exercise 9.4 on p. 265.
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convolving finite-duration signals, and then deduce the
correct answer from those examples.

P-9.14 If the input x(t ) and the impulse response h(r)
of an LTI system are the following:
x(t)

P-9.12 The impulse response of a linear time-invariant
system is

=

h(t)

e- o.1c,- 2,

2

0

otherwise

l

~t

6

< 12

0

2

3

4

5

I

2

3

4

5

6

-I

h( t )

(a) Is the system stable? Justify your answer.
(b) Is the system causal? Justify your answer.
(c) Find
x(t)

the

= o(t -

y(t)

output
2).

when

the

input

is

Without evaluating any integrals:

P-9.13 The impulse response of a linear time-invariant
system is
h(t)

=

e- o.1c,- 2,

2 ~ l < 12

0

otherwise

l

(a) Plot h (t - r) as a function of r fort

=

e- o.2s,

l

0

= 0.

(b) Find all the values of t for which the output is
y(t )
0.

=

= 0, 8. and 20.

(b) Use convolution to determine the output y (t) when
the input is
x(f)

(a) Determine y(0), the value of the output at/

O~ t < 6
otherwise

Refer to the result of Exercise 9.4 on p. 265, and
then exploit linearity and time invariance to expand
the convolution into a number of terms that use that
result.

P-9.15 A linear time-invariant system has the following
impulse response:

I n

4

5

(a) ls the LTl system stable? Give a reason to support
your answer.

(c) Make a plot of the convolution result determined in
part (b). Write the output as five separate cases in
order to describe y(t ) in each part of the plot.

(b) Plot h (t - r ) versus r, for t= 2. Label your plot
carefully.

(d) Set this problem up in the cconvdemo GUI in order
to check your plot of the output y(t).

(c) If the input is x (t) = u(t) , use the convolution
integral to fi nd y (2); i.e., y (t) when t = 2.
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=

(d) For the input x(t)
u(t) and the given impul e
response, the output is y(t) = 0 fort < T1 and for
t > T2• Find T1 and T2 • Explain your answers. You
may "flip and shift" either x (t) or h (t ). whichever
leads to the easiest solution.

P-9.16 In the folJowing figure, x(t ) is the input and h(t)
is the impulse response of an LT! system whose output
is y(t):
x(l)

(a) Determine the impulse response, h(t), of this
system.
Hint: Substitute x('r) = 8(r) and determine values
of t for which the integral is nonzero.
(b) ls this a stable system? Explain with a proof (iftme)
or counter example (if false).

(c) Is it a causal system? Explain with a proof (if true)
or counter example (if false).
(d) Use the convolution integral to determine the output
of the system when the input is

1------2
-3

-1

2

0

3

x(t )

t

= u(t + I )

Plot your answer.

P-9.18 A linear time-invariant system has impulse
response
I

-3

-2

- I

O

I

2

3

h(r)

a.

t

Be sure to find a simple approach to eachofthefollowi11g:
(a} What is the complete set of values of t for which
y(t)
O?

=

(b) For what value oft does y(t ) have its largest positive
value? What is the value at that time?
(c) Carefu!Jy sketch the derivative y'll(t) of the output
when the input and impulse response are ac; given
above. You should do this without first computing
y(t).

= 8(1) -

3e- 3' 11(1)

Use convolution to find the output y(t ) for - oo < t < oo
when the input is
x(t)

= u(- t)

P-9.19 A line.,r time-invariant system has impulse
response
h(t)= I I
0

2 :'.:= t<4
otherwise

(a) Plot h(- 1 - r) as a function of i-.

P-9.17 A continuous-time system is defined by the
input/output relation

(b) Use con volution to find and plot the output y(t) for
-oo < t < oo when the input is

1+2

y(t)

=

J

x(r)dr

1-2

x(t)

= u(t) -

Him: Use superposition.

o(t - 2)
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P-9.20 A linear time-invariant system has impulse
response: h(t) = e- c,- 2, u(t - 2)

= l . Label your plot.

(a) Plot h(t - r) versus r, fort

P-9.22 The block diagram in Fig. P-9.22 depicts two
LTI systems in parallel that are cascaded with a third LTI
system. The impulse responses of the systems are written
within each block of lhe diagram.

(b) Is the LTl system causal? Give a reason to support
your answer.
(c) ls the system stable? Explain with a proof or counter
example.

=

(d) If the input is x(t)
u(t), then it will be true that
the output y(t) is zero fort ~ t i . Find t1.

LTJ 1
u(t+3)

u(t-5)

=

jmpulse response
h,(I) -

1~-2,

wi (t)

Il'( / ) = wi(/) -

w2( t ) j

figure P-9.22

(a) What is the impulse response of the overall LT I
system (i.e., from x(I) to y(t ))? Give your answer
both as an equation and as a carefully labeled sketch.

O~ t < I
(b) How should the time delay
overall system is causal?

otherwise

and the second system is a differentiator system described
by the input/output relation
y (t)

y(t)

8(t-fd)

LT12

(e) The rest of the output signal (fort > t 1) is nonzero
when the input is x(t) u(t). Use the convolution
integral to find the nonzero portion of the output;
i.e., find y(t) fort > ti.
P-9.21 Consider the cascade connection of two LTI
systems shown in Fig. P-9.2 1. The first system has

LTI 3

x(t)

= dw(t)

rd

be chosen so that the

(c) Which systems(#l , #2,#3)arestable? Is the overall
system a stable system? Explain.

dt

x(t)

LTI l
System
lq (t)

w(t)

LTI2
System

y(t )

P-9.23 Consider the cascade of two LTJ systems shown
in fig. P-9.2 1. The first system is described by the
input/output relation
w(t)

h2(t)

Figure P-9.2 t

Find the impulse response of the overall system; i.e.,
find the output y(t) = h(t) when the input is x (t) = 8 (I).
Give your answer both as an equation and as a carefully
labeled sketch.

= X(l ) -

.x(t - 2)

and the second system has impulse response

Find and plot the impulse response of the overall system;
i.e., find the output y(t ) h (t ) when the input is x (t) =

=

o(r).
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P-9.24 The system in Fig. P-9.24 is an LTI system.
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P-9.25 Consider the cascade of LTI systems shown in
Fig. P-9.25.

w,(t)

S(t+ I )

x(t)

LTl3

y(t)

Integrator
LTI 2
S(t-2)

w2(t)

Iu(t) = w1(t) -

w2(1)

I

x(t)

LTI 1

S(t)

e-31 u(t)

w(t)

DifferentJator
5111(1)

y(t )
h(t)

Figure P-9.25

Figure P-9.24

(a) Determine the impulse response of the overall
system (i.e., from .x(t) to y(t)). Give your answer
both as an equation and as a carefully labeled sketch.
(b) ls the overall cascade system a causal system?

Explain.
(c) Is it a stable system? Explain.

(a) Detem1ine h(t). the impulse response of the overaU
cascade system.
(b) Determine y(t ) when the input is u(r) (i.e., find the
unit-step response of the overall system).
Hint: Rearrange the systems to find an easy way.
(c) Determine the output y(t) when the input is x(t ) =
u(f) - u(t - 10). Exploit the LTI properties of the
system.

C H

E R

Frequency Response
10-1

In Chapter 9 we showed that the operation of
continuous-time convolution is synonymous with the
definition of a continuous-time LTI system.
The
convolution integral is easy to apply as an analysis
tool when the input signal is an impulse, 8(t), a step
u(t), or combinations of piecewise exponential signals.
However, we know from experience with digital filters
(as in Chapter 6) that the frequency response function is
a very efficient way lo characterize an LTI system for
sinusoidal inputs, so we now set out to do that same
characterization for analog filters (i.e., continuous-time
systems). We will start with the case where the input
signal is a single sinusoid, but then we will show that the
same viewpoint and methods apply when the input signal
is any periodic waveform.

The Frequency Response
Function for LTI Systems

We want to develop a simple form ula for the sinusoidal
response of an LTI system. The general description
of LTI systems tells us that the general output y(t) is
obta ined from the general inpul x(t ) by the convolution
operation defined as

f

00

y(t)

= h (l) * x(t) =

h(r)x(t - r) d r

(10.1)

- 00

where the impulse response h(t) is the output when the
input is the unit-impulse signal o(t).
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Rather than tackle the sinusoidal case direcLly, we take
the input signal to be a complex exponential of the form
-OO< t <00

(10.2)

We will show that the corresponding output signal is
another complex exponential at the same frequency. We
know that this is true for discrete-time LTI systems.
To prove that this is also true for continuous-time LTI
systems, we can substitute ( l0.2) into the convolution
integral ( I0. 1) and employ the laws of exponents to
simplify the expression as follows:
y(t) =h(t)*X(I )

f
=f

Thus the output complex exponential has a magnitude of
20./2 and a phase of -n/4.
■
According to (10.3), when the input is a complex
exponential signal whose frequency is w, the output is
also a complex-exponential signal having exactly the
same frequency. However, the effect of the system on
a complex-exponential signal depends on the frequency
of the input. This is represented by the fact that we will
get different complex values for H (jw) as w changes. If
we let the frequency vary, we can define ihe frequency
response of a continuous-time system as the following
function of w :

00

=

Freque1tcy Response of an LTI System

h(r)Aei4>eiwtr-~i dr

H (jw)

oc

-::,0

= (

h(T),- ,w,

=

h(t)e-iwt dt

(10.4)

-oo

h(r)Ael4>ei,,,, e-jwr dr

l

f

00

-00

dr )A,;•,

1~

= ll (jw) Aei4>e1''''

(10.3)

The integra l within the parentheses reduces to a complex
constant when the frequency w is given a specific value.
This complex quantity Lelis us how the system changes
the magnitude and phase of the input signal as it forms
the o utput signal.

In general, we want the functional form of H (j w) so
that we can plot ( I0.4) versus the frequency variable
w, and see the effec t of the system on any complexexponential input signal. That is, we need to evaluate the
integral in ( 10.4) to obtain an expression for H (jw) in
terms of familiar mathematical functions. The following
example illustrates this for a real one-sided exponential
impulse response.

Example 10-2: Formula for H(jw)

(•·:a;,

Example 10-1: Complex-Exponential
Output

Suppose that the input to an LTI system is
= 10ei3"', and the value of H (j31r) is 2 - j2.
The output can be expressed as y(r) = B ei 9 ei 3trt if we
convert H (j3n) to polar form and multiply.
x (t)

y(t)

= (2.J'"ie-itr/4 ) l0ei31r1 = 2oJieiC31r1-1rJ4>

Supposethattheimpulseresponse ish(t) = 2e- 21 u(r).
We can determine a formula for the frequency response
of the LTI system by evaluating the following integral:

f

cc

H (jw)

=

-oo

2e- 21 u(t)e- 1"'' dt

l 0- l

THE FREQUENCY RESPONSE FUNCTION FOR LTI SYSTEMS

The steps are

f

00

H(jlu)

=

2

2e- r-Jwr dt

0

2

e

-21- jrur

- 2 - jw

I:x:
O

2

=0---- 2 - jw

2

(10.5)

2+jw

The evaluation at the upper limit t
lim le- 21- i'°'I = e-~, - 0.

= oo is zero because
■

/ ➔ 00

10-1.1

Plotting the Frequency Response

The frequency response is a complex-valued function
H (jw} that depends on wand is best summarized with
two plots: magnitude versus frequency and pha,;e versus
frequency. Just as in the case of digital fi lters, we can talk
about passbands and stopbands of analog fi lters once we
are looking at a plot of H (jw).
Suppose that we walll to characterize the frequency
response of the LTI system in Example 10-2. where
H(jw)

=2

2

.

+Jw

(10.6)

I

IH (j w) I = 2 :
L.H (jw)

jw

I= J 4 :

w2

= 0- L. {2 + jw] = - tan- 1 (w/2)

(J)

IH (jw)I

0

I

2

2/Js = 0.707

20

2/.J464 ~ 0.0995

00

0

Table JO-I: Values of lll(jw)I for several values of w .

any frequency in that range. lf we evaluate at a few
crucial frequencies such as w 0, 2. 20, oo, we obtain
the values in Table 10-1. From these values, we can
begin to draw a rough sketch of the magnitude response.
Figure I 0-1 shows a complete plot of the magnitude and
phase of this frequency response function over the range

=

- 8::: w::; 8.

jH(iw)I
l

-8

-2

(a)

0

2

8

(V

L HUw)

H (jw) is usually a complex-valued function of w, as is
true for Eq. ( I0.6). ln making plots or using H (j w) to

compute the output due to a complex-exponential inpul,
it is better to express H (jw) in polar form. For (10.6)
we get the following magnitude and phase functions
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(b}

tr

2

-8

8

w

(10.7)
(10.8)

The range of the frequency axis is - oo < w < oo since
continuous-time complex-exponential signals can have

Figure 10-1: Frequency response of a first-order analog
fi lter. (a) Magnitude of frequency response, (b) phase
angle of frequency response.

288

CHAPTER 1O FREQUENCY RESPONSE

IH(jw)I for First-Order Analog Filter
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Figure 10-2: (a) MATLAB plot of frequency re.~ponse
of a first-order analog filter, created by the function
(H, W] =freqs (2, [l, 2], logspace ( - 2, 2,401)).
The frequency axis is logarithmic. (b) Loglog plot of the
frequency response.

is even, i.e., IH(- jw)I = IH(jw) I. In the general
case of a system with real impulse response, we will
show that H (- jw) = H *(jw), where• denotes complex
conjugation.
Therefore, the magnitude is an even
fimction of w, IH(-jw)I = IH*(jw)I = IH(Jw)I, and
we do not need to explicitly plot the entire frequency
axis.
Figure I 0-2(b) shows the same frequency response,
but this time a log scale is used for both magnitude and
frequency. Notice that in this case the frequency response
appears to fall off linearly with frequency above w 2
rad/sec. The cu rve drops by a multiplicative factor of 0.1
for each factor of l Oincrease in frequency. This feature of
loglog frequency response plots is very useful for higherorder continuous-time systems where the falloff is linear
but faster on a loglog plot. Plots of this type are called
Bode plots.

=

10-1.2

Magnitude and Phase Changes

When the input to an LTI system is a complexexponential signal with s pecific frequency Wo
(10.9)

then the corresponding output is
y(t)

= H(Jc.uo)AeNeJWO'

(10.10)

10-1 .1.1 Logarithmic Plot

ln MATLAD we can use freqs {) to do a complete
evaluation over a dense grid and make a plot. Since
lhe frequency axis is infinitely long, it is common to
use a logarithmic spacing aJong the horizontal axis
to cover several decades (factors of 10) in frequency.
Figure 10-2(a) shows such a plot for the frequency
response function of this example. The points w = 2
and w
20 are marked on the grnph. Notice that
only the positive-frequency part of the magnitude of
the frequency response is plotted in Fig. 10-2. This is
because the frequency response magnitude for ( 10.7)

=

where the frequency response of the LT[ system is
H(jw). Since thefrequencyresponsefuoctionatw euo
evaluates to a complex number that can be expressed in
polar form

=

(10.11)

we can rewrite the output ( I 0.10) as
y(t)

= MeN Aej¢ejwor = (M A)ej(~t+¢+"1l

(10.12)

Notice that we multiply the magnitudes and add the
phases.

l 0-2
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RESPONSE TO REAL SINUSOIDAL SIGNALS
Example 10-3: Evaluate H(jw)

Suppose that the frequency response of an LTI system

x(t)

LTI System
h(t), H (jcu)

is

y(t)

h(t)

(H(jw)AeJ4') ei1" '
.
H(Jw)

=

jw
200,r + jw

Figure 10-3: Linear time-invariant system with responses

To evaluate the frequency response at w = 200rr, we just
substitute to obtain the complex number
2
H ( '200rr) j 00n
J
- 200rr + j200rr

=

_ j_
I+}

Therefore the magnitude is M
shift is 1/1 rr / 4.

=

= _I_ e+i,r/4
Ji.

= 1/ ,,/2 and the phase■

to unit impulse and to complex-exponential signals.

The system in F igs. J0- 1 and 10-2 is clearly a lowpass
filter since it causes complex-exponential signals of
low frequencies to be multiplied by values that are
approximately one, while high frequencies are multiplied
by values close to zero. For the fi lter in Fig. 10- 1, the
2 is taken to be the nominal dividing
frequency w
point between the low frequency passband and the high
frequency stopband.

=

Example 1Q-4: Complex-Exponential Input

Now suppose that the input to the system of
Example 10-3 is the complex-exponential signal

For the system in Example 10-3, the frequency response
e+jrrl 4 at
integral in ( I 0.4) evaluates to H (j200rr)
the input frequency, cvo 200rr rad/s. According to
(10. 10), the output will be

=

y(t)

= 72

= ~e+Jrr/4 (2Oei0,3rr ei200rrt)
= IO.J2ei(2001rr+0.551T)

•
It is important to note that the numerical values of the
magnitude (M) and phase (1/1) of the frequency response
will change when the input frequency Wo changes, but the
output frequency will be the same as the inputfrequency.

10-2

Response to Real Sinusoidal
Signals

The discussion of the previous section can be summarized
with Fig. 10-3, which shows the response of an LTJ
system to a single complex exponential signal. In many
cases, we are actually interested in real signals that
can be represented as a sum of complex-exponential
signals. In this section, we wiU study the response to
such inputs, and show that if the impulse response is
real, then the output due to a real signal that can be
represented as a sum of complex exponentials can always
be expressed as a sum of cosine signals. We will explain
why the impulse response must be real-valued in order
to apply the magnitude and phase change evaluated from
the frequency response. One benefit of this upcoming
discussion is that it illustrates the role that linearity plays,
and suggests a general approach that underlies the use of
frequency responses and Fourier transforms.
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10-2.1

Cosine Inputs

Although the derivation o f the frequency response
assumed the input signal was a complex exponential,
AeJq, ei1<>1 , we often are interested in the response to
real signals like a cosine signal. We can use our
knowledge of the complex-exponential response to derive
the sinusoidal response, because the following simple
relationship holds when the impulse response of the
system is real-valued:

FREQUENCY RESPONSE

complex-exponential signals that comprise it are complex
conjugates of each other.
Since we are considering only LTI systems, the
superposition property applies. Therefore, since the
input is the sum of two signals, x(t ) = x, (t) + x2(t), the
output is equal to the sum of the corresponding outputs
y(t ) = y , (I) + Y2(t ) where )'1 (t) is the output due to
x, (t) and )'2{t ) is the output due to x 2 (t) . In our present
situation, we need to find the output signals due to

= ½Aej<f,ejw,
x2(t) = ½Ae-j4'e-Jw,
x , (t)

Magnitude and Phase Change ofllze
Sinusoidal Respo11se:
If the input to an LTI system is x(f) =
A cos(wt + </>) , and if the impulse response
is real-valued, then the output will be
y(r) = (MA) cos(wr +<I>+ v,).
In other words, the sinusoidal signal will keep the
same frequency, but it will undergo a magnitude and
phase change, j ust like the complex-exponential case.
IH(jw)I
T he numerical values of the magnitude M
and phase-shift if; = L..I-l (jw) are determined by the
freq uency response function evaluated at the input
frequency w.
Strictly speaking. our derivation in the previous section
was only valid for complex exponentials, so we must
relate the real sinusoid to the complex exponential if
we want to take advantage of the magnitude and phase
change prope11y. However, we can write a cosine
func tion in terms of complex exponentials by using the
inverse Euler formula to obtain

=

One interpretation of (10.13) is that the cosine signal
has been decomposed into the sum of two complexexponential signals with frequencies w and -w and
corresponding complex amplitudes ½AeN and ½Ae-N'.
Note that a real cosine signal is obtained because the

( I0.14)

( 10.15)

and then add the results. Using the frequency response
property (10.10), we find that the two outputs are

= H (jw)½Ae1¢ejM
Y2(t) = H(- jw) ½Ae- itf>e-Jt<>'
y 1(t)

(10.16)
(10.17)

so it follows from the linearity of the LTI system that
y(t)

= )'1 (I) + Y2(t )
= H (jw)½Aeitf>ej"" + H( -jw)½Ae- J<l>e-

11 1
"

( 10.1 8)

In oth er words. the sinusoidal response is the sum
of the complex-exponential response at the positive
frequency w and the response at the corresponding
negative frequency - w.

10-2.2

Symmetry of J/ (jw)

Since we have declared that there is a simplification
when h(t) is real-valued, there must be some simple
relationship between H (jw) and H(-jw). In fact. the
relationship is
H (- jw)

= (H(jw))* = H* (jw)

(10.1 9)

That is, the frequency response at - w is the complex
conjugate of the frequency response at +w. The proof of

J0-2

RESPONSE TO REAL SINUSOIDAL SIGNALS

this fact is relatively straightforward, because when h(t)
js real-valued, it follows that
H '(jw)

=

(1

h(I),- ;.,

dt)•

J
=J
00

=

h*(t)e+iWI dt

291
where the last line follows from Euler's formula.
Summarizing, we have now proven that the sinusoidal
signal x(t) = A cos(wt + </>) ,vill undergo a magnitude
and phase change when it is processed by an LTI system
whose impulse response is real-valued. Furthermore,
the magnitude and phase change can be evaluated
numerically from the polar fom1 of the frequency
response; i.e.,

-oo

y(t)

00

= I H (jw) IAcos(wt +</> +L H (jw) )

(10.22)

h(t)e-i<-w):dt= H (-jw)

- 00

•·~

In the last line we have used the fact that h (t) is realvalued (so h*(t) = h(t)) to remove the conjugate on h(t),
and we have wriuen the exponent with two minus signs
to obtain the negative exponent needed for the definition
of the frequency response.
The implication of the c,mjugate symmetry prop erty
(10. 19) is that magnitude and phase responses at w
and -w are not independent. In fact, if the frequency
response at w is
H(jw)

= MeN

= y,(t) + Y2(t)
= H(jw)½Aei<l>ei'"' + H(-

Determine the output signal when the input signal is
x(t) = 3 cos(40rrt - rr).
Solution: We must evaluate ll(jw) at the frequency
w 40rr rad/sec. It is convenient to work with polar
fonn simi lar to that derived in Section 10-1. 1, i.e..

=

= MeN ½AeilPei«>t + Me-N ½Ae-h"e-iw:
= ½M Aei(wl+<P+,/1) + ½M Ae-j(tv1+,:,+,t,)
= MA cos(wt + </> + 7./1)

40rr
= ---;::::::===
2
2

(10.21)

+w

J(40rr)

40rr

I

= JI600rr 2 + 1600n 2 = ./2
L H(j40rr)

=-

tan- 1

(..::!_)
= -tan40rr

1

(1)

= - rr/4

Now we must use these numerical values to write Lhe
formula for Lhe time function, y(t)

( 10.20)
jw)½Ae-l<l>e-iM

40rr

= 40rr + JW
.

H(jw)

= H *(jw) = (MeN )*' = Me- N

In other words, the magnitudes are the same, but the
phases are opposites.
Now we can return to the problem of simplifying the
output signal in ( I0.18), and write
y(t)

Suppose that the frequency response of the LTI system
IS

.
IH(140IT)I

then we get
H(- jw)

Example 10-5: Sinusoidal Response

y(i)

=

3(~)

cos(40rrt - rr

rr/4)

= 2.1213cos(40nt -Srr/4)
Notice that we multiply the magnitudes and add the
phases, but the frequency remains the same.
e

292

CHAPTER 10

·) ct r I (L1J11,or Tome lm1tu1tml) System Demo ver 2 00
Plot Optoons Help

INPUT SIGNAL

-~ :;'. ·•• ·

'

-

OUTPUT SIGNAL

Magnitude of the Filter

3 cos ( 27120t -7t)

1

5.----- - -- - - ~

.

. .

···:·••

i ···(

FREQUENCY RESPONSE

.

i·••i••········(···--·

2.121 cos ( 2,r20t • 1.25't )

5.----------~

0.8 .. :••··; ·••;••·; •••;••········>·········

...,...

2.5 ... · ···~···

t•

,:,
:,

o . ··•·

~

..

""f" ...... ..... ·r .... .

~ 0.6 ···:

: : : :
:
··~··+··+··+·········:·········

I ··+·
·: ··1··+··1········--1-·········
··+t··i---r ;·········:··········
OA

0.2

"'

.. . .

0 .__~_._
• ~ · ~ · ~·~ - ~- - - '

0 20 40 60 80 100
150
Frequency (Hz)

·2.5

-5 ' - - - ~-

-0.1

--0.05

Phase of the Filter

--'--~--'
0
0.05
0.1

.....
1

Amplitudo = 3

a
Froquuncy = 20

a■
Ph""" • •1"pl

DI

1111

a

3

.

'

·2.5

·········f·········
········+········
.
.

-5 ' - - - ~ - - - - - ' - - ~ - - '

···j··--r-··j···( ··j··········j··········

--0.1

-0.05

0

0.05

0.1

t

2 ••• ;·•··; •··; ••• ; ••. ; ·•••······;••·•·••···
d

.

i

•••i••••~•-•?•••+•••!•••H 94
•

-~ 1

~

'

O ---;----; ••• ; ...

: ~1 -··:
..i;

•

•

•

•

•

F,ttvr Specif1etltions;

• ••!••••••••••

i···;----·-····;---·----. .
.

Cutoff F--i : 20

~---i---.;..·--i········••:--------..
•
••

···1···t··· ~ ··········;··········
-3 ··+···r··+··+···i·········+·········
2 ••• ~····~

0 20 40 60 80 1 00

150

Frequency (Hz)

DC Laval : 0

200

200

Film, Chcica:

1111

Figure 10-4: Graphical User Interface (GUO for CLTidemo chat illustrates the sinusoid-in gives sinusoid-out concept for
continuous-time systems. The user can change the LTI system as well as the input sinusoidal frequency, amplitude an<l phase.
All frequencies are given in hertz, e.g.. 20 Hz corresponds to 40,r rad/sec.

In orderto reinforce this important concept of sinusoidin gives sinusoid-out for LTI systems, a MATLAB GUI
was created to nm different cases where the frequency
response can be changed by selecting from a variety of
simple filters. Also, the amplitude, phase and frequency
of the input sinusoid can be varied. The screen shot of

Fig. 10-4 shows the GUI with the filter and input signal
chosen to solve the problem in the preceding example.
The mathematical formula for the output is shown above
the upper right-hand panel in the GUI.

~

DEMO: CLTI Demo

10-2 RESPONSE TO REAL SINUSOIDAL SIGNALS

~ EXERCISE 10.1: Use the frequency response to
evaluate the convolution integral

=j

Linearity allows us to add all the separate outputs to
obtafo the final result
N

y(t)

00

y(t)

293

=L

Yk(t )

k=I

e-ru(-r)3cos(t - -r - rr)dr

N

= L Ak l H (jwi:) I cos(wtl +<Pk + L H (jwd )

- co

k= I

Hint: determine h(t) from the integral above.

(10.25)

In reality, this formula is not especially useful. Its main

10-2.3

Response to a General Sum of
Sinusoids

The use oflinearity illustrated in the previous section can
be extended to the case where the input is composed of
many sinusoids. For a specific example, suppose that the
input signal is the weighted sum of N sinusoids
N

x(t)

= L Ak cos(wkt + </>k)

(10.23)

value is to convey a very important result; namely, that
the individual amplitudes and phases are changed in a
predictable manner by the frequency response. Finally,
we observe that this result (I 0.25) does not depend on
any special relationship among the frequencies, unlike
the results of the next section where all the frequencies
arc multiples of a fundamental.

Example 10-6: Response for Two
Sinusoids

k=I

If the frequency response of a continuous-time LTI
where the frequencies {wk } are all different, and each
sinusoid has its own amplitude Ak and phase <Pk·
If we know the frequency response of the continuoustime system, we can use linearity to construct a formula
for the output signal. The strategy is to treat each
sinusoidal component separately, and then add all tbe
results together. lf we concentrate on the k'h input
sinusoid, we can compute the corresponding output after
evaluating H (Jc1)A); i.e.,
Yk(t)

= Ak \H (jwk) I cos(wkt + </>k + L H (jwJ..) )
(10.24)

In this case, we use the magnitude and angle notation in
place of M and i/t, but the reader should keep in mind
that these are just constants.

system is

2+Jw

H (jw)

= I+

jw

determine the output sign al when the input is
x(t )

= 2cosi + cos(3t + 1.57)

The answer requires that we evaluate H(jw) at w
and at w = 3; i.e.,

+; =

2+.

H (jw)lw=1

=

H (. )I
JW w=3

·3
= 2_±__.!_
= l.1 4e-;o.266
1 + j3

1

l.58 1e-;o.322

=1
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Then we can write down the sinusoids that make up the
output as
y(t)

= 3.162 cos(t -

0.322) + 1. 14 cos(3t

+ 1.304)

because the magnitude of the first cosine is the product
2(1.581), and the phase of the second cosine is the sum
( 1.57 - 0.266)
(I .304).
■

=

FREQUENCY RESPONSE

Now the term x(t + T0 - r) inside the integral is peiio<lic
with period To so it can be replaced by
x(t

+ To -

r)

= x(t -

r)

- oo<t

<OO

( 10.28)

T hus. the integral (10.27) becomes

f
=f

no

y(t

+ To) =

h(r)x(t

+ To -

r) dT

-cc

00

ffE,i EXERCISE 10.2:

Suppose that the frequency
response of a continuous-time LTI system is

h(r)x(t - T) dr

= y(t)

(10.29)

- ::x,

. )
H(JW

jw)(- j2 + jw)
4- w
= -(j2-+--=
-1 + jw
I + jw
2

and the input is
x(t) = 4cost +cos(2t)

Determine the output y(t) of the system.

10-2.4

Periodic Input Signals

When the input signal is periodic, it is relatively easy
to demonstrate that the output of an LTI system must
be periodic. First of all, the mathematical definition of
periodicity is
x(t)

= x(t + Tc>l

-00<1 <OO

(10.26)

where To is the period. If To is the smallest value that
satisfies (10.26). then it is called the fundamental period
of the signal. 1f we write the convolution integral for
y(t + To), we get

f

00

y(t+To) =

-::,0

h (r)x(t+To -r) dr

(10.27)

and we have demonstrated that the output signal y(r)
is periodic with period To if the input to the system is
periodic with period T0 . As an aside, we observe that the
fondamental period o f the output signal mighl be shorter
than To in certain cases.

ay. EXERCISE 10.3:
Prove that an LTI system
whose impulse response js periodic will always produce
output signals that are periodic (assume that the input is
not periodic). Note: this type of system is unstable, so
the output might not al ways be bounded. When y(t) is
bounded it will be periodic.

The interesting thing about periodic signals is that the
theory of Fourier series tells us how to obtain a signal
representation as a sum of complex-exponential signals. 1
If we couple this with the frequency response concept
that we have introduced in this chapter, we can develop a
general approach for detennining the output of an LT!
system whh periodic input that does not involve the
evaluation of a convolution integral. Figure I 0-5 shows
the essentials of this approach. The steps of this approach
are summarized as follows:
1A review of Chapter 3 might be useful as background for the
discussion in the re~t of this chapter.
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x(t)

y(r)

LTl System

_____

....._

h(I).

ii (jw)

(l-1 (jw)Aei<I>) ei""

~

L (H(jkw.i)u,) e1 A"'o'
k

Figure 10-5: Linear time-invariant system with responses

The important step is #3, which says that we must
multiply in the frequency-domain . This is a complex
multiplication of ak limes H(jkwo), The most difficult
step is #I which requires the Fourier series analysis
from the periodic
integral to extract tJ1e coefficients
signal, x (r).

a,.

,.,&

LAB: #13 Numerical Evaluation of Fourier Series

to one complex exponential or to a sum of complex
exponentials.

10-3 Ideal Filters
J. Express the periodic input signal x(t) as a sum of
sinusoids using the method of Fourier series from
Chapter 3
00

x(t)

=

L

aAeikwo,

k=- oo

=

where Wo
2rr / 70 is the fundamental frequency in
radians/second.

2. For the kth complex exponential in the Fourier series
sum. use ( I 0. 10) on p. 288 to find the c:orresponding
output, which is also a complex exponential at the
k111 frequency w1.
k£vo

=
Yk(t) = H(Jkwo)ake1kruor

3. T he complex multiplication of at times ll(jkwo)
produces a new set of Fourier i.erics coefficients

In any practical application of LTI continuous-time
systems, the frequency response function H (j w) might
be derived from an actual analog filter implementation
such as an electronic circuit or from a mathematical
model of an anaJog system. However. in the early phases
of the design of a system it is often useful to use ideal
filters that have simple frequency responses that provide
ideaJ frequency-selectivity. We have already encountered
ideal filters when considering the frequency response of
digital filters in Chapter 6. For analog (continuous-time)
fillers we must specify H (jw) over the entire frequency
axis - oo<w < oo.

10-3.1

Ideal Delay System

The concept of time delay is exceedingly important
in both discrete- and conrinuous-time system theory.
For continuous-lime systems, the ideal delay system is
defined by lhe input/output relation
y(t)

4. The output signal y(r) is then synthesized from the
Fourier series definition
00

y(t)

=

L
k=- oo

bkeikoio1

= x(t -

Id)

(10.30)

where rd is the amount of delay in secs. Thus, an ideal
delay system produces an output that is a perfect copy of
the input signal, but shifted in time by td seconds.
We can find the frequency response of the ideal delay
if we first find the impulse response and then use ( 10.4).
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The impulse response, by definition is h(t )
Therefore, the frequency response is

f

= o(t -

Id).

H1p(jw)

00

H(jw)

=

o(t - td)e-jwtdt

= e - }WIJ

(10.31)

- oo

Another approach that would work in this simple case
is to substitute x(t) = eJw, into (10.30) and use the
definition of the frequency response in (10.3) on p. 286 to
determine H(jw) from the resulting expression for y(t).
This is suggested in Problem P-10.1.
The magnitude of the frequency response of the ideal
delay (10.31) is constant (equal to one) independent of
frequency and it has a phase of -wtd. Since -Wld is
the equation of a straight line as a function of w, we
say that the ideal time delay bas constant magnitude and
linear phase. This means that the ideal delay system
does not change the magnitude of an input sinusoid,
but it introduces a phase shift that is proportional to
the frequency of the sinusoid. This is exactly what is
needed to create a perfect delayed copy of the sinusoid
or complex exponential of frequency w.
~

Example 10-7: Response of Ideal Delay

=

Suppose that x(t)
10e/1r/ 4ei2001r, is the input to
an ideal delay system with a delay of 0.001 sec.
Then the frequency response of the ideal delay is
H(jw)
e- Jwo.oo,, which, when evaluated at the
frequency 200.rr, is

=

H (j200.rr)

= e - j2001r(0.OOIJ

The corresponding output is
y (t)

=

II (j 200rr) ( 10ei"/ 4 ei 2001rt)

= ( e - 12oon(o.0011) LOeinf4eJ200Jt1
= (e- j0.2n) J Oejn/4eJ200m

-Wco

0

Wco

(t)

Figure 10-6: Frequency response of an ideal LPF with
its cutoff at Wco racl/s.

which we can rewrite ass y(t ) = l Oei"/ 4 ei200rr(t- O.OOJ) .
Thus, as could easily be predicted from the frequency
response, the output is equal to the input delayed by
0.001 sec.
■
The frequency response of the ideal time delay system
has constant magnitude and linear phase as a function
of w. A filter is a system that can remove certain
frequencies while letting others pass through the system
relatively unmodified. We shall now define several ideal
frequency selective filters.

10-3.2

Ideal Lowpass Filter

An ideal lowpass filter (LPF) has a frequency response
that consists of two regions: the passband near w 0
(DC) where the frequency response is one, and the
stopband where it is zero. An ideal lowpass filter is
therefore defined as

=

lwl ~ Wco
0 lwl > Wco

. )_ [l
HIp (JW
-

(10.32)

The frequency Wco is called the cutofffrequency, or the
band edge of the LPF passband. Figure 10-6 shows a plot
of H(jw) for the ideal LPF in which we see that H (jw)
is even symmetric about w 0. This property is needed
because we know that real-valued impulse responses lead

=
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to filters with a conjugate symmetric H (jw). Since
H(jw) is both real and conjugate symmetric, it must be
an even function.
Filters like the ideal lowpass filter are impossible
to implement. We will see that the impulse response
of the ideal lowpass filter is nonzero over the entire
time axis. Thus, it is non-causal. However, that
does not invalidate the ideal lowpass filter concept;
i.e., the idea o f selecting the low frequency band and
rejecting all other frequencies. Even the filter depicted
in Fig. 10-1. which is implementable by a simple electric
circuit, might be satisfactory in some applications. In
more stringent filtering applications, we simply need to
learn how to obtain good approximations to the ideal
characteristic. In summary, the process of filter design
involves mathematical approximation of the ideal filter
with a frequency response that is close enough to the
ideal frequency response while corresponding to an
implementable filter.

-Woo

0

Wco

w

Figure 10-7: Frequency response of an ideal HPF with
rad/s.

c utoff at Wco

~ EXERCISE 10.4:
If H1p(}w) is an ideal LPF
with its bandedge at Wco as plotted in Fig. 10-6, show
I - H1p(jw) is an ideal
that G (jw) defined by G(jw)
HPF with the same bandedge.
Hint: Try plotting G (jw).

=

10-3.4 Ideal Bandpass Filter
10-3.3

Ideal High pass Filter

The ideal highpass fi lter has its stopband centered on low
frequencies, and its passband extends from lwl Wco out

to lwl

=

= oo.
H,0(jw)

= {~

l
0

!wl ::: Wcu
lwl > Wco

Hbp(}w)

(10.33)

Figure 10-7 shows an ideal HPF with its bandedge at
rad/s. In 1his case the high frequency components of
a signal will pass through the filter unchanged while the
low frequencies will be completely eliminated. Note that
as in the case of the ideal lowpass filter, we have defined
the ideal highpass fi lter so that Hhp(- jw) = H;P(jw) so
that the corresponding impulse response will be a real
function of time.
Wcu

The ideal bandpass fi lter has a passband centered away
from the low frequency band, so it has two stopbands,
one near DC and the other at high frequencies. Two
bandedges must be given to specify the ideal BPF, Wco l
for the lower bandedge, and Wco2 for the upper bandedge.

=

lwl < Wco1
1 Wco J .:5 lw.l .:5 Wco2
0 lwl > Wco2

( J0.34)

Figure I0-8 shows an ideal BPF with its bandedges at
rad/s and Wco2 rad/s. Note again the symmetrical
definition of the passbands and stopbands as required
to make the corresponding impulse response real. In
this case, all frequency components of a signal that
lie in the band Wcol ::: lwl .:5 Wco2 are passed unchanged
through the filter, while all other frequency components
are completely removed.

w~1>J
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0

Wcul

Wco2

w

Figure 10-8: Frequency response of an ideal BPF. This
filter is bandpass with its passband from w = wcoi tow=
Wco2 nul/s.

•~ EXERCISE 10.5: If Hbp()w) is an ideal BPF
with its bandedges at Wco1 and Cuco2 , show by plotting
that G(jw) defined by G(jw) = l - Hbp(Jw) could be
called an ideal band-reject filter. Where is the stopband
of the band-reject filter?

10-4 Application of Ideal Filters
Ideal filters are typically used early in the design process
to specify the modules in a signal processing system
such as a communication receiver. Even though the final
system requires implementable tilters, the ideal filters
simplify the system description. The performance of an
actual system can usually be contro lled by minimizing
the approximation eITors between the actual filters and
the ideal filters.
As one tangible example of using ideal filters, we
consider the task of designing a filter that will convert
a square wave into a sinusoid. This might be useful
in a practical application because it is relatively easy
to generate a square wave with a switch that opens and
closes pe1iodically, but it can be difficult to generate a
sinusoidal shape directly. The fil ter needed to solve this

□ [►

Io

°

2

2To t

figure 10-9: Periodic square wave with 50% duty cycle.

problem is a BPF that will extract one of the harmonics
of the square wave.
Suppose that we can generate a square wave with a
fundamental period of To = 500 µ,s <Jo = 2 kHz or Wo =
2n(2000) rad/sec.) Such a signal is shown in Fig. 10-9.
This periodic waveform is defined over one period by the
equation

x(r)

~

g

0 ~ t < To/2

To/2 ~ t < To

(10.35)

In Section 3-4 we showed that periodic wavefonns can
be represented by a Fourier series of the fonn
co

x(I)

=

L

a*eik"'Ot

(I0.36)

k=- oo

where the Fourier coefficients are given by the integral

f

To/2

ak

=;
0

x(l)e-i Awo,dt

( 10.37)

- To/2

Substituting the definition of x(t ) from (10.35) into
(10.37) gives

( 10.38)

J0-4
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Jf we evaluate the integral in (10.38), we can show that
the complex amplitudes in the spectrum are
k

= ± 1, ±3, ±5, ±7, .. .

k

= ±2, ±4, ±6, ± 8, .. .

(10.39)
- 5cuo

That is, the Fourier series of the square wave contains
only odd harmonics of the fundamental frequency. Thus,
the spectrum of the square wave with fundamental
frequency of 2 kHz has (radian) frequency components
at w = ±2rr(2000) rad/sec, w = ±2rr (6000) rad/sec,
w = ±2:rr (l0000) rad/sec, etc. Since the average value
of the square wave (over one period) is not zero, we obtain

- 3ltJ()

- CU()

0 (~

3ltJ()

..

5wo w

Figure 10-10: Square wave spectrum together with
the frequency response of an ideal BPF. The bandpass
filter has its passband from W.-01 = 2rr(l250) rad/sec to
Wm 2 = 2rr(2750) rad/sec. The fundamental frequency of
the square wave is wo = 21t{2000) rad/sec.

To/2

ao = __!_
To

f

2dt

=I

( 10.40)

0

is, if ak represents the Fourier series coefficients of the
input square wave. then the output signal has Fourier
coefficients

~~ EXERCISE 10.6: Evaluate the integral in ( 10.38)
and show that the result is given by ( I 0.39).
Figure 10-10 shows the spectrum of the square wave
for the first six nonzero (positive and negative) frequency
components plus a DC component. Note that we have
shown the spectrum with vertical lines indicating the
relative magnitude of the complex amplitudes. Specific
phase information is not shown.
Now we want to apply an LTI filter to the square wave
so that the output will be a sinusoid. Two facts can be
used to specify an ideal fi lter that will do this job. First,
the desired spectrum of the output signal consists of two
frequency components-if we want the output sinusoid
at f = 2 kHz, or w 2rr (2000) rad/sec, the required
two complex exponential components will be at ±2 kHz.
Second, the action of the fi lter operating on the input
signal can be described as multiplication of the input
spectrum times the frequency response of the filter. That

=

( 10.41)
Perhaps a better view is provided by Fig. I 0- 10
which shows the frequency response of an ideal BPF
superimposed on the spectrum plot of the input square
wave. The narrow passband of the BPF is centered
around the spectrum lines al w ±2rr(2000) rad/sec
(or ±2 kHz). The ideal pas band can have any nonzero
width as long~ it includes wo 2rr (2000), but does not
include any of the other nonzero spectrum components
of the input. That is, we require that all other spectrum
components lie in the slopbands of the BPF, so that
they wi)l be filtered out and the output signal will have
only two spectrum lines; i.e., it wi)l be a sinusoid of
frequency 2rr(2000). In Fig. 10-10, W co 1 = 2rr( l 250)
and W co2 = 27f(2750) rad/sec. lt is clear from Fig. I0- 10
that for this square-wave input, any ideal BPF will
give the same output if 0 < Wco 1 < 27f(2000) and
2rr(2000) < Wco2 < 2rr(6000).

=

=
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The complex amplitudes of the two output spectral
lines are found by multiplication, and only the k = ± I
terms of the output Fourier series will be left:

bk

= H(j2n(2000)k)ak =

-

2

Jnk
{0

fork=±l

elsewhere

Putting these two together yields the formula for the
output sinusoid:
y(t)

= -2..ei2ir(2000)r +
j1r

2

= ~ ( ~ e j2Jr(2000)r _
rr

2j

e-i2Jr(2000)r

jrr(-1)
~ e -j2Jr(2000)r)

2j

= -rr4 sin(2rr(2000)t) = -n4 cos(2n(2000)t -

n/2)

The key point of this example is that filtering involves
the multiplication of the frequency response times the
input spectrum. This provides us with the concept of
filters where signal components are either passed through
or "filtered out" of an input signal. This principle will
be reinforced by our study of Fourier transforms in the
following chapters.

EXERCISE 10.7: Plot the frequency response of
an ideal BPF such that its output will be

10-5 Time-Domain or
Frequency-Domain?
We have shown that a continuous-time LTJ system can be
represented in the time-domain by its impulse response
and in the frequency-domain by its frequency response.
Given two such powerful tools, the question naturally
arises as to which to use in a given situation. While
it is not possible to make iron-clad statements on such
issues, it is certainly true that when the input signal
can be represented as a sum of sinusoids or complex
exponentials that are nonzero for all time -oo < t < oo.
then the frequency response method usually provides
the simplest solution. On the other hand, if a signal
consists of impulses or step functions or other nonsinusoidal signals, convolution of that signal with the
impulse response of the system may be the simplest
approach. To illustrate this point consider the following
example.

Example 10-8: Superposition

Suppose that an LT! system has impulse response
h(t)

:?,:,I

y(t)

= o(t ) -

20011'e- 2oo1r,11(t)

(10.42)

Furthermore, assume that the input is

= sin(2rr(6000)l)
x(t)

= 10 + 20o(t -

0.1) + 40cos(20011't

+ 0.3rr)

when the input is the square wave of Figs. I 0-9 and 10- 10.

~

EXERCISE 10.8 : Must the input to the BPF be
a square wave, or will any other periodic signal suffice to
obtain a 2 kHz sinusoid?
':E;J

for -oo < t < oo. This input consists of three parts: a
constant signal, an impulse. and a cosine wave. Because
the system is linear, we can take each part separately and
use the solution method that is easiest for that part.
For example, we can treat the constant signal as a
complex-exponential signal with zero for its frequency.
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For this we will need to compute the frequency response.
Substituting the impulse response into the definition gives

f
=f

208(t - 0. 1) i----+
20S(t - 0.1) - 4000rre- 200n<i- O.llu(t - 0.1)

cc

H(jw)

=

[8(1) - 200TCe- 200" 1 u(t)]e- jwrdt

-oo

00

f

00

o(t)e-Jwrdt - 200rr

e- 200" 1 e- Jw1di

0

-oo

200rr
=l- - - - 200.TC

-

_

+ jw

(10.43)

jw

Therefore, the output due to the constant signal is simply

101-+ H(j0)10=

1·o
10=0
200n + j O

Similarly, the output due to the cosine signal
component can most easily be detennined from the
frequency response as follows:
40cos(200m + 0.3rr)

=0

+ 20S(t -

0.1) - 4000;re-200"<1 -0.l)u(t

-

0.1 )

40

+ .,ti. cos(200rr t + 0.55n)
We have arrived at this solution by applying what we
know about LTI systems. While the solution involved
several steps, none of the steps involved extensive
analysis. Selecting the proper tool was the key.
m

i----+

401H(j200rr)I cos(200rr t

+ 0.3rr + L H (j200rr))

If we evaluate H (j200rr) and compute its magnitude and
angle, we find that
40 cos(200rrt

The output due to the sum of the input terms is simply
the sum of the corresponding outputs because the system
is linear and superposition applies. Therefore, the output
of the system with impulse response given by ( l 0.42) and
frequency response given by (10.43) is
y(t)

__
+

jw

___.;:._

200JT

Using the given impulse response in ( 10.42), we obtain

40

+ 0.3n) i--+ .J2 cos(200m + 0.55n)

Finally, let us consider the impulse component. At
this point we do not know how to represent an impulse
as a sum of sinusoids. However, we can still solve
the problem of finding the output due to the impulse
component because we have been given the impulse
response. Since convolution with an impulse is very
easily evaluated by simply shifting and scaling the
impulse response; i.e.,
20o(t - 0.1)

1-+

20h(t - 0. 1)

10-6 Summary/Future
ln this chapter we have shown how the frequency
response and the impulse response of an LTI system are
related. We also showed that when the input can be
represented as a sum of sinusoidal signals, the frequency
response provides a straightforward method of finding
the output of an LTI system. In the next chapter, which
introduces the concept of the Fourier transform, we will
show that the frequency response H (jw) is the Fou1ier
transform of the impulse response h(t). The theory
of Fourier transforms will provide a way to represent
a much wider class of signals as a sum of sinusoids
thereby opening up new ways that the frequency-domain
approach can be used in solving signals and systems
problems.
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Lab # 13 is concerned with numeric computation of
Fourier series coefficients using MATLAB's numerical
integration capability.
The coefficients for several
signals are found, and signals are synthesized from their
coefficients. Lab# 15 uses MATLAB's symbolic capability
to find Fourier coefficients.

r~~

LAB: #13 Numerical Evaluation of
Fourier Series

10-7

Problems

P-10.1 Derive the frequency response of an ideal delay
system by substituting x(t) = eJwr into the system's
definition
y(t)

= x(t - ½)

In addition, plot the magnitude of the frequency response
for this system.

P-10.2 The frequency response of an LTl system is
LAB: #15 Fourier Series (Ch. 12)

H(jw)
The Fourier series demo automates the work done
by hand in Lab # 13. In this demo, the student can
select from three input waveforms, and select the number
of coeffici ents to compute. The magnitude and phase
spectrum are plotted along with the synthesized signal.
This is the same demo that was introduced in Chapter 3.

= 3 - jw
. e-1w.
3+1w

(a) D etermine the magnitude-squared of the freq uency
response and reduce it to a simple real-valued form.
(b) Detem1ine the phase of the frequency response
LH(jw).

(c) If the input to the LTI system is x(t) = 4 + cos(3t)
for -oo < t < oo, what is the corresponding output
DEMO: Fourier Series

CLTidemo is a MATLAB GUI that illustrates
the relationship between the input and output of a
continuous-time linear time-invariant (LTI) fil ter when
the input is a sinusoidal function. The user is allowed
to control the parameters of both the input (amplitude.
frequency, phase and DC level) and the filter (cutoff
frequency and type of filter).

~

P-10.3 Suppo e that the continuous-time LTI system
in F ig. P-10.3 is defined by the following input/output
relation:
y(t)

= x(t +

I)+ 2x(t) + x(l - 2)

NOTE: Hundreds of Solved Problems

(10.44)

(a) Find the impub e response h(t) of the system; i.e.,
determine the output when the input is an impulse.

DEMO: CLTI Demo

As us ual, the reader is reminded of the large number
of solved homework problems on the CD-ROM that are
available for review and practice.
·-~

y(t)?

x(t)

Continuous-lime
LTI System
h(I). H (jw)

Figure P-10.3

y(t)
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(b) Substitute your answer for h (t) into the integral
formula
00

H(jw)

=

j

h(r)e-j,.,,,dr

-oo

to find the frequency response.

Use superpos1t1on to find the output y(t), after
finding the response of each term with the easiest
method, (impulse response or frequency response).
P-10.5 The input to an LTI system is the periodic pulse
wave x(r) depicted in Fig. P-10.5. This input can be
repre.c;ented by the Fourier series
00

(c) Apply the system definition given in Eq. (10.44)
directly to the input x(t) ejM for - oo < t < oo
and show that y(t) = H(Jw)eic,,r, where H(jw) is
as determined in part (b).

=

P-10.4 The impulse response of a continuous-time
linear time-invariant system is
h(t)

= o(t) -

0. le- 0· 1' u(t)

(a) Find the frequency response H (jw) of the system.
Express your an wer as a single rational function
with powers of (jw) in the numerator and
denominator.

=

x(t)

L a1.:ejla,'01

versus w. Also plot the phase L.H (J w) as a function
ofw.
(c) At what frequency w does the magnitude squared
of the frequency response have its largest value?
At what frequency is the magnitude squared of the
frequency response equal to one half of its peak
value? This is referred to as the ha(f-po111er point of
the filter since the magnitude-squared corresponds
to power.
(d) Suppose that the input to this system is
x(t)

= IO +

20 cos(0.11) + o(t - 0.2)

rrk

k=-oo

(a) Determine Wo in the Fourier series representation
of x(t). Also, write down the integral that must be
evaluated to obtain the Fourier coefficients a1.:.
(b) Plot the spectrum of the signal x(t}; i.e., make a plot
showing the ak 's plotted at the frequencies kwo for
-4cvo .:'.:: w .:'.:: 4wa.
(c) If the frequency response of the system is the ideal

highpass filter

=

H(jw)

(b) Plot the frequency response magnitude squared

IH(jw)!2 = H(jw)H"(jw)

10 sin (1rk/4)

where

I~

lwl < 1r/8
lwl ~ 1r/8

plot the output of the system, y(r), whe n the i nput
is x(t) as plotted above.
Hint: First determine which frequency is removed
by the filter, and then determine what effect this will
have on the waveform.

□

'-9

0
I

I
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lT

1

- 7 '-5 -3 -1 0 1
I

I

3

Figure P-10.5
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(d) If the frequency response of the system is an ideal
lowpass filter

.

H(1 w)

= 11O

lwl
lwl

<

Wco

>

Woo

where Wco is the cutofffrequency, for what values of
Wco will the output of the system have the form
y(t)

=A+ B cos(wot + <t>)

(b) The frequency response of the LTI system is given
by the following equation:

.

H (1w)

lwl:::: 300n
lwl > 300rr

Plot this function on the spectrum plot that you
constructed in part (a).
(c) Determine the DC value of the output signal; i.e.,
To

deterrnineb0

where A and B are nonzero?

110
O

=

j

= _!___

To

y (t)dt, where T0 is theperiod

0

(e) If the frequency response of the LTI system is
H(jw)
1 - e-i 2w, plot the output of the system,
y(t), when the input is x(t) as plotted above.
Hint: In this case it will be easiest to determine the
impulse response h(t) corresponding to H (jw) and
from h (t ) you can easily find an equation that relates
y(t ) to x(t). This will allow you to plot y(t).

=

of the output signal.
(d) Write an equation for y(t) . If possible, simplify it
to include only cosine functions.
P-10.7 A periodic waveform x(t) with period T
defined over one period by the equation
x(t)

P-10.6 The input to the LTJ conti11uous-time system in
Fig. P- 10.6 is defined by the equation

= e-

= 4 is

1

(a) Carefully sketch x(t).
(b) Determine the fundamental frequency, WO, of x(t).

(c) Determine the Fourier series coefficients, akt for the
above waveform x(t). Give a general formula valid
for any integer k.
(a) Determine the spectrum of x(t) and plot it
on a graph that spans the frequency range
- I 000,r :::: w :::: 1000,r.

(d) lf x(t ) is passed through an ideal LPF whose cutoff
frequency is Wco 2,r /3 rad/sec, determine the
output signal, y(t).

Continuous-Time
LTI System

P-10.8 Suppose that the inputx{t) to an ideal frequencyselective filter is the square wave depicted in Fig. P-10.8.
The Fourier series representation of this waveform is

x(t )

l,(t), H (Jw)

Figure P-10.6

y(t )

=

x(t)

=

00

L
k=-oo

akejla,io,

-OO< f <OO
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I
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I

4

.!.
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Figure P-10.8
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,r

I
S1r

1f

1

-3Wo

- 5%

3Wo
-WO

I

0

Wo

I

-J;r

:Sit:

5w0

w

- 3,r

Figure P-10.9

(a) Determine the fundamental frequency WQ.
(b) Determine the Fourier coefficients ak for this signal.
(c) State whether or not it is possible that the
corresponding output of the LTI system could be
the signal
y(t)

= 2cos(2rrt/4)

= ½+ ¾cos[cvo(t - ½H
y(t) = ~ cos(wot)

(b) y(t)
(c)

(d) y(t)

= x(t) - ½

(e) y(t)

= x(t - ½)

-CO<f <00

If it is impossible, state why. If it is possible,
determine the frequency response H(jw) of an
ideal frequency-selective filter (lowpass, highpass,
or bandpass) such that the output is as specified.
Draw a carefully labeled sketch of H (jw) showing
the gain and cutoff frequencies for the fi lter.

The possible filters are described by the following
equations and graphs (some of these may not be used):

L HUw)=

I~

lwl < ½cvo
lwl ~ ½cvo

(d) Repeat part (c) when the desired output is
y(t )

= 2cos(2m /3)

P-10.9 Consider an LTI system whose frequency
response H(jw) is unknown. The system has a periodic
input whose spectrum is shown in Fig. P-10.9.
For each part of this problem, the output of the system
is given and the frequency response must be determined
by selecting from the list numbered 1- 7 below. Choose
the frequency response H (j w) of the system that could
have produced the specific o utput when the input is the
signal with the spectrum in Fig. P-10.9.
(a) y(t )

=½

2. H (jw)

= e-iw/2

3. H(jw)

=½[I+ cos(wTo)J

4.
I

r
jw)
I
I
jl,

- ~aia

0

3

2WO

w
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5. H(jw)

=

g

7.

n

~

-2 - ~
2

6. H(jw)

=

e-jw/2

O

l

lwl
lwl

=:::

>

½evo
¾evo

rjw
)n
0

~

2

¥

..

(J)

E R

C H

Continuous-Time
Fourier Transform
In previous chapters, our presentation of the spectrum
was limited to sinusoids and pe1iodic signals. Now
we want to develop a completely general definition of
the freq11e11cy spectrum that will apply to a11y signal
x(t).
Armed with this powerful 1001, we will be
able lo: ( 1) define a precise notion of bandwidth for
a signal, (2) explain the inner worki ngs of modem
communication systems which are able to transmit
many signals simultaneously by sharing the available
bandwidth, and (3) define fi ltering operations that are
needed to separate signals in such frequency-shared
systems. There are many other applications of the
Fourier transform, so it is safe to say that Fourier analysis
provides the rigorous language needed to define and
design modern engineering systems.
From almost the beginning of this text we have relied
on the notion of representing a continuous-time signal
by its spectrum, which we have defined up to now to be

simply U1e magnitude, phase, and frequency information
that is required to completely specify a sum of cosine
signals. In particular, we showed in Chapter 3 that
if a conti1111011s-time si,:nal is periodic: with period To,
then it can be represented as a ~w11 of cosines with all
frequencies being integer multiples of the fundamental
frequency cvo 21r / To, and we showed that the Fourier
series integral could be used to find the amplitudes and
phase angles when we know an equation for the waveform
x(r ) over one period.
In Chapter IO we also discussed one of the most
important properties of LTI systems, which is that a
complex-exponential input of frequency w p roduces an
output that is a lso a complex exponential of that same
frequency, but modified in amplitude and phase by the
frequency response H(jw) of the LTI system. This
is a profoundly important result that holds for both
discrete-time and continuous-time LTI systems. So far,

=
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however, we have been lim ited to input signals that
are either individual complex exponentials or sums of
complex exponentials of different isolated frequencies.
In this chapter, we show how to use the frequency
response concept with more general signals, but first we
must introduce the concept of the Fourier transform.'
Therefore, this chapter focuses on the continuous-time
Fourier transfom1 and its properties. We will discuss
many useful results and show many examples of how
the Fourier transform can be used as an aid in thinking
about and analyzing continuous-time signals and systems
problems.

11-1

Definition of the Fourier
Transform

x(t)

Forward
Co11tilluous-Time Fourier Transform
X(jw)

=

f

(I 1.1 )
x(t )e- j w,dt

- oo

and

Inverse
Co11ti11uo11s-Time Fourier Transf orm
();)

x(t)

= -2rr1

/

(1 1.2)

X(jw)e1.',,1 dw

-oo
1Therc

The forward transform is an analysis integral because
ii extracts spectrum information from the signal, x(r );
the inverse transform is a synthesis integral because
it is used to create the time-domain signaJ from its
spectraJ information. As has been our custom in this
book. we will refer to X(jw) as the freq11e11cy -domaitl
representation because we can interpret ( 11.2) as a
"sum" of infinitely many complex-exponential signals
with X (j w) controlling the amplitudes and phases of
these signals.
Likewise, x(t) is the time-domain
representation of the signal. We indicate this (one-toone) relations hip between the two domains as

Time-Doma in

The Fourier transform is defined by the following pair of
t:quations:

00

CONTINUOUS-TIME FOURIER TRANSFORM

is also a Fourier transform for discrete-lime signals x[11],
called the Discrete-Time Fourier Tr,msform (DTFI). Although we
will not discuss the DTFf in this chapter. most of its properties are
identical to the ones we will study for lhe Continuous-lime Fourier
Transform {CTFT). The DTFT will be introduced in Chapter 12 and
will play a major role in Chapter 13.

Frequency-Domain
:F

~

X(jw)

(11.3)

The notation ~ signifies that it is possible to go back
and fortJ1 uniquely between the rime-domain and the
frequency-domain.
If we are given x(t ) as a mathematical function,
we can determine the corresponding spectrum function
X(jw) by evaluating the analysis integral in (] I.I). ln
other words, ( I 1.1 ) defines a mathematical operation for
transfonning x(t) into a new equivalent representation
X(jw). Hence the name Fourier transform is used for
X(jw). 1t is common to say that we take the Fourier
transf orm of x (t ) , meaning that we determine X(jw) so
that we can use the frequency-domain representation of
the signaJ.
Similarly, given X (jw) as a mathematical function, we
can determi ne the corresponding time function x(t ) using
( 11 .2) by again evaluating an integraJ-the synthesis
integral.
Thus, ( 11.2) defi nes the inverse Fourier
transfon n operation; i.e., the operation that goes from the
frequency-domain to the time-domain. Again, common
usage is to say that we take the inverse Fourier transform
when we evaluate (11.2).
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Example 11-1: Forward Fourier Transform

As an example of determining the Fourier transform,
consider the one-sided exponential signal
(1 1.4)
Substituting this function into ( 11.1 ) gives

J
=J

problems is to use a known Fourier transfo,m pair
along with properties of the Fourier transform to get the
solution. For example, the Fourier transform is a onc-toone mapping from x(t) to X (jw) which means that each
transform X (j w) corresponds to only one time function
x(r), and each time function x(t ) corresponds to only
one transform X (jw). The following example illustrates
how uniqueness can be exploited.

00

X(jw)

=

e-11 e- jw,dt

~

0

Example 11-2: Unique Inverse

Consider the problem of evaluating the following
integral:

oc

e-<7+iw)tdt

0

-

e-11e-jwi

-(7

+ jw)

_1
2JT

loo

Joo (

-oc

l . ) e-i3"'dcu = ?
7 + JW

(11.7)

0

= - -1+ jw

( 11.5)

Note that the value of the integral at the upper limit is
zero because the magnitude of e- 11e- JM is equal to e- 11
which goes to zero as t ---+ oo. 2 Thus, we have derived
the following Fourier transform pair (in the notation of
(l 1.3)):

This integral is difficult, if not impossible, to evaluate
by ordinary methods of integral calculus. However, the
integral is a special case of an inverse transform integral,
so the uniqueness of the Fourier transform representation
guarantees that we can be confident in writing
00

1
-2rr

J( +

1

7

1
. ) e1'" dw
JW

= e-11 u(t)

(11.8)

- oo

Time-Domain
e-11 11(()

Frequency-Domain
:F

~

l

(1 1.6)

7+ jw

Notice that in evaluating the integral in ( 11 .5) no
restrictions were placed on w, so we conclude that
all frequencies, - oo < w < oo, are required to represent
e-11 u(t) by the Fourier transform.
■
It is rare that we actually evaluate the Fourier transform
integral ( 11.1), or the inverse transfonn integral direct Iy.
Instead, the usual route for solving signal processing

All we have to do is remember the Fo urier transform pair
in ( 11.6). Uniqueness guarantees that there is only one
time function that goes with a given Fourier transfonn.
Finally, we can "do the integral'' in ( 11.7) by taking
the special case of r = - 3 in ( 11 .8) which means that we
evaluate e-11 u (t) at t = -3 to get the an swer of zero!
It would be very difficult to obtain this answer by the
ordinary methods of integral calculus.
■
Example 11-2 suggests that we can do Fourier
transforms by table lookup. In other words, we can
use previously derived results to simplify operations
involving Fourier transforms. In Section 11-4, we will
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derive a number of Fourier transform pairs that are later
summarized in Table 11-2 of Section 11-9.3 But first, we
will show how tJ1e Fourier transform is a natural extension
of the Fourier series.

11-2

Fourier Transform and the
Spectrum

11 -2.1

Limit of the Fourier Series

Another way to see how the Fourier transform is a sum
of infinitesimal complex exponentials is to examine the
Fourier series in the limit where the spacing between
frequencies is very small.5 Recall that the Fourier series
representation of a periodic signal x;0 (t) is given by the
pair of equations

f

To/ 2

ak

= _!__
To

xru(t)e- jkf4:J'dt

( 11.9)

-To/2

It is possible to think of an integral as a sum.4 In our case,
we can interpret the synthesis integral (l 1.2) as a "sum"
of complex-exponential signals, each having a different
complex amplitude if we write the integrand as

and
00

Xro(t)

=

L

akejkwot

(11.10)

k=-oo

[ ~ X (jw)dw] e1"''
2

An integral is a special "sum" because it is the "sum" of
infinitesimally small quantities. The Fourier tidnsform
function X (jw) is the complex amplitude multiplying
the complex exponential eJwr, while the fraction 2~ is
a constant necessary for proper normalization in the
frequency units of rad/sec, and the quantity dw gives
the complex amplitude its infirtitesimal nature. Thus,
X (jw) carries the amplitude and phase information for
all the frequencies required to synthesizex(t) as a "sum"
of complex-exponential signals. In the inverse Fourier
transfo1n1, all frequencies -oo < w < oo are required to
represent the signal, so X (jw) is a continuous fu nction
of w, not just a countable set like the Fourier series
coefficients {ak} used in the periodic case.
3Comput.c r software that does symbolic algebra can be
programmed to do most Fourier transforms if it can access a large
table of "known transform pairs" and "known transfonn properties"
as rules.
4 Recall the Riemann integral which is derived as the limit of
summing rectanguhir areas that approximate the area under a curve.

Now consider a fini te-duration signal x(t) that is not
periodic, and therefore does not have a Fourier series
representation. Nonetheless, we can use x(t) to define
one period of a periodic function as long as the period
(To) of the periodic function is longer than the duration
of x(t ). As a tangible example of th is process, suppose
that we start with a fini te-duration rectangular pulse
X(I)

~

g -½

T < t < ½T
otherwise

(1 l.l l)

If To > T , then we can form a periodic fu nction with
period To by repeating copies of x(t) every To secs.
A convenient way to express this "periodic replication"
process is to write an infinite sum of time-shifted copies
of x(t )
00

x;0 (t)

=

L

x(t - 11To)

11=-00

5Tois limiting argument is not a rigorous derivation of the
Fourier transfonn: instead. it is a plausibility argument that suggests
the correct form of the transfonn integral and provides a useful
inlerpretarion.

J 1-2

FOURIER TRANSFORM AND THE SPECTRUM

□□ .'
-2To

- To

dense because the spacing between frequencies is Wo and

d7'(1)

-f O

To~ 2T

To

2To

To = 4T

□

To= ST

2

I

T () T

-2

r

To

2

T

= ST.

f

To/ 2

(akTo)

=

xr0 (1)e-jk(J1Qtdt

(1 1.12)

-To/ 2

and

(c)

Jo

I

Figure I 1-1 : Periodic signals formed from finite duration
signal x(t): (a) To = 2T, (b) Tr>= 4T , (c) To
(c) the repetition is not visible on the plot.

= To-oo
lim 2rc/To = 0

The effect on the Fourier series representation is shown
by rewriting ( 11.9) and ( 11. 10) as

(b)

To

2

lim wo

To->oo

□.

To.

- To

_To

(al

.□ □.
f
711
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In

(11.13)
As T0 --+ oo, the fundamental frequency Wo gets
very small and the set {kwo) defines a very dense
set of points on the frequency axis that approaches
the continuous variable w.
As a result. we can
claim that ( LL.12) approaches ( L1. 1), if we make
the identifications akTo-+ X(jw) and xr0 (1) -> x(l ).
Similarly, Wo 2rr / To -+ dw and the sum in (11.13)
becomes an integral in the limit, equal to ( I J .2). This
is illustrated for the examples of Fig. l 1-1 by the spectra
plotted in Fig. 11-2. In this ca e, the quantities ak To are
given by6

=

where x(t - 11To) is the copy centered at l = nT0 .
Figure I .l-1 shows three examples with djfferent values of
To for the rectangular pulse signal in (1 1.11 ). Note that
as To increases relative to T, the periodic signaJ x 10 (t )
becomes equal to x(t) over a longer time interval, so we
can claim that
,lim x7c1(1)

7o-4oo

= x(t)

akTo =

T/2

J

•t

I

e- 1 ·CA-O dt

- T/2

for - oo < t < oo

Now we exami ne the Fourier series for each of these
periodic signals and take the limit. The fundamental
frequency of the periodic signal xr0 (t) is wo = 2rr/To,
and the Fourier series has spectrum lines at integer
multiples of wo. Hence, wo is the spacing between
spectral lines. As T0 -+ oo, we fi nd that the frequencies
contained in the spectrum of xr0 (t) become infinitely

=-

_ 1_e- 1kCA-O,,r12

jkWo

=

-T/2

jkwo

sin(kwoT /2)
k<i>o/2

As Fig. 11-2 shows, the frequencies kWo get closer
and closer together as To -+ oo, and eventually become
6The quan1i1y ak Tu is bounded, even though To -

oo.
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akTo

•

I

To = 2T (a)

.if I. .

• I

1- 2wa o

2wa

I

akTo

"

.. "

• ' I)

I

[

I

•

I ..
(J)

To= 4T (b)

114tl I[ 1IL I

I •"

akTo

' •"

7,

.. "

To= ST
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infinitesimally small quantities might not converge to
a finite result. When one or both of the limits are
infinite, the integral can still be finite if the integrand
is well-behaved (e.g., it approaches zero fast enough as
t-+ ±oo).
Not every function x(t) has a Fourier transform
representation. To aid in our use of the Fourier transform
it would be helpful to be able to determine whether the
Fourier transform exists or not. As a simple condition for
convergence of the integral, we can check the magnitude
of X (j w) . The following manipulations result in a bound
on the size of IX (j w) I that can be used to obtain a
sufficient condition for existence of the Pourier transfonn:

(c)

f

00

IX (j(.1))1

"' '"" "''"" ·111ui~11! 111!~1111•"''

=

x(t)e-jwtdt

-oo

111
' " "'" ' '"

7,

00

:5 / lx(t )e-iWlldt
Figure 11-2: Speclra of periodic signals fonned from the
finite duration signal x(t) for (a) 7o= 2T, (b) To= 4T,
(c) To = 8T.

dense in the interval -oo < w < oo. The quantities akTo
approach the continuous envelope function
X(jw) =

Jim sin(kwoT /2) = sin(wT /2)
kwo-+w

kevo/2

w/2

(11.1 4 )

which can be seen in the spectrum plots of Fig. 11-2.

11-3

Existence and Convergence of
the Fourier Transform

The Fourier transform (11. 1) and its inverse ( 11 .2) are, in
general, integrals with infinite limits. When an integral
has infinite limits, it is said to be an improper integral
to convey the concern that such an infinite sum of even

f

00

=

-oo

lx(t )ldt

-oo

=

The last step follows from the fact that le- jo>r I 1 for all
t and w. Thus, a sufficient condition7 for the existence of
the Fourier transform (IX(jw)I < oo) is

Sufficient Condition
Jor Existe11ce of X (j w)
oc

f

(11.15)
lx(r) ldt < oo

-oo

7The sufficient condition is equivalent to the stability condition

when the signal is an impulse response, /i(r). Thus we might say that
"stable signals" are guaranteed 10 have a Fourier transform.

t J-4

EXAMPLES OF FOURIER TRANSFORM PAIRS

The condition of ( 11 .15) states that if the function x (t)
is absolutely integrable, then the Fourier transfonn can
in principle be found by evaluating (J 1.1). It is therefore
a sufficient condition, but it turns out that ( 11.15) is not
a necessary condition. We will see many examples of
functions that do not satisfy (I 1.15) for which we can
still obtain a useful Fourier transfonn representation,
particularly if we are willing to allow impulse signals
(which we know are not well-behaved functions) in
the time- and frequency-domain representations of our
signals. We will give some examples in the next section.

11-4

Examples of Fourier
Transform Pairs

Now that we have shown that the Fourier transform can
represent non-periodic signals in much the same way
that the Fourier series represents periodic signals, we can
begin to develop a library of Fourier transform pairs that
will be useful for solving problems.

11-4.1

Right-Sided Real Exponential
Signals

=

The signal x(t) e - a, u(t ) is caJled a right-sided
exponential signal because it is nonzero only oo the
right side of its graph as shown in Figure I l -3(a). In
Example 11-1 we did a specific case (a= 7) of the
following Fourier transform pair:

Freque11cy-Domai11

Time-Domain
e-a, u(t)

:F
,(~

1

313
transform pair in ( 11 .16). If we substilute the function
x(t)
e-a, u(t ) into (l 1.15) we obtain

=

This result will be finite only if e-a, at the upper limit
of oo is bounded, which is true only if a > 0. Thus,
the right-sided exponential signal is guaranteed to have a
Fourier transform if it dies out with increasing t, which
requires a > 0. Otherwise, if a S 0, the right-sided
exponential either does not die out or it increases without
bound and, therefore, does not have a Fourier transform
when a S 0.

~ EXERCISE 11.1 : Confirm that ( 11. 16) is a valid
Fourier transform pair even when a is a complex number,
as long as ffie[a} > 0.

The Fourier transform X(jw) = 1/(a + jw) is a
complex function of w. To plot it we could plot the
real and imaginary parts versus w, o r we could plot the
magnitude and phase angle as functi ons of frequency.
The real and imaginary parts are found from the following
algebraic manipulation:

X (jw)

=
-

1.

a+ JW
a
a2 +w2

=

I.

(a- ~w)

a+ JW a -jw

+--a2 + w2

Therefore, the real and imaginary parts are
( 11.16)

a + jw

The absolute integrability condition of (11.15) shows
that a must be positive in order to have a legitimate

.

a

ffie[X(jw))

=

i:sm{X (jw)}

=-

2

a +w2
w

a 2 +w2

JW
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= e - ar u(t)

x (r)

(a)

l
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if b > 0. Also. using ( 11.15), show that the Fourier
transform does not exist if b ~ 0.

a,. EXERCISE 11 .3: Sketch graphs of the real and
imaginary parts of X (jw) from Exercise 11.2 as functions
of wand compare them to Figures l 1-3(b) and 1l -3(c).

e

me{X(jw)I
(b)

-4a

-a

O

a

4a w

~m(X(jw)}

a

-4a

(c)

4a

11-4.1.1

Bandwidth and Decay Rate

Figure 11-3 iOustrates a fundamental property of Fourier
transform representations-the inverse relation between
ti me and frequency. First of all, notice that the parameter
a controls the rate ofdecay of the exponential in the timedomain. As a increases, the exponential dies out more
quickly, making x(t) more concentrated near t = 0. In
the frequency-domain, on the other hand, as a increases,
the Fourier transform spreads out.

-(1

Figure 11-3: RighL-sided exponential signal; (a) Time
function x(t) = e-", u(t), and (b) Real part of X (jw): (c)
imaginary pan of X(jw).

Figures 1 l- 3(b) and l l -3(c) show the real and imaginary
parts for this Fourier transform (see Fig. 11 -12 on p. 325
for plots of the magnitude and phase).

(,)"'~ EXERCISE 11 .2: The signal x(t) = eb1 u(- t)
is an example of a left-sided real exponential signal.
Sketch this signal for b > 0 and then show that the Fourier
transform of this signal is

X(jw)

1

= b - JW
.

EXERCISE 11 .4:

Make sketches or MATLAB
plots like Fig. 11-3 for a = I and a = 2.
The inverse relationship between the time-domain and
frequency-domain occurs consis tently. Signals that are
short in time dmation are spread out in frequency; i.e.,
they have a wide "bandwidth". Conversely, signals that
are spread out in time are concentrated in frequency. A
formal statement of this property is the scaling property
presented in Section 11 -5. 1 on p. 322.

11-4.2

Rectangular Pulse Signals

One com mon mathematical signal model is the rectangular pulse signal defined by

x(t)

= [~

- l2 T -< t<lT
2
otherwise

( 11.1 7)
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fn this definition, the pulse length is T and the signal is
symmetric around t = 0. Figure I J-4(a) shows a plot
of x(t). We can determine the Fourier transfonn by
substituting this function into ( I I . I), which gives

f

(a)

T/2

X(jw)

=

-f

e-jw'dt

O

X(jw}

- T/2

=

e-~co, IT/2

-

e-jwT/2 - eiwT/ 2

-jw

- JW - 7'/2

=

sin(wT /2)

(11.18)

w/2

Not surprisingly, this is identical to the result ( 11.14)
obtained by the limiting argument of Section 11-2. Thus,
we have derived the following Fourier transfom1 pair:

Time•Domain
[u (t

+ ½n -

u(t -

½n] + -

sin(wT/2)
lv/2

where ( 11.1 7) is represented more compactly using the
unit-step signal.
The Fourier transform of the rectangular pulse signal
(shown in Fig. I l-4(b)) is called a sine fu11 ctio11 . It is a
widely used function in the theory of signals and systems.
The formal definition of a ..sine" function is 8
sin(rr0)

sinc(0)

= rce

(11.20)

Even though some authors use the sine notation defined
in (11.20)) to simplify the appearance of some Fourier
transform expressions, the sine(-) function sometimes
requires awkward scalings of its argument to make it
fit simple situations. For example, in terms of the sine
Toolbox.

w
Figure 11-4: Fourier transform of a rectangular pulse.

(a) Time function x(t) = tt(I +
u(t - jT), and
(b) Corresponding Fourier trnnsfonn X (jw) is a sine
function.

½T> -

Frequency-Domai11
F

( 11.1 9)

8 MATLAB

..

f

has a function called sine () in its Signal Processing

function notation, the transform of the rectangular pulse
is X(jw) = Tsinc(wT/2Tc). We will not use the strict
sine function notation here except to use the name "sine
function" as a generic designation for any function of the
general form sin(·)/ (·).
Several important properties of the sine functi on are
evident in Fig. 1l-4(b):

=0

=

is X (jO)
T. When we
attempt to evaluate the sine formula ( 11.18) at
w = 0, we obtain the indeterminate form
However, using L'Hopital's rule from calculus, we
obtain

1. The value at w

g.

X(jO)

= lim
cu--+O

= lim
-o

(sin(wT /2) )

w/2
(T/2cos(wT/2) )

1/2

=T
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Note that we could also use Lhe small angle
approximation for the sine function (sin 0 ~ 0) to
obtain the same result since
.

ltm

w➔O

( sin(wT/2) )
(wT/2)
- - - - ;::; - - -

w/2

w/2

=T

2. The zeros of the sine function are at nonzero
integer multiples of w = 2rr/T, where T is the
total duration of the pulse. Notice that the sine
function oscillates between positive and negative
values. Specifically, it crosses zero at regular
intervals because we have the function sin(wT /2)
in the numerator. The zeros of the sine function
(11.18) are the values of w where the numerator of
X (j w) becomes zero. These are the values ofw such
that sin(wT/2) = 0. Since sin(0) = 0 for 0 = nrr
where n is an integer, it follows that X (j w) = 0
for w T /2 = nrr or w = (2rr/T)n. as is shown in
Figure 11-4.

3. Because of thew in the denominator of X (jw), the
function "dies out" with increasing w, but only as
fast as 1/w.
4. X (jw) is an even function; i.e., X (jw)
.

X( - 1w)

= X (- jw).

sin(- wT/2)
- sin(wT/2)
X(. )
=-=
=
JW
- w/2
- w/2

Thus the real even-symmetric rectangular pulse has
a real even-symmetric Fourier transform.
These properties of the sine function will be exploited in
a variety of applications of the Fourier transform.

11-4.3

x(t)

Bandlimited Signals

The notion of bandwidth is central to our understanding
and use of Fourier transforms. Intuitively, a frequency
function that is concentrated near w = 0 has a small width

(b)

..

w

Figure 11-5: Fouriertransfonn ofsine function: (a) Time
function x(t) = sin(wbt)/(m), and (b) corresponding
Fourier transform X (jw) = u(w + Wb) - u(w - Wb)-

in w. We call this width the bandwidth. This leads
us to define a bandlimited signal as one whose Pourier
transform satisfies the condition X (j w) = 0 for lwl > wb
with tub < oo. The frequency wb is called the bandwidth
of the bandlimited signal.9
One example of an ideally bandlimited Fourier
transform is a rectangular shape in the frequency-domain:
X(jcu)

=

g

-(J)h

.:5 W .:5 Wb

otherwise

( 11.21)

This Fourier transfonn is depicted in Fig. Ll-5(b).
Since the transform is zero for lwl > wb it is obviously
bcmdlimited.
We want to determine the time-domain signal that
has this Fourier transform, i.e., we need to evaluate rhe
9when the Fourier transform in ( 11.21) is used as a frequency
response, wb would be called the c1dojffreq11e11cy.
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inverse transform integral. In this case, we can find the
corresponding time function x(t) by substituting (l l.2l)
into (11.2) obtaining

3 17
contains all frequencies in equal amounts. To see 1his,
substitute x(t) = A8(t) into (11.1) to obtain

f

00

x(t)

=-

I !(Uh .

X(jw)

e1w' dw

2rr

=

- 00

-c,Jb

= _l_

~eiwtlwb

27f ] f

j21l'f

-Wb

sin(wbt)

=A

Figure I 1-5(a) shows this time function, which has the
form of a sine function. Therefore, it has the same
properties discussed in Section 11-4.2 except that now
the sine function is io the time-domain. In this case,
the signal has a peak value of wb/rr at t = 0, and the
zero crossings are spaced at nonzero multiples of rr /wb.
Once again, we note the inverse relationship between
time width and frequency width. If we increase cub, the
bandwidth is greater, but the first zero crossing in the
0 so the time-width is
time-domain moves closer to t
smaller. Now we can add this Fourier transform pair to
our list of known transform relations:

=

Time-Domain
sin(wbl)

Frequency-Domain
:F

~ [u(w

+ W1,) -

u(<.l) -wb) ]

(1 1.23)

The impulse time-domain signal is the most concentrated
time signal that we can have. Therefore, we might
expect that its Fourier transform will have a very wide
bandwidth, and it does. The Fourier transform of A8(t)

8(t)dt

-=
=A

(11.24)

The resulting Fourier transform pair depicted in F ig. 11-6
is

Time-Domain
A8(t)

Fre_quency-Domailz

~

A

( 11.25)

Likewise, we can examine an impulse in frequency,
if we define lhe Fourier transform of a signal to be
X (jw) 2m5(w). Then we can show by substitution
into (11 .2) that x(l) = 1 for all t and thereby obtain the
Fourier transform pair

=

Time-Domain

11-4.4 Impulse in Time or Frequency

f

00

(11.22)

]'{[

Jr t

A8(t)e- ili)/dt

Frequency-Domain
:F

+--4-

2rr8(w)

(1 1.26)

The constant signal x(t) == I for all t has only one
frequency, namely DC, and we see that its transform is
an impulse concentrated at w 0.

=
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x(t) = A8(t)
(A)
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(a)

=

wo. X (jw) 2rr8(w - WQ). By
is an impulse at w
substituting into the inverse transform integral (1 1.2), we
obtain
()C

x(t)

=

l /
2rr
- oo

0
X(jcv)

= ejt,;ol

o(w - Wo)dw

-oo

=
0

I

()C

(b)

A

w

Figure 11-6: Fourier transform of an impulse signal;
(a) time function x(t)
A8(t), and (b) corresponding
Fourier transform X (jw) = A. Since the impulse is
the signal that is most concentrated in time, its Fourier
transform is the most spread out in frequency.

lo'~ EXERCISE 11 .5:
Make a plot in the style of
I and its corresponding
Fig. 11-6 for the signal x(r)
2rr8(w).
Fourier transform X (jw)

=

( 11.27)

~Wf)I

from which we write the following transform pair:

Time-Domain

=

=

2rro(<,J - wo)e1.""dw

Frequency-Domain
-

:F

(11.28)

2rro((I) - wo)

This result is not unexpected. It says that a complexexponential s ignal of frequency Wu has a Fourier
transform that is nonzero only at the frequency Wo- The
result in (1 1.28) is the basis for including all periodic
functions in o ur Fourier transform framework. To go
one step further, consider the signal
x(I)

= A COS(Wol + ¢)

-00 <I< 00

Using Euler's relation we can rewrite this signal as

11-4.5

Sinusoids

In this section and the next, we will show how to
determine the Fourier transform of a periodic signal.
This may at first seem contradictory since we know that
periodic functions can be represented by a Fourier series,
which is an ordinary sum of complex exponentials rather
than an integral. However, there are distinct advantages
for bringing this class of signals under the general Fourier
transfonn umbrella.
The example of the constant signal j ust discussed in
the previous section provides a clue as to how to do
this. Suppose that the Fourier transform of a signal

( 11.29)

Since integration is Linear, it follows that. the Fourier
transform of a sum of two or more signals is the sum of
their corresponding Fomier transforms. That is, if x, (f)
and x 2 (t) have Fourier transforms X 1 (jw) and X2(Jw),
respectively, and a and b are constants, we can state the
following Linearity property:

Time-Domain
ax,(f) + bx2(t)

Frequency-Domain

?-+ aX1(Jw) + bX2(jw)
(11.30)
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.x(t)

= sin(wot)

(a)
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that complex conjugate symmetry between the positive
and negative frequency components is a general property
of the Fourier transform o f a real signal.
At this point, we comment that a sine wave is one
example of a signal that has a Fourier transfonn, even
though the existence condition ( 11.15) is violated. As
stated before. ( I 1. 15) is a sufficient condition, but not a
necessary condition, for having a Fourier transform.

(b)

w

Fourier transfonn of a sinusoid:
(a) Time function x(t) = sin(wot) = cos(wot - rc/2),
and (b) corresponding Fourier transform X(jw) =
- jnf>(w - <VO)+ jno(w + wo).

Figure 11-7:

11-4.6 Periodic Signals
Now we are ready to obtain a general formula for the
Fourier transform of any periodic function for which a
Fourier series exists. Recall that if x(t) x(t + Ti1) for
all 1, then the signal is periodic with period To and it can
be represented by the sum of complex exponentials

=

Thus. using the transform pair in (1 1.28), the Fourier
transform of the real sinusoid x(t) in ( l 1.29) is

00

x(t)

X(jw) = 2rrli(w - euoH½)Ae1"'

+ 2rro(w + woH½)Ae- jl/l

(11.31)

where wo

l

+ </J)

To

Freque11cy-Do1nain
- euo)

f

To/2

:F
+----+-

Jr Ae1"'o(w

( 11.33)

= 2rr/ To and
a,,= __,!_

A COS(WQt

L Ctkeik'tJO'
k=- oo

So we have another Fourier transform pair

Time-Domai11

=

+ rr Ae- N'o(w + (VQ}
(11.32)

Figure 11-7 shows the case of a sine fu nction and its
Fourier transfmm, which is the special case A = 1 and
</> = - Jr/2. Note that the size (area) of the impulse at
negative frequency -w0 is the complex conjugate of the
size of the impulse at the positive frequency. We will see

x(t)e-ikwo'dt

( I 1.34)

To/ 2

Since the Fourier transform of a sum is the sum of
correspondjng Fourier transforms, and we know the
Fourier transforms of the exponential signals from
(1 1.28), it follows that the Fourier transform of x(r) in
( 11.33) is
oc

X (jw)

=

L
k=-oo

2rrak o(w - kcvo)

(I 1.35)
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X(jw}

(2Jrao)

3wo

- 3wo

Figure 11-8: Fourier transform of the square wave shown in Fig. 11-9. The transfonn X (jw) bas regularly spaced impulses
= 2rck/To.

at w

Thus, any periodic signal with fundamental frequency wo
is represented by the fo llowing Fourier transform pair as
illustrated in Fig. 11-8 for the square wave in Fig. 11-9.

Time-Domain
00

L

k=-oo

ake1k"'0 '

~

7 □
- 3T

Freque11cy-Domai11

- 2T

--rT

O

T

2

□
2T

3T

[.

00

L

2rra1:~(w - kwu)

l --oo

( 11.36)

~ EXERCISE 11 .6: Substitute ( 11.35) into the
inverse Fourier transform integral in (I 1.2) and show
that when evaluated using the properties of the impulse
function, the result is identical to ( 11.33).
By showing that we can represent any periodic function
by a Fourier transform, we have fonnalized the spectrum
concept that we have been using since Chapter 3. The
key ingredient is the impulse function which allows us to
define Fourier transfonns that are zero at all but a discrete
set of frequencies. The following example illustrates how
we take the Fourier transform of the square wave signal.

Figure 11-9: Signal x (I} is a 50% duty cycle square
wave whose period is To = 2T. lts transform is shown
in Fig. 11 -8.

~

Example 11-3: Square Wave Transform

=

Figure 11-9 shows a periodic square wave where To
2T. If we substitute this function into ( 11.34) we obtain

f

T/2

ak

= _!__
To

e-ikwtJ1 dt

-7/2

=

I e- ikWfJl
To (-jkwo)

IT/2
-T/ 2 -

sin(kwo T / 2)

kwoTo/2

(11.37)
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where Wo = 2rr / To. We also obtain the DC coefncient
by evaluating the integral
(1)

T/2

ao

f

=~
To

p(t)

=~
=!
To
2

dt

( I)

(1)

(a)

(I)

(I)

(I)

(I )

(11.38)

-T/2

= (2rc/To)(To/2) = rc

After substituting (w0 T)
(1 J.37), we o btain

=

l

(t)

rck

= rrS(w) +

I

~

L.,

( 2si n(rrk/2))
k

(b)

(t)

(;.:)

(t)
2:r

Figure 11 -8 shows the Fourier transform of the square
wave for the case To = 2T. The Fourier coefficients
are zero for even multiples of Wo, so there are no
impulses at those frequencies. Any periodic signal with
fundamental frequency Wo wi ll have a transform with a
similar appearance-impulses al integer multiples of WO,
but with different sizes dictated by the ak coefficients.

•
Example 11-4: Transform of Impulse Train

As another example of finding the Fourier transform
of a periodic signal, let us consider the periodic impulse
train

L S(t -

4:r
T,

w

Fig ure 11- 10: Periodic impulse train: (a) Tune-domain
signal p(t); and (b) Fourier transform P(j<o). Regular
spacing in the frequency-domain is Ws = 2rr/T.,

where the period is denoted by Ts. This signal, which will
be useful in Chapter 12 in deriving the sampling theorem,
is plotted in Fig. 11-I0(a). Becausex(t) is periodic with
period T,., we can also express ( 11.41) as a Fourier series
p(t )

=

00

L

a1:e)kw, 1

(1 1.42)

k=-oo

where Ws = 2rc/'fs. To determine the Fourier coefficients (ad, we must evaluate the Fourier series integral
over one convenient period; i.e.,

f

T, / 2

Ok=_!_
T..

S(t )e- jkm,,d t

- T,/ 2
T, / 2

= _!_
Ts

f

S(t)dt

=~
Ts

(11.43)

-T,/ 2

00

tr= -00

T,

S(w - kwo)

(1 1.40)

=

(t)
0

k-/-0

p(t)

3Ts

k=O

2

k=- oo

]!;;)

2Ts

( I 1.39)

If we substitute ( 11.39) into ( 11.35) we obtain the
following equation for the Fourier transform of a periodic
square wave:
X(jw)

Ts
P(jw)

sin(rck/2)

ak

0

into

nTs)

(1 I .41)

The Fourier coefficients for the periodic impulse train are
all the same size. Now in general, the Fourier transform
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of a periodic signal represented by a Fourier series as in
(11.42) is of the form

=

L

7

2

(a)

00

P(jw)

X (jw)
x(r)

Jr---+-~

2nak8(w - kw5 )

k= -oo

Substituting ( 11.43) into the general expression for
P(jw), we obtain

P(jw)

= ktoo (~) 8(w -

-l

0

Y(jw)

kws)

(11.44)

y ( t)

(c)

(dJ

Therefore, the Fourier transform of a periodic impulse
train is also a periodic impulse train.
■

_l O l
2

11-5

Properties of Fourier
Transform Pairs

The Fourier transform has a set of mathematical
properties that help to simplify problem solving. Jn
this section and in Sections 11 -6, 11 -7, and 11-8, we
will de1ive several of the most useful prope1ties and
illustrate their use with some examples. The properties
of the Fourier transform are summarized in Table 11-3
on p. 339.

11 -5.1 The Scaling Property
We first encountered the inverse relationship between
bandwidth and time duration in Section 11-4.1. l.
Another example of this relationship is the rectangular
pulse function and its Fourier transform, the sine
function. Figure 11- 11 shows two cases where the pulse
length differs by a factor of two. Notice that the longer
pulse in Fig. 11 -11 (a) has a narrower transform shown
in Fig. 11- 1l(b). This example suggests the following
general property of the Fourier transform:

2

Figure 11 -1 1: Two rectangular pulses (a) and (c) and
their corresponding transforms (b) and (d). These ca,;es
exhibit the inverse relationship between the time-domain
and frequency-domain as dictated by the scaling property
of the Fourier transform.

and the converse:

Compressing a time signal will
stretch its Fourier transform.
To prove these general statements, consider the signal
y(t ) x(at) where a is a real number. If a> I, then a
plot of y(r) will have a shorter duration than x(t ). For
example, the signal y(r ) in Fig. 11-1 l (c) can be defi ned
as

=

y(r)

= x(2t )

in terms of x (t ) in Fig. 11- 11 (a). Now we can determine
Y (jw) in tern1s of X(jw). To do this, note that by
definition,

f

00

Stretching a time signal will
compress its Fourier transform.

Y(jw)

=

-00

x(at)e-i"''dt

(11.45)
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If we make the change of vaiiables ).._

= at.

then the

integral becomes

f
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impulse time signal. which has zero duration. has a
Fourier transform with infinite bandwidth.

00

Y(jw)

= (l/a)

x().)e- iw>./ad).._

- oo

if a > 0. However, if a < 0, then the limits of integration
must be swapped and we generate a minus sign as
follows:

f

Example 11-5: Flip Property

(11.46)

As an example of the use of ( 11.49), suppose that we
flipx (t) in time, i.e., y(r ) = x(- 1). We can show that the
resulting Fourier transform is also flipped in frequency.
Since y(r) = x(- t ), we use a - J in (1 1.49) to get

=

- 00

Y(jw)

=

Y(jw)

x().)e- i<v>./ad)./a

= -I- X(j(w/(-1))) = X(-jw)
1- 11

oc

f

■

00

=-

(1/a)

x().)e- Jw>./ad),_

(1 1.47)

-oo

We can write the two cases as one because the factor
- (I /a) is always positive when a < 0; i.e.,

f

Thus we have derived the flip property of the Fourier
transform:
Time-Domain
x(-1)

Frequency-Domain

~

X(- jw)

(I 1.50)

00

Y(jw)

= ( 1/ lal)

x().)e- j<w/11),.d).

( 11.48)

,.•.;;,.

-oo

Thus, we have derived lhe scaling properly of Fourier
transforms
Time-Domain
y(t )

= x(at) ~~

Freq11ency-Domai11
1
Y (jw)
X(j<tJ/a)

=-

!al

( I 1.49)
The scaling property is very helpful when describing
the bandwidth of a signal. It leads to the general
conclusion that short duratio n signals must be wideband,
as shown in Fig. 11 - 1 I . This fact can be fonnal ized
via the "uncertainty principle" which states that the time
duration of a signal and its bandwidth cannot both be
made arbitrarily small. Indeed, we have seen that the

Example 11-6: Left-Sided Signal

=

Consider the right-sided exponential signal x(I)
> 0. We know that its Fourier
tran~fonn is

e- b, 11 (1). where b

X(j w )

I

= b + JlV
.
=

Now define the left-sided exponential signal w(t)
x(-r) = e"' u(- 1). From ( I 1.50) and Example 11-5 it
foUows that
W(j w)

I

= b - Jw
.

which is what we would obtain by evaluating the Fourier
transform integral directly for w(1).
■
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EXERCISE 11 .7 : TI1e Fourier transfonn integral

for w(t) in Example 11-6 is

f
0

W(jw)

=

1

eb

e-jwtdt

CONTINUOUS-TIME FOURIER TRANSFORM

We can use ( 11 .51) to derive many interesting symmetries
for real signals. If x(t) is real, then x(t) = x"'(t) and,
therefore, after taking the Fourier transform it must be
true that X(jw) = X * (-jw) or equivalently, for the real
and imaginary parts we have:

- oo

Evaluate this integral and show that the result is the same
as was obtained in Example J 1-6.

ffie{X(jw)}

= ffie{X*(-jw) )

(11.52)

~m(X(jw)}

= ~m{X*(-jw)}

(l l.53)

Finally, we get the properties that apply when x(t) is real,
9le{X(jw)}

11-5.2 Symmetry Properties of Fourier
Transform Pairs
Often the Fourier transform will exhibit a symmetry
that leads to various simplifications. For example, with
an even-symmetric transform, X(jw) = X(-jw), the
values for negative ware equal to those for positive w, so
a plot of X (jw) would only have to be done for w ;::: 0 to
convey all the information in X (jw ). Along similar lines,
when computing values of a symmetric X(jw), often the
computation can be halved.
In order to exhibit the various symmetries of
the Fourier transform and their correspondence to
symmetries of the time-domain signal, we examine the
impact of the flip and conjugate operators on the real and
imaginary parts of the Fourier transform of a real signal.
If we take the complex conjugate of X (- jw), we obtain

= ffie{X(-

jw))

~m{X(jw) } = -~m(X(- jw)J

(11.54)
(11.55)

Io other words, when x(t) is real, the real part of its
Fourier transform is an even fu nction of w and the
imaginary part is an odd function ofw. These symmetries
are evident in Figs. 11-3(b) and 1 l-3(c) on p. 314. The
condition X*(- jw) = X (jw) also implies that the polar
fom1 representation X(jw) = IX(jw) leiLXUw> has the
foUowing symmetries (see Problem P-1 1. 16):

= IX (- jw)I
L.X(jw) = - L X(-jw)
IX(jw)I

(11.56)
( 11.57)

ln other words, the magnitude has even symmetry and
the phase angle has odd symmetry if x(t) is real.

'.:2:1

Example 11-7: Magnitude/Phase
Symmetries

That is, X*(-jw) is the Fourier transform of x*(t).
Therefore the following property is true for any x(t):

Time-Domain
x"'(t)

Frequency-Domai11
:F

~

X* (- jw)

(11.5 1)

As another illustration of symmetry, recall that the
Fouriertransfonn of x(t) = e- mu(t) is
.

X(1w)

= a+1JW
.
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I

Table 11 -1: Symmetries of the Fourier transform.

IX(Jw)I
(a)

-4a

-a

O

a

4a w

x(t)

X(jw)

Real, Even
Real, Odd
Imaginary, Even
Imaginary, Odd

Real, Even
Imaginary, Odd
Imag inary, Even
Real, Odd

LX(jw)

(b)

-4a

4a w

-t- - - -- - - Figure 11- 12: Magnitude and phase angle of Fourier
tnmsform of right-sided exponential signal:
(a)
Magnitude of X(jw) is even; (b) phase angle of X(jw)
is odd.

l

The magnitude is the square root o f the magnitudesquared and the phase is extracted via the arctangent

IX(Jw)I

=

=

=

= [X(jw)X*(jw)] 112
Example 11-8: Two-Sided Exponential

I

= (a2 + w2)1/2 = IX(- jw)I
L X (jw)

=

so that x(t) x(-t). Then the fl ip property (1 1.50)
implies that X (jw) = X (- jw). If x(t) is also real,
we know that X*(jw) = X(-jw). Combining these
two, we conclude that when x(t) is real and also has
even symmetry, X(jw) = X*(jw) which implies that
X (j w) is real. In addjtion, we can say that X (j w)
is a real and even function of w if x(t) is a real,
even function of time. By a similar argument, it can
be shown that if x(t ) is a real odd fu nction so that
x(t ) - x(-t ), then X(jw) is imaginary and odd, i.e.,
X(jw)
-X(- jw)
- X'"(jw).

=-

arctan ( ~ )

= -LX(- jw)

The even and odd symmetries of the magnitude and phase
given in the above equations are illustrated in the plots in
Fig. 11-1 2. In this case it would have been sufficient to
■
p lot the magnitude and phase for w ::: 0.
If x (t) has multiple symmetries, then X (j w) is more
constrained. Table 11-1 lists four types of combined
symmetries. Suppose that the signal has even symmetry

Consider the two-sided exponential signal
x(t)

= e-aru(t) + e 'u(0

r)

= e-a1,1

which is the real even time function plotted in
Fig. l l-13(a). Using (I 1.16) and ( 11.50), it follows that

l
l
2a
X(jw)=--+--=
-2
a + jw a - jw a + w 2
Observe in Fig. ll-13(b) that X(jcv) is also a real even
■
function of w.
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consider the convolution and multiplication properties,
which are perhaps the most important and most powerful
of all the Fourier transform relationships. In the course
of our discussions we will show how to derive many other
useful properties from them. As a starting point for our
discussion of the convolution property, we wi ll revisit the
concept of frequency response in the new context of the
Fourier transform.

X(jw)
(b)

11-6.1 Frequency Response
-4a

-a

O

a

4a w

Figure 11-13: 1\vo-sided exponential signal: (a) Time
function x(t) = e-oltl; and (b) corresponding Fourier
transform X(jw).

Recall that for continuous-time LTI systems, when the
input is x(t) = ei6JI for all t, then the output is y(t) =
H(jw)eiwt. In Chapter 10, we showed in (10.3) on p. 286
that the frequency response of an LTI system is related
to the impulse response of the system by

f

oc

<·'.!b

H (jw)

=

EXERCISE 11 .8:

For the real odd function
111
0
x(t)
e 'u(-l) - e- u(t). show that the Fourier
transform is

.

2jw

= a2 +w2

which is an imaginary odd function of w.

11-6 The Convolution Property
Previously, we derived several Fourier transform pairs.
With a table like Table 11-2 in Section 11-9 and a good
knowledge of some other Fourier transfonn relationships
that we refer to as properties of the Fourier transform,
we can solve many signals and systems problems by
combining time-domain analysis and frequency-domain
analysis. In this section and Section 11-8, we will

(11.58)

- oo

=

X(Jw)

h(t)e-iMdt

Now we recognize that the frequency response is, in
fact. the Fourier transform of the impulse response of
the system. Therefore, given the impulse response
h(t), we can .find the frequency response by taking the
Fourier transform of h(t). Likewise, given the frequency
response, we can find the impulse response by simply
evaluating the inverse Fourier transform integral ( I I .2).
lf H (j w) happens to be a member of our table of Fourier
transforms, we can simply look up the answer.
Recall that a sufficient condition for the existence of
the Fourier transform of the impulse response was given
(1 1.15) on p. 3 12 as
ex,

J

lh(t )ldt < oo

-00
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which is also the condition for stability of the LTJ system.
Hence, a11 stable systems have a frequency response
function. An equivalent statement is:

11-6.2

Fourier Transform of a Convolution

The input and output of an LTI system are related through
the convolution integral 10

f

00

Existence oft/ze frequency response a,rd stability
ofthe system are equivalent co11ditio11s.

y(t)

=

x(r)h(t - r)dr

(l l.61)

-oc

We will show that the Fourier transform of a convolution
is the product of the Fourier transforms of the two
functions that are convolved; i.e.,
~

Example 11-9: Rational Fourier Transform

Time-Domain
To illustrate how a known transform pair (from
Table 11-2 on p. 338 can be used to find the frequency
response given the impulse response, suppose that

y(t)

Frequency-Domain

= x(t) * h(t) ~ Y(jw) = X (jw) H (jw)
(] 1.62)

In words, (l 1.62) states the following:
(1 1.59)

We know the transform of the one-sided exponential, so

Convolution ill the time-domaill corresponds to
multiplication in the f requency-domain.

linearity gives the result as two terms

2

H(jw)

= 2 + jw

I

+ jw

(11.60a)

To prove (l l.62), we will take the Fourier transform
of both sides of ( 11 .61) obtaining

f

00

jcv

= - - -- - - (2 + jw)(l

+ jw)

(1 J.60b)

Y(j w)

=

y(t }e- l 1"'dt

-oc

Likewise, if we wanted to start with H (j cv) and obtain
h(t), we could easily do so when H(jw) is given in lhe
form of ( I 1.60a) by using the 1ight-sidcd exponential
entry in Table 11-2 on p. 338 to go from the frequencydomain to the time-domain. However, if H(jw) is given
in the form of ( 11.60b) we would first need to put it into
the form of ( I l.60a). We show in Section l 1-6.3.3 how
to do this using the method of partial fraction expansion.
II

The relationship between the impulse response and the
frequency response suggests a more general property of
the Fourier transform, which we will now discuss.

1(_[

=

x{t)h{I - t)dt) , - ;~di (1 1.63)

Now assuming that we can interchange the order of
integration in (11.63), we obtain

Y(jw)

=

j

-cc

x(r) (

J

h(t - r)e-i""dr) dr

- oo

(I l.64)
10Remember that we use the symbolic notation y(t )
when we wam to express (11.61) in a compact form.

= x(t) * h(t)

328

CHAPTER J l

CONTINUOUS-TIME FOURIER TRANSFORM

The integral in the parenthesis can be manipulated into a
recognizable form by making a substitution of variables
a = t - r as follows:

2,
-20:n

= H(jw)e- i'"r

(l J.65)

iH(jw) I

'I

xc;wi j

-!Orr

0

0

-!Orr

obtain finally

=

f

x(r) (H(j w)e-jwr) dr

- oo

f

20rr

I

lOrr

x(r)e-jwr dr

The output of this system for the given input is given by
the convolution integral

= H (jw)X(jw)

( 11.66)
y(t)

which is the result we have been aiming for. This is
the convolution property--one of the most important
properties of the Fourier transform.

Exam pies of the Use of the
Convolution Property

To illustrate the power of the convolution property, we
will present several examples where a combination of
time-domain and frequency-domain analysis can lead to
simple solutions to linear systems problems.
11-6.3.1

Convolution of Two Bandlimited
Functions

Consider the case where both the input to and the impulse
response of an LTI system are sine functions
2 sin(20rrt)

x(t) = - - - ,rt

and

...w

_J

-oo

11-6.3

w

(b)

00

= H (jw )

►

Figure ll-14: (a) Fourier transforms of a bandlimited
input signaJ and the frequency response of an ideal LPF
(shaded). (b) Output transform is the product Y (j w) =
HUw) X (jw) .

00

Y(jw)

!Orr

r(jw)

101

We then substitute ( 11.65) back into ( 11.64) and we

(a)

5 sin(}Orrt)
I1(t)= - - - 7T{

= x(t) * h(t )

I

00

=

( 2sin(20rri-) ) ( 5sin[ l0rr(t - r)))dr
rrr
rr(t - r)

--00

which is impossible to evaluate by the methods of
calculus. However, this convolu1ion is easy to perl'onn if
we transform to the frequency-domain. In Fig. 1 I- 14(a),
we plot the two Fourier transforms X(jw) and H (jw)
together. The two Fourier transforms as detem1ined from
Table 11-2 are rectangles, so the product of the two
Fourier transforms is equal to another rectangle that has
the lower cutoff frequency as in Fig. I 1-14(b). In other
words, it is easy to see from the graph that
Y(jw)

=

H (jw) X(jw)

= S[u(w + 10n) -

u(w - IOrr))•

2[u(w + 20rr) - u(w - 20n))

=

IO[u(w

+

IOrr) - u(w - !On))
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In this case, the LTI system "filters" the Fourier
transform of the input by clipping the bandwidth of the
input transform to ± 1Orr. When we transform YU w)
back to the time-domain, we can write the somewhat
remarkable convolution formula
y(t)

(a)

-T

= x(t) * h(t)

: : : / (2
cc

sin(20nr) ) ( 5 sin[!Orr(r rrr
rr(t - r)

r)])

O

..

T

Y(jw)
(b)

dr

- oc

=

l0sin(I0m)
rr t
4;r

Without the use ofFourier transforms, we would not have
been able to obtain this result. While it may look like a
somewhat specialized and contrived example, it is not.
The concept of a system "passing" all frequencies up to a
cutoff frequency and rejecting all frequencies above that
cutoff is the very essence offiltering .
11-6.3.2

(JJ

r

Figure 11-15: (a) Triangle resulting from convolution
of two rectangular pulses. (b) Fourier transform is the
product of two sine functions.

Product of Two Sine Functions

Lest the previous example give lhe false impression that
it is always easier to evaluate a convolution by using
the Fourier transform, consider the situation when both
x(t) and h (t) are the same rectangular pulses centered on
t 0 with a total width of T; i.e.,

=

Figure J 1-1 S(b) shows the Fourier transform of the
output. Therefore, it follows that the inverse transform is

y(r)

)
= x(t) * h(t) = -2rrI Joo T 2 ( -sin(wT/2)
-(wT/2)

2
,

e1w'dw

-oo

x(t)

= h(t) = u(t

+ ½T) -

u(f - ½T)

(1 l.67)

Using (1 1. 19) the corresponding Fourier transforms are

X(jw) = H (jw)
so it follows that if y(t)

Y(Jw)

=

sin(wT /2)
)
(w/ 2

= x(t) * h(t), then

= X(jw)H(jw) =

sin(wT /2) )
T ( (wT / )
2
2

2

This appears to be another integral that we cannot
evaluate. However, the convolution of two rectangular
pulses in the time-domain is rather easy- the answer is
the triangularly shaped pulse shown in Fig. l l - l 5(a).

EXERCISE 11 .9:
Show by evaluating the
convolution of two identical pulses, each one defined
by (1 1.67), that y(t) is the triangle function shown in
Fig. 11- l S(a).
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~ EXERCISE 11.10:

Use convolution to find the
time function that corresponds to the Fourier transfonn

y ·w
(J )

11-6.3.3

= ( sin(2w)) ( sin(w) )
(w/2)

(w/2)

Partial Fraction Expansions

In many cases, we are interested in the convolution of
signals that are one-sided exponentials-such signals are
common in e lectric circuits and other physical systems
described by d ifferential equations. For an example,
consider the case where

and

x(t)

= o(t) -

h(t)

= e-

21

A

y (j w)

From Table 11 -2 we obtain the Fourier transforms

and

=I-

H(jw)

= 2+ jw

I
1 + jw

=

jw
1 + jw

In order to evaluate the convolution, y(t )

= x(r) * h(t),

we work in the transform domain and multiply the
transforms
Y(jw)

jw

- -- - -- - -

+ jw)(2 + jw)

B

= -, _+_j_w + -2 _+_J_w

( 11.69)

where A and B are constants to be detennined.
Polynomial algebra tells us that if we place the righthand
side of ( I 1.69) over a common denominator, we could
generate the term j w needed in the numerator of
(l l.68). 12 To find rhe constant A, we can multiply both
sides of ( l 1.69) by ( I + jw) and we obtain

( 1 + 1·w)Y (1·w)

. )
= A( l + JW
+

I + jw

8 (1 +

. )

JW
2+ j w

If we now subs titute Y(j w) from (11 .68), we can cancel
the factor ( I + j w) when it occurs in both numerator and

= X(jw)H(jw)

(1

T his Y(jcv) is not one of the Fourier transform pairs
that we have tabulated, but we should recognized the
factors in the denominator as characteristic of one-sided
exponential signals. When faced with this situation, it is
often possible to do some algebraic manipulation of the
mathematical expression so as to express it as a sum (or
product) of simpler terms that might be in our table of
transforms. Equation (11.68) is already in a product fonn
in th.is case and the product form would lead us back to
doing convolution. lf we look carefully at the righthand
side of ( 11.68), we observe that Y(Jw) is a rational
function of the complex variable (j w). 11 Therefore, we
can decompose Y(jw) into a partial fraction expansion to
obtain a sum offirst-order tenns whose inverse Fourier
transforms are recognizable. Specifically, we want to
represent Y(j w) in the following form:

e- 1 u(f)

u(t)

X (1· w)

CONTINUOUS-TIME FOURIER TRANSFORM

(11.68)

Now we have the Fourier transform of y(t), but we might
not immediately recognize what its inverse would be.

11 A r.itional function has a numerator and a denominator, both of
which are polynomials: in this case, polynomials with powers such
as (jw)".
12 However, we could nm generate (jw) 2 or higher powers. The
par11al fractio n expansion only works if the numerator has lower
degree than the denominator. U this h not the case. we must u~c
polynomial division to obtain a rational function that is suitable for
partial fraction expansion.
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denominator and we obtain
jw
B ( l + jw)
- - - = A + -- -2 + jw
2+ jw
Next we substitute (jw)
(-I)

2+(- 1)

(11.70)

= - I into (11.70) to get A

The first step is to express Y(jw) as a ratio of polynomials
in jw. We can do this by noting that (jw/ = w" /' so if
we replace ul by (jw)k / / we will not change the value
of the expression, but we will obtain a rational function
in terms of powers of (jw). In the example above, we
get

=A+ I +(-l) =A=-1
2+(-1)

.
1 - Uw)2 /j2 + jw
Y(1w)=2 - ("
]W)2;·2
] +3·
• JW

The same method can be used to find that B = 2, if we
multiply by (2 + jw) . Therefore, we obtain the partial
fraction expansion
Y(jw)

=

1

2

1 + jw

+ 2 + jw

(11.71)

From (11.7 I) we can now do the inverse transform by

"table lookup"

l

+ Uw) + (jw)2

= 2 + 3(jw) + (jwfNow we are ready lo do the polynomial long division as
shown below

(jw)2

+ 3(jw) + 2 I

(jw) 2

(jw)°2

y(t)

The partial fraction expansion can be used to convert
any rational function of (jw) into a sum of terms like
(l 1.71), but there are two stumbling blocks. First,
the factors of the denominator must be distinct (see
Prob. P- 1J.10 for inverting 1/(a + jw)2) and, second.
the numerator degree must be lower than the denominator
degree. As the next example shows. however. we can use
polynomial long division to reduce the numerator degree
p1ior to performing the partial fraction expansion.

Example 11-10: Partial Fraction Expansion

As an example of a case where long division is
required, consider the Fourier transform

=

I - w 2 + jw

2

-

+ 3 J.W
<ir
.,

+ 3(jw) + 2
- 2(jw) - I

= -e-, u(t) + 2e-21 u(I)

.
y (] w)

+ (jw) + I

(11.72)

Wilh the quotient and remajnder from the long division,
we can now express Y(j w) as
Y (1"w) - I 2

I + 2(jw)
+ 3(jw) + (jw) 2

I +2jw

= 1 - - - -- --

(1

+ jw)(2 + jw)

( 11.73a)

(11.73b)

The second lenn of Y(jw) in (11.73b) can be
decomposed into a sum via the parLial fraction expansion
method

+ 2jw
A
B
( I + jw)(2 + jw) = I + j w + 2 + j w
l

( J1.74)

In order co find A, we multiply both sides by (l + jw) to
obtain
(l + 2jw){l + jw)
A( I + jw)
B( I + jw)
----=
-+ ---(] + jw)(2 + jw)
1+ jw
2+ jw
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Next we cancel the factors (1

I + 2jw
(2 + jw)

+ jw) wherever possible

=A+

B(l + jw)
2 + jw

CONTINUOUS-TLME FOURIER TRANSFORM

lts impulse response is h(t) = 8(1 - t,1), so its frequency
response can be obtained by evaluating the Fourier
transfom1 integral as iJ1

J
00

Now we can substitute (jw)
eliminate the B term

=-l

on both sides to

1- 2

8(t -

0

= e-jWld

=

= 1+

1

J

8(t -

l d)dt

= e-jwt

d

- oc

We can state the result of this analysis in two different
ways. First, we have derived the general Fourier
transform pair

3

.

J + JW

Time-Domai11

2 + jw

Recalling that the inverse Fourier transform of 1 is 8(1),
it follows that the corresponding time function is

= 8(t) + e- 1u (t ) -

3e- 21 u(t)

•

Frequency-Domain

( 11.76)

Second, by virtue of the convolution property we can
state the following general delay property of Fourier
transforms:
Ti.me-Domai11

Frequency-Domain
T

~

11-7

td)e- jwtdt

00

and we get A= l. Similarly, we can find B = -3
by multiplying both sides of (11.74) by (2 + jw) and
evaluating at j w -2. The final additive representation
for Y(jw) in (1 1.72) is

y(t)

=

-oo

- - -=A+-2- 1
2 -1

Y(jw)

H (jw)

e-jwtJ X(jw)

( 11.77)

Basic LTI Systems

Knowing that convolution is transformed into multiplication by the Fourier transform, it is worthwhile to revisit
some of the basic LTI operators tbat were introduced
in Section 9-5. In this section, we w ill discuss the
time delay and differentiation systems, and illustrate how
these operations can be combined to form more complex
systems.

11-7.1 Time Delay
The ideal time delay system is defined by the relation
y(t)

= x(t -

td)

(1 1.75)

Example 11-1 1 : Time-Delay Property

As an example of the use of this property, consider the
signal
x(t)

= e- 21 u(t -

3)

Although we bave not seen this signal in exactly this form
before, by a slight modification we can obtain a delayed
and scaled version of a signal that is in Table 11-2. Note
that an equivalent form is

11-7 BASIC LTI SYSTEMS
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which shows that we have the signal e- 21 u (t) delayed by
3 and multiplied by the constant e- 6. Therefore, we can
apply the time-delay property and use the transform of
the one-sided exponential (the first entry in Table 11-2)
to obtain
e- 6e-jw3

X(jw)=

.
2 + 1w

(11.78)
■

as the Fourier transform of the original signal.

If we take a second derivative (the cascade of two
first derivatives), another factor of (jw) is generated
giving (jw)2, and for the k-th derivative system, the
frequency response would be H(jw) = (Jw)'<. Since
this resuJL holds for any input that has a Fourier transform.
we obtain the following general derivative property of
Fourier transforms:

Time-Domain

Time delay is a common operation in systems, and it
is exceedingly helpful to know that wherever it appears
in a frequency-domain expression. e-jMd implies delay
by td in the time-domain.

11-7.2

The ideal k-th derivative system is defined by the relation

dk x(I)

y ( t)

=~

=
y(t) = !!_ (efc,,r) = (jw)ejc,;1
dt

so it follows that

Frequency Response o.f Ideal D(/ferentiacor
H(jw)

= jw

( 11.82)

(jw)"X(jw)

Example 11-12: Derivative Property

Suppose that we want to find the Fourier transform of
the derivative of the signal in Example l 1-11 ; i.e.,
dx(t)

( l 1.79)

For k = l the system is a differentiator whose impulse
response is, by definition, h(t) = c<1>(t), the first
derivative of tJ1e impulse. Its frequency response can
be obtained most easily by constructing the output when
the input is x(t) ejM. Taking this approach we get

~

~

~

Differentiation

Frequency-Donzain

dkx(t)

y(t)

d

= T," = dt (e- 21 u(t -

3))

One approach would be to differentiate the signal and
then determine the Fourier transform of the result. Using
the product rule, the derivative is
y(t )

= e-21 c(t -

3) - 2e- 2111(t

= e-6 c(t -

3) - 2e-6e- 2<r- 3>u(1

-

3)
-

3)

Using results from Example l 1- 11 on p. 332 and the
Fourier transform of a delayed impulse (1 1.76) on p. 332,
we obtain

(l l.80)

Also, since lhe frequency response is the Fourier
transfonn of the impulse response, we have, incidentally,
derived the following Fourier transform pair:

Frequency-Domain

Time-Domain
:F

~

jw.

Placing the whole expression over a common denominator gives a form that shows we could have j ust multiplied
X(jw) (l l.78) by (jw) since

(11.81)
Y(jw)

=

e-6(jw)e-iw3
.
2 +1w

=

jwX(jw)
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In other words, we would have obtained the same answer
by applying the differentiatjon property ( 11 .82) directly
■
to the result of Example 11- 11.
Differentiation is also a basic operation in systems, and
it is very useful to know that whenever (jw) multiplies a
frequency-domain expression, differentiation is implied
in the time-domain. In the next section we will see how
the differentiation property can help us gain insight into
a large class of useful systems.

CONTINUOUS-TIME FOURIER TRANSFORM
Example 11-13: Transform a Differential
Equation

Likewise, if we were given a differential equation, we
could use the differentiation property to take the Fourier
transform of both sides of the differential equation.
Starting with
d 2 y(t)

d v{t)

dx(t)

dt

dt

dt

-+ 2--- = - - + 3x(t)
2
we would obtain

11-7.3

Systems Described by Differential
Equations

Suppose that the frequency response of a system is
H(. )
JW

(jw)

= (l + (jw))(2 + (jw))

(jw}1Y(jw)

+ 2(jw)Y(jw) = (jw) X (jw) + 3X(jcv)

If we factor out Y (j w) on the left-hand side and X (j w)
on the right-hand side, we obtain
L(}w)2

+ 2(jw)]Y(jw) = L(Jw) + 3]X(jw)

(jw)

2 + 3(jw) + {jw)2

which can be solved for H (jw) as

H ·w _ Y(jw) _

Frnm the convolution property, we know that

(J ) -

X(jw) -

(jw) + 3
(jw) 2 + 2(jw)

H ·w _ Y(j w) _
(jw)
(j ) - X(jw) - 2 + 3(jw) + (jw)2

•

which can be expressed in an alternative fonn if we crossmultiply both sides by each of the denominators and
cancel terms where possible
[(jw) 2 + 3(jw) + 2 ]Y (jw)

= (jw) X(j w)

( l 1.83)

Since (11.83) relates the input transform X (jw) to the
corresponding output transform Y (jw), it follows that
we can inverse transform each term ( 11 .83) to obtain the
time-domain relationship between x(t) and y(t)

d

2

y(t)

dy(t)

2 y (t
-dt2
- + 3 --+
dt

)

The preceding example can be generalized for higherorder differential equations. Specifically. if the input x(t)
and the output y(t) sati fy a differential equal.ion of the
form

dx(t)
= -dr

which must hold for all t. This is a differential equation
that is satisfied by the input and output of the system.

( 11.84)
then the frequency response of the system is of the form
M

L bk(jwl
H (jw)

= _k~_ __
N

I >kuwl
k'=O

( 11.85)

t J-8

THE MULTIPLICATION PROPERTY

Equations ( 11.84) and (11.85) constitute an important
transform pair. Given ( 11.84), we can obtain (11.85) by
noting that the terms involving x(f) in the differential
equation determine the numerator polynomial, while
the terms involving y(t) in the differential equation
determine the denominator polynomial. Alternatively,
using the derivative property of Fourier transfonns to
go from the frequency-domain to the time-domain, the
numerator polynomial in (11.85) defines the algebraic
stmcture of the terms involving x(t ) in the differential
equation, and the denominator polynomial in (11.85)
defines the algebraic structure of the terms involving y(t)
in the differential equation in (1 1.84).
Differential equations such as (11.84) arise as a
description of a large class of physical systems that
includes linear lumped parameter electTical circuits and
mechanical systems. With ( 11.84) and ( 11.85), the
Fourier transfmm becomes a very pCJwerful tool for
analyzing linear physical systems. 13

335
The implication ofduality is lhal many of the properties
of the Fourier transform also swap between domains.
Recall that

Co11volutio11 of time fu11ctio11s corresponds
multiplication of Fourier transforms.
T herefore. it is not surprising that

Multiplication of time Junctions corresponds
convolutio11 of Fourier transforms.
In this section, we will prove this result.

11-8.1

The General Signal Multiplication
Property

To prove the multiplication property, consider the signal
y(t)
p(t)x(t). We want to determine Y(jw) in terms
of P(jw) and X (jw). To do this, note that by definition,

=

11-8 The Multiplication Property
One thing that may be obvious at this point is that we often
observe a duality between the fonn of a time-domain
funcl'ion and the corresponding Fourier tram.form. An
example is the rectangular pulse signal and its Fourier
1ransfom1, the sine function. When the time- and
frequency-domains are swapped and the time function
is a sine function , lhen the Fourier transform has a
rectangular pulse shape. In most cases, the detailed
scal ing of the function may differ, but lhe basic duality is
evident. T his is due to the great similarity between ( 11 .1)
and ( J 1.2); the direct and inverse Fourier transfonns
differ only in a minus sign in the exponent and a scale
factor.
13The Laplace transform is more convenient for the!>e types of
problems because the polynomials in (jw) become polynomials in
a single variable s. However. operations such a~ partial fraction
expansion are identical in form.

f

00

Y(jw)

=

p(t)x(t)e- i''''dt

( 11.86)

-00

We will now substitute the inverse Fourier transform 14
co

x(f)

=

-I /
2JT

.•
X(j>..)el"'d>..

( I 1.87)

-00

into ( 11.86) to obtain

14We use). instead of w for the dummy variable in (11.87) because

<u is the independent variable in ( 11.86).
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11-8.2

Interchanging the order of integration yields

00

1

= -2,r

J

X(j>..)P(j (w - >..))d>..

(11.88)

-00

1

= -X(jw)
* P(jw)
2rr

y(t)

Frequency-Domain
( 11.90)

The multiplication property is very useful for describing a class of systems called amplitude modulators. For
this reason, we also refer to it as the modulation property
of Fourier transforms. The basic amplitude modulator
system is depicted in Figure 11- 16.

,...= p(t)x(t)
Y(jw) = 2~ X (jw) * P(jw)

x
t)
(~
y(t)
X(j w)

We obtain some particularly useful results when p(t)
is periodic. For example, if p(t) = ejwnt, then its
Fourier transform is P(jw) = 2mS(w -WQ). Therefore,
the Fourier transform of the output of the modulator,
y(t) = x(t)ejwot, is
Y(jw)

= p(t )x(t) ?-+ Y ( jw) = ~ X(j w) * P(jw)

X

The Frequency Shifting Property

(11.89)

Thus, we have derived the multiplication property of
Fourier transforms

Time-Domain

CONTINUOUS-TIME FOURIER TRANSFORM

p(t)
Figure 11- 16: Block diagram representation of an
amplitude modulator.

l

=2

Jr

X(jw)

* 2m5(w -

euo)

(11.9 1)

= X(j(w- euo))
That is, multiplication of a signal x(t ) by a complex
exponential of frequency Wo simply shifts the Fourier
trnnsfonn of x(t) by c.vo (to the right on a graph). Since
this holds for any signal x(t), we have derived the Fourier
transform property that we call the frequency shifting
property;

Time-Domai11

Frequency-Domain
:,:

x(t)ei(l)l)t

~

X (j (w -

c.vo))

(11.92)

Likewise, suppose that p(r) = cos(wot). Then it is
easy to prove that the positive and negative frequency
components of the cosine lead to the following cosine
modulation property:

Time-Domain
x(t) cos(wot)

Freque11cy-Domai11
:F
~

½X(j (w-wo)) + ½X (j (w + WQ))
(1 1.93)

EXERCISE 11 .11: Prove that the modulator
system in Fig. 11-16 is linear, but not time-invariant.

where x(t) is again any signal that has a Fourier
transform.

11•9

TABLE OF FOURIER TRANSFORM PROPERTIES AND PAIRS

(a)

-f

VV Vll t
0

(b)

Y(Jw)
T

½X(j(w+wo))

•
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Fourier transform that is concentrated near ±wo. The
locations of the shifted copies of X Uw) are indicated in
■
Fig. J 1.J7(b).
The modulation property of Fourier transforms is
extremely useful for analyzing amplitude modulation
systems and for deriving the sampling theorem. We will
study these and other applications in Chapter 12.

½X(j(W -WQ))

2

11-9 Table of Fourier Transform
Properties and Pairs
w

Figure 11-17: Fourier transfonn of pulse modulated cosine wave:
(a) Time function y(t ) =
x(t ) cos(wot).
(b) Corresponding Fourier transform
Y(Jw)

=

½X(j(w -wo))

+ ½X(j(w + wo)).

Example 11-14: Finite-Length Sinusoid

As an example of the use of ( 11.93), suppose
that x(t) is the rectangular pulse signal x(t)
[u(t + T /2) - u(t - T /2)), which has Fourier transform

In this chapter, we have derived a number of useful
transform pairs, and we have also derived several
important properties of Fourier transforms. Table 11-2
on p. 338 includes the Fourier transform pairs that we
have derived in this section as well as some transform
pairs (such as for u(r)) that we did not derive.
The basic properties of the Fourier transfonn are what
make it convenient to use in designing and analyzing
systems, so they are given in Table 11-3 on p. 339 for
easy reference.

=

X .

_ sin(wT /2)
(w/2)

(JW) -

Then if we fonn the signal y(t ) = x(t) cos(wot), by
(1 1.93) the corresponding Fourier transform is

Y(jw)

= ½X(j(cu -

wo))

+ ½XU(w +wo))

sin((w - wo)T /2)

sin((w + w )T/2)

0
=----- +----(w - <.vo)
(w + wo)

Figure 11- 17(a) shows the product signal y(t) and
Fig. 11-17 (b) shows the corresponding Fourier transform.
Since X(jw) is approximately bandlimited to low
frequencies, the pulse modulated cosine wave has a

11-1 O Using the Fourier Transform
for Multipath Analysis
In Section 9-9 we presented a time-domain analysis of
the problem of multipath transmission of signals. We
modeled the multipath with the simple system
y(t)

= x(t) + ax(t -

td)

(1 1.94)

where a is the amplitude of the echo and rd its location.
While we were able to arrive at the correct inverse
filter for removing the echo, our approach was not
systematic and relied mostly on trial and error. The
Fourier transform provides a much more powerful tool
for analyzing such p roblems.

CHAPTER 11

338

CONTINUOUS-TIME FOURIBR TRANSFORM

Ta ble 11-2: Ba, ic Fourier transform pairs.

Table of Fourier Transform Pairs
Time-Domain: x (t)
e- aru(I )

I

(a > 0)

eb1 u (- t)

u(t

Freque11cy-Domaill: X(j w)

+ ½T ) -

a+jw

I

(b > 0)

b - jw
sin(wT/2)

u(t - ½T)

sin(wbf)
][ {

w/2
[u(w

+ wb) -

8(t)

S(t -

11(w - w1,)]

I
e - JWl,t

fd )

u(r )

rrS(w)

l

+ -.

JW

1

2rr8(w)

ei wor

2rrt5(w - wo)

A COS( Wol + <p)

n Ae1 ,,.8(w - wo) -I n Ae-i"S(w + wo)

+ rr8(w + wo)

COS(Wof)

rro(w - cvo)

sin(wot)

- jrro(w - wo)
cc

00

L

akeJkw..,r

k=:-cc
00

L
n=- oo

+ jrro(w + Wo)

scr - nn

L

2rrai,8(w - kwn)

4=- 00
00

-T L S(w- -k)
T
'.!rr

lc==- o.::

2rr

J J- 10
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Table J J-3: Basic Fourier transform properties.

Table of Fourier Transform Properties
Property Name

Time-Domain: x (t)

Linearity

ax1 (1 )

+ bx2(t)

aX 1(jw)

+ bX2(jw)

Conjugation

x*(t)

x·(- jw)

Time-Reversal

x(- r)

X( - jw)

Scaling

x(ar)

,:,, X (j (w/a))

Delay

x(t - r,,)

e_,,,,,,, X(jw)

Modulation

x(t)ej'tJU'

X(j(w-Wo))

Modulation

X(t)

Convolution
Multiplication

COS(Wo! )

d"x(t )

Differentiation

d(k
x(t )

* h(t)

x(t )p(t )

If we apply the Fourier transform to both sides of
( 11.94) and use the delay property, we obtain
Y(jcu)

Frequency-Domain: X(jw)

= X(jw) + cxe-i""d X(jw)

!X(j(w - wo))

+ 1X(j(w + wo))

(jw)~ X (jw)
X(jcu} fl (jw)

.f_., X(jw) * P(j,v)

Applying the convolution property of the Fourier
transfonn to (1 1.95) leads us to the conclusion that th e
echo system is LTl and that its frequency response is
given by

Then we factor out X (jw) to obtain
Y(j w)

= (1+ ae- jw,,1 ) X (jw)

H(j w)

(11.95)

= I + cxe- jcv,,,

(1 1.96)
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·-

IH(jw)I

{a)
x(t)

Echo
System

y(t)

Inverse
System

x(t)

X (jw)

H(jw)

Y(jw)

fl;(jw)

X (Jw)

-

I
J

Figure 11 -19: Using an LTI system to compensate for an
echo so that the final output is equal to the input.
IH;(jw)I

(b)

0
Figure 11-18: Frequency responses of (a) echo system,
jH(jw) I, nnd (b) its inverse, IH;(jw) I.

EXERCISE 11 .12: Using the delay property and
the fact that the Fourier transform of an impulse is the
constant 1, show that the impulse response of the echo
system is
h(t)

= o(t) + cxo(t -

td)

Compare your answer to (9.73) on p. 277 in Chapter 9.

EXERCISE 11.13: Show that the frequency
response H (j cv) in ( 11.96) is periodic in w with period
2rr: / td.
A plot of the frequency response of the echo system is
shown in Fig. ll -18(a). Observe that IH(jw)I shown

in Fig. l l -18(a) is periodic in w with period 2rr/ td .
Furthem10re, note that IH(jw)I has dips or nulls at
w = ±(2k- l)rr / td where k = l, 2, .... Each dip in the
frequency response goes down to 1 - a , so if a = I , the
frequency response would be zero and the dip becomes
a null. For sound echoes with delay on the order of S
msec (corresponding to a transmission path distance of a
few feet), these nuJls will occur at cyclic frequencies on
the order of (k - ½) / td = I 00, 300, 500, ... Hz. That is,
only a few of these nulls occur in the band of frequencies
that is most important for speech intelligibility. Humans
perceive the effect of these nulls as a "hollow baiTel"
effect, which generally does not degrade intelligibility.
However, for delays longer than 50 msec., humans
hear the delayed signal cxx(l - td) as a distinct echo.
Furthennore, the spacing between nulls becomes less
than 20 Hz, so there are a large number of nulls inside
the audible speech band. This can degrade speech
communication significantly.
As discussed before, if we want to remove the
echo, we can attempt to determine an inverse filter or
compensator that can be cascaded with the echo system
as in Fig. 11- I 9. In this case, we have indicated the
frequency-domain relations as the signal passes through
the cascade system. As we will see, the solution is rather
straightforward in the frequency-domain. Jn particular,
the final output of the cascade system is desired to be
X(jw)

= H;(jw)Y(jw) = H;(jw)H(jw)X(jw)

lJ-11
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We must design the inverse fi lter H;(jw) so that it will
remove the effects of H (jw), so it must satisfy the
equation

to the equation
H;(jw)

=--1 + ae-i <,;td
00

( 11 .97)

=L

(-ae-i""dl

k=O

or

= I :<-a)"e-iwktd
H;(jw)

= H(jw) = l + a e-iwtd

( 11.98)

Equation (11.97) states that H 1 (jw) must be the
roultipl icative inverse of H (j w).
Figure l l-18(b) s hows IH;(jw)I as a function of w .
Since IH;(}w)I must be the multiplicative i nverse of
IH(jw)I, it follows that IH;(jw)I must have peaks where
IH(jw) I has dips and vice versa. Clearly the case a~ l
is problematic in a practical setting since the gain of the
inverse filter would have to be very large. Thus, any noise
that was added to the signal after the echo system, would
be greatly amplified by the peaks of the inverse filter.
Our frequency-domain analysis has produced several
insights into the nature of an inverse fi ller to remove
echoes. In fact. it also provides a relatively easy way
to find the impulse response of the inverse fi lter. If we
want to find the impulse response from the frequency
response, we must take the inverse Fourier transform of
H; (jw). Unfortunately, the transform in (1 1.98) is not in
our table, and it would be difficult to evaJuate the inverse
transform integral directly. However. we can base the
inversion on a well-known formula for the sum of tem1s of
a geometric series, which was also used for z-transforms
in Chapter 8.

(I l.100)

k=O

in which the sum converges if I - ae-iwtJ I < 1, or
equivalently, if la I < I. Now each term in the sum on the
righ t-hand side in (11.100) represents a delayed impulse
in the time-domain, so we can write
00

h;(t )

= I ) -a)"'5(t -

ktd)

(11.101 )

k=O

which is identical to the result derived in the time-domain
in Section 9-9.

11-11

Summary

ln this chapter, we introduced the continuous-time
Fourier transform and derived a number o f its properties.
We focused on the convolution and multiplication
properties since these are key results for the study of the
LTJ systems, modulation systems, and sampling systems
that will be studied in the next chapter. The CLTidemo
is a MATLAB GUI that illustrates the convolutionmultiplication relationship between the input a nd output
spectra of a continuous-time linear time-invariant (LTI)
filter when the input is a sinusoidal function.
DEMO: CLTI Demo

oo

I

~
f3"=L,
1 - {3

(l l.99)

k=O

The condition for this sum to converge 1s lfil < 1.
Comparing the righthand side of (1 1.98) to (1 1.99) leads

The Fourier series demo, introduced in Chapter 3, can be
used to show how frequency spacing of X Uw) decreases
as the period of x(t) increases.
~

DEMO: Fourier Series
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The reader is reminded of the large number of solved
homework problems on the CD-ROM that are available
for review and practice.

NOTE: Hundreds of Solved Problems

•"'.EJ.

1

11-12

Problems

P-11.4 1n each of the following cases, dete1m ine the
Fourier transform, or inverse Fourier transform. Give
your answer as a simple formula or a plot. Explain each
answer by stating which property and transform pair you
used.

(a) Fmd XUw) when x(t)

P-11 .1 Drawaplot ofy(t)
is the 2-sec pulse
x(t)

CONTINUOUS-TIME FOURIER TRANSFORM

u(r - 1)

P-11 .2 The delay property of Fourier transform states
that if X(jw) is the Fourier transform of x(t), then

S(jw)

= 41r8(w)+21r8(w -

Use this property to find the Fourier transforms of the
following signals:

= 8(t + l) + 28(1) + o(t -

R(. )
JW

jw

= 4+ j2w

= e- 'u(t) -

I)
h(t)

P-11 .3 For each of the following cases, use the table of
known Fourier transform pairs to find x(t) when
jw

• ",

=

.

(b) X (jw)

= 2 + 2 cos(w)

(c) X (jw)

=1

(d) X(jw)

= j8(w -

0.1 + JW

I

. -

-1- .JW

2

2

4 + j2w

= 8(t+ l )+28(t)+8(t- I)

= !!._ { sin (4m) }
dt

e- 'u(t - 4)

(a) X(jw)

I

P-11 .5 Determine the Fourier transfonn of H (j w)
when

sin( lOOn-(t - 2))

(c) x(t)

I01r )+21r8(w+ !Orr)

(c) Find r(t) when

(d) Find Y (jw) when y(t)

=- -- rr(l - 2)

otherwise

(b) Find s(t) when

= u (r + 1) -

(b) x(r)

0~t<4

= x(31)when the signalx(t)

In addition, determine the duration of y (t).

(a) x(t)

= {~

rrt

In addition, plot IH (jw) I versus w.
P-11 .6 In each of the following cases, use known
Fourier transform pafrs together w ith Fourier transform
properties to complete the following Fourier transform
pair relationships:

e-Jcvv.~

l
2

.

(a) x(r)

= u(t + 3)u(3 -

(b) x(t)

= sin(41rt) sin(50,rt) ~

(c) x(t)

sin 41rt
= --sin(50rrt)

+ JW

100n-) - jo(w + 1007r)

JT(

X(jw)

t)

:,:
+--7

=

X(jw)

X(jw)

=

=
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.

(d) x(t)

=

+-+ X(1 w)

(e) x(t)

=

+-+ X(jw)

:F

= ( sin(200w))
w

2

= cos2 (w)

P-11 .7 In lhe following. the time-domain signal x(I) is
given. Use the tables of Fourier transforms and Fourier
transform properties to determine the Fourier transform
for each of the signals. You may give your answer either
as an equation or a carefully labeled plot, whichever is
most convenient.
10 sin(200Jrt) )
Jr t

(a) x(t)

d (
= -d
t

(b) x(t)

= - - --cos(2000rrt)

P-11 .9 Prove that for a real h (t) , the magnitude I H (jw ) I
has even symmetry and the phase angle L H (j w) has odd
symmetry, i.e.,
IH(jw)I

= IH(-jw)I

L H(jw)

=-

L H (-jw)

If h(t) is purely imaginary, describe how the symmetries
of the magnitude and phase change.
P-11 .10 Determine the inverse Fourier transform of
5

X (jw)

= -(3_+_ j w- -)=-2

2sin(400m)
j(f

(c) Periodic impulse train

Although there is no table entry for this case, the
convolution property can be applied if X (jw) is written
as a product.

00

x<t> =

I: o(t -

1011)

11 = - :xl

P-11.8 In the following, the Fourier transform X (jw) is
given. Use the tables of Pourier transforms and Fourier
transform properties 10 de termine the inverse Fourier
transform for each case. You may give your answer either
as an equation or a carefully labeled plot, whichever is
most convenient.

P-11 .11 The impulse response ofan LTI system is g iven
by
h(t)

=

10 sin[47l'(t - l) J
rr(t - I

)

(a) Make a detailed and accurately labeled sketch of
h (t). Mark Uie important amplitudes and time

locations of peaks and zero crossings.

e- Jw3

(a) X(jw)

.

= 2+1w
.
jw

(b) X (.1 w)

= 2 + jw

(c) X(jw)

=

(d) X(jw)

(b) Determine the Fourier lransfonn H (j w) of this
impulse response; recall that H (jw) is also the
frequency response of the system.
(c) Make detailed plots of IH (jcv)I and L H (jw) versus
w. Label your plots carefully.

(jw! e-1'"3

2+Jw

= (2si:(w) )

kt oo

(;)o (w - 21tk/l0)

Hint: Work part (d) as a convolution problem in the
time-domain.

P-11 .12 The impulse response of the system in Fig. Pl 1.12 is
h(t)

4 sin (Wcof)
=-rrt
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LTI System

x(t)

y(t )

CONTINUOUS-TIME FOURIBR TRANSFORM

(a) Using frequency-domain methods, detennine the
output of the system when the input is
x(c)

h(t), H (jw)

Figure P-11.11

2 sin (2000rr t)
= cos(200nt) + -- -rrt

(b) Determine the output if the input is
x(t)

and the input to the system is a periodic signal (with
period T0 = l ) given by the equation

= cos(200rrt) + -2 sin(2000nt)
- - - - + cos(3000rrt)
rrt

(c) Determine the output if the input is

= cos(200m) + 2c(t )

x(t )

00

x(t)

=

L

c(t -n )

n=-oo

(d) What is it about this system that accounts for the
results you obtained in parts (a}-(c) above?

(a) Determine the Fourier transform X (j w) of the input
signal. PlotX(Jw) overtherange - 6rr < w < 6Jr.

P-11.14 The input to an LTI system such as Fig. P-11.1 2
is defined by the equation

(b) Determine the frequency response H (jw) of the
system and plot IH(jw)I on the same graph as
X (j w ) for the case Wco = Srr.

.x(t) =

(c) Use your plot in (b) to determine y(t), the output
of the LTl system for the given input x (t) when the
cutoff frequency is Wco 5rr.

=

(d) How would you choose Wco so that the output is
a constant; i.e., y(t)
C for all t . What is the
constant C?

=

P-11 .13 The frequency response of an ideal lowpass LTI
system is

H(jw)

=

!

IO e-j0.0025w

0

f

where

akejkioon,,

ak

=

l

rr ~2

1

k= -00

k# O
k =0

(a) Determine the Fourier transform of x(t ) and plot
it on a graph that spans the frequency range

- IOOOrr

~

w

~

IOOOJT.

(b) Suppose that the frequency response of the LTI
system is given by the following equation:
H(jw)

=

10
O

1

lwl < 300JT
lwl > 300n

Plot this function on the graph that you constructed
in part (a).
(c) Determine the DC value of the output signal; i.e.,

lwl < IOOOrr
lwl > lOOOrr

In each of the following cases, determine the Fourier
transform of the input signal and then use frequencydomain methods to determine the corresponding output
signal.

f

To

determineb0

= _.:_
To

y(r)dt , where To is the period

0

of the output signal.
(d) Write an equation for y(t). If possible, simplify it
to include only cosine functions.

11-12
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P-11.15 Let x (r) be a triangular pulse defined by
x(r)

=

1-

10

ltl

ltl

< 1
elsewhere

(a) By taking the derivative of x(l), use the derivative
property to find the FoUiier transform of x(t).
Hint: Express the derivative as a sum of two
pulses, one with an amplitude of one, the other
with an amplitude of minus one. From the tables of
Fourier transfom1 pairs and properties, write down
the Fourier transfom10f the derivative of x (t). Then,
use the derivative property in the frequency-domain
to find X (jw).
(b) Find the Fourier transform of x(t) by differentiating
x(t) twice and using the second-derivative property.
Compare this result to the result of patt (a).

(a) Prove that the magnitude IX(jw)! is an even
function of w; i.e., IX (-jw)I IX (jw)I.

=

(b) Prove that the phase LX (jw) is an odd function of
w; i.e., L.X(- jw)
-L.X(jw).

=

P-11 .17 Prove that the Fourier transform of the unit-step
signal, u(t), is
U(jw)

1

= -. + Ko(w)
JW

=

where K
,r. At first glance, it might seem that the
impulse term K 8(w) should be zero, but show that K :/= 0
because the following signal s(t) is an odd symmetric
signal.
s(t)

= lu(t) - ½ t :/= 0
0

P-11.16 The symmetries of the Fourier transform are
guile useful. In Section 11-5.2, the conjugate-symmetry
property was used to show that for a real x(t) the real
part of its transform is even and the imaginary part is
odd. For this problem, assume that x(I) is a real signal
with Fourier transform, X(jw).

t =0

Note: Even though s(t) and u(t)-½ differ at one isolated

point, t

= 0, they still have the same Fourier transfonn.

E R

C H

Filtering, Modulation,
and Sampling
l n Chapter 11 . we introduced the continuous-time
Fourier transfonn, and demonstrated how to transfonn
back nnd forth between the time- and frequency-domains.
We emphasized the convolutio n and multiplication
properties of the Fourier transform because they are Lhe
most general properties. In this chapter, we will show
how these two basic properties of the Fourier transform
can be used to study severnl applications, including
linear filtering, sinewave modulation. and sampl ing. By
providing a mathematical representation that also has
a simple graphical interpretation, the Fourier transform
greatly enhances our understanding of these important
signal processing functions. Filtering is represented by
multiplication by the frequency response function, which
leads us to visualize how different parts of the input
frequency spectrum are treated by the system. Amplitude
modulation and sampling are easily visualized in tem1s
of moving the spectrum from one frequency location to

another. This chapter has many practical examples that
are readily understood in terms of these two operations.

12-1

Linear Time-Invariant Systems

In Chnpter 11 we showed thal time-domain convolution
is transformed into frequency-domain multiplication by
the Fourier transform. Since LTI systems are completely
defined by convolution, the convol ution property of
Fourier transforms is es ential for understanding LTI
systems, as well as simplifying their analysis.
Figure 12-1 depicts the time-domain and frequencydomain representations of an LTI system. Note that
we have indicated the time-domain representation above
the arrows and the corresponding frequency-domain
representation below. Since the Fourier transform allows
us to go back and forth between the time-domain and the
frequency-domain with ease, we have greatly expanded
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xU)

X (jw)

LT! System
h(t). H (jw)

y(t)

347

= h(t) * x(t)

Y(jw)

= H (jw) X (jw)

x(r)

LTI I

X (jw)

H1(jw)

WJ(I)

W1(jw)

= H2 (jw)H 1(jw), then Y(jw) can

be written in the form Y( jw)

= H (jw)X(jw).

Equivalent frequency response
of a cascade of LTJ systems.
H(jw)

= H2(jw) H 1(jw)

LTJ2

X (jw)

H2(jw)

( 12. 1)

= Hr (jw) H2(jw)
The two forms of ( 12. l ) are equivalent because we can
multiply complex numbers such as H 1 (jw) and H 2(jw)
in either order (commutative property). The implication

H2(jw)

Y(jc,,)

U/2(1)

LTI I

y(I)

W2(jw)

H1(jw)

Y(jw)

(b)

X(jw)

In Chapter 9 we showed that cascade and parallel
configurations of LTl systems can be combined and
simplified into a single equivalent system. In this section,
we will revisit this topic us ing a frequency-domain
analysis.
Figure 12-2(a) shows a cascade connection of two LT!
systems. In the frequency-domain, the output of the
first system, W1(j<u) = Hr (j(J.>)X (jw), is the input to
the second system. Therefore, the output of the second
system, which is also the overall o utput, is

If we define H(jw)

x(r)

x(t)

12-1.1 Cascade and Parallel
Configurations

y(I)

(a)

Figure 12-1: Linear time-invariant system depicted in
both the time domain and frequency domain.

our options for analyzing LTI systems. In problem
solving, a key seep will be to choose the representation
that simplifies the analysis the most.

LTI 2

LTI Equivalent
H (jw)

= H 1(jw) H2(jw)

y(r)

Y(jw) =
H (jw) X (jw)

(c)

Figure 12-2:
Frequency-domain representation of
cascade conneclion of LTI systems: (a) System #2
following System #1. (b) System #I following Sys1em
#2. (c) Equivalent system to both (a) and (b).

of the fact that we can multiply the frequency response
functions in either order is that we can cascade the two
LT[ systems in either order and obtain the same overall
frequency response. Therefore, Figs. l 2-2(a), (b), and
(c) all have the same frequency response ( 12. l) and are
equivalent from the point of view of the input x(t) and
output y(t ). We have. of course, already shown this using
the commutative property of convolution in Section 9-8.
In a parallel configuration. the input is fed into
both systems simultaneously and their outputs are
added to fonn the overall output as depicted in
Fig. 12-3(a). The frequency-domain description of the
parallel configuration is
Y(jw)

= H 1Uw)X(jw) + H2(jw)X(jw)
= (H1(jw) + H2(jw)]X(jcv)
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LTI l
Hi (jw)

WJ(f)
W 1(jw)

x (t)

y(I)

X(jw)

Y(jw)

LTI 2
H2(jw)

w2(t )

W2(jw)

(a)

x(t)

X(jw)

LTI Equivalent
H (jw) = H ,(jw) + H2(jw)

y(t) -

Y(jw)

(b)

Figure 12-3: Frequency-domain representation of
parallel connection of LTI systems:
(a) Parallel
connection of two systems, and (b) equivalent system to
(a).
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Whenever the term e-iwt4 occurs in a frequency response
equation, it can be associated with a time delay of td
seconds. Delay is a common operation in both discretetime and continuous-time systems. l o continuous-time
systems, the ideal delay is often used to model the
delays that naturally arise in physical systems such as
propagation delays of acoustic and electrical signals.
In many cases, we use a cascade representation of
several LTI systems to separate the effects of timedelay from other filtering effects caused primarily by
the magnitude of the frequency response. When the
phase of H (jw) varies linearly with frequency, i.e.
L H (jw) = -wtd, the phase effect is particularly easy
to understand-it simply corresponds to a time delay of
t,1 seconds. We will illustrate this decomposition with
the following specific example.

Example 12-1: Running Integral

so Y(jw) is again in the form Y (jw) = H (jw) X (jw),
leading to the following general result:

Equivale11tfreq11e11cy response
ofparallel LT/ systems.
H(jw)

(12.2)

= Hi (jw) + H2(jw}

That is, Figs. 12-3(a) and (b) have the same overall
frequency response ( 12.2) and are therefore equivalent
from the point of view of the input x(t ) and output y(t).

12-1.2 Ideal Delay

The cascade/parallel system depicted in Fig. 12-4(a)
is a cascade of an integrator with a parallel combination
of a straight-through connection and a time delay of
T seconds. We will determine the frequency response
of this system in two ways. First, if we fi nd the
impulse response of the overall system, then we can
evaluate the Fourier transform integral to determine the
frequency response. Since the impulse response of
the straight-through connection is just 8(1), the impulse
response of the parallel system is h 1(r) = 8(1) - 8(1- T).
The impulse response of the integrator is h2 (r) = u(t ) .
Therefore, the impulse response of the overall system is
h(t )

In Chapter 11 we showed that the frequency response of
an ideal delay system is

=

[8(t ) - 8(1 - T )] * u(t )

= u(t ) -

u(t - T )

OS; t <T

(12.3)

otherwise

(12.4)
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x(t)
Integrator
---,----- ----1~+----. '12(/)
= u(t )
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y(t )

Delay by
T secs.

A second approach to fi nding the frequency response
of the system in Fig. l 2-4(a) is to work directly with the
frequency responses of the individual systems and then
combine them using the rules in (12. l ) and (12.2). The
frequency response of the parallel part is

(a)

x(n)

Delay by
Tl 2 secs.

Non-Causal
System
ho(t), Ho(jw)

Xs(t)

y(t)

and the frequency response of the integrator is, from
Table 11-2,
H2(jw)

(b)

Figure 12-4: (a) Example of a cascade/parallel system
involving an integrator and delay; (b) Equivalent cascade
of delay and non-causal system.
L

Therefore, the frequency response of the overall system
in Fig. 12-4(a) is the product
H(j w)

Since we have the impulse response. we can also write
the input/output relation for the overall system as

f

y (t)

= x(t) * h (t) =

The limits of lhis integral vary with time but the
integration is always over a time interval. of length T .
Thus, an appropriate name for the system of Fig. 12-4(a)
is the running integral system.
To obtain the frequency response of the running
integral system, we substitute (12.4) into the Fourier
transform integral to obtain
H(jw)

=

f

f
T

h(t)e- iwtdt

=

e- iwtdt

1 _ e -jwT = ( ejwT/2
_ e - __
iwT/ 2 )
= ____
_ ___
jw

= sin(wT/2) e - jwT/i
(w/2)

e - jwT) ( JTS(w)

e - jwT)S (w)

+ }~)

+ (1 -

e - jwT ) (

.
e-JwT/2

2j(w/2)
(l 2 _ )
5

~)
1

J _ e -jwT
=OS(w)+ - - jw
e +JtuT/2 _ e JWT/ 2)
.
- - -e-,wT/ 2

(
=--

jw

= sin(wT /2) e - jwT/ 2
(w/2)
which is identical to the previous result ( 12.5).
If we define the amplitude function as
Fi . _ sin(wT/2)
o(Jw) (w/2)

0

-00

= (1 -

x(r)d-r:

1- T

oo

= H,(jw) H2(jw)

= JT( l -

l

1

= m5(w) + -.
JW

( 12.6)

we can express H (j w) in the form
H (jw)

= H0 (jw) e-jwT/ 2

(12.7)
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The representation of ( 12.7) is interesting because its
product form suggests that the system can be thought
of as the cascade of a time delay of T /2 seconds with
a system whose frequency response Ho(jw) is depicted
in Fig . l 2-4(b). From the third entry in Table lJ-2, the
system H0(j w) has a non-causal impulse response
lzo(t)

= u(I + T /2) -

u(t -

(a)

0

T/2

T

..

H0(jw)

T /2)

so the overall impulse response of the cascade system in
Fig. l 2-4(b) is
h(I) = ho(/)* o(t - T /2)

= u(t) -

u(t - T)

which is the same as determined in ( 12.4).

(c)

■

The block diagram of Fig. 12-4(a) is composed of
causal systems, and hence, it could be a basis for
implementing the system. Certainly, lhe overall impulse
response h (t) corresponds to a causal system. On
the other hand, the system in Fig. I 2-4(b) contains a
system with a non-causal impulse response h 0 (t ). Even
though it could not be the basis for an implementation
of the system, the advantage of the representation in
Fig. l 2-4(b) is that it directs us to think about the system
in a new way. We can think about the time delay of T /2
somewhat. independently of the amplitude effects that are
specified by Ho(Jw) . Figure I 2-5(a) shows the impulse
response of the system, Fig. 12-5(b) shows H0 (jw),
and Fig. 12-S(c) shows the linear phase component that
corresponds to a time delay of T /2 seconds.
Note that the plots of Fig. 12-S(b,c) are not standard
magnitude and phase frequency response plots because
Ho(jw) can be both positive and negative, and because
the plot of the linear phase component is allowed to
increase without the normal ·•wrap around'' that results
when the principal value of a phase angle is computed.
In Fig. 12-6 we plot the magnitude and the principal
value of the phase. The magnitude is determined onl y

Le-JwTn

w

Figure 12-5: Example of cascade/parallel system: (a}
Impul e response h(t). (b) amplitude function Ho(jw),
and (c) linear pha!;e component of H (jw) is -cvT /2.

=

by H 0 (jw) since IH(jw) I IHo(jw)I. However, in
addition to the linear phase component - wT /2, H0 (jw)
also contributes to the phase of H (jw). At every
frequency where H 0 (jw) is negative, an odd multiple
of rr radians must be added to the phase to account
for the negative sign. Furthermore, the phase would
be computed (e.g .. in MATLAB) modulo 2rr. This is
illustrated in Fig. l 2-6(b). Note that the sections of
the phase curve between discontinuities are still linear
functions of w. The jumps of 2rr radians are due to the
''wrap around'' of computing the phase modulo 2]'(. while
the j umps of ,r radians are due to the sign change at the
zeros of Ho(jw).
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frequency selective fil ters. In this section, we review and
extend the definitions of ideal frequency selective fi lters.
12-1.3.1

Ideal Lowpass Filter

The ideal lowpass filter is defined by the frequency
response fu nction
LH(j w)

otherwise

(b)

w

Figure 12-6: Standard plot of frequency response of
cascade/parallel syste m: (a) Magnitude of frequency
response IH (jw)I = IHo(j<u)I, and (b) principal value of

phase.

12-1.3

Frequency Selective Filters

Example I2- 1 illustrates how frequency-domain analysis
can be used 10 manipulate parallel and cac;cade syiaems
into different fo,m s and how new forms of the system
may lend insight into the performance of that system.
The system in Example 12-1 is a "Jowpass" system or
"lowpass tilter'', abbreviated LPF. This is because the
magnitude of the Fourier transform of the output,
IY(jw) I

The frequency W en , beyond which the frequency response
is identically zero, is called the cutofffrequency of the
ideal LPF.
The ideal lowpass filter is an idealization of a large
class of rea l systems that occur naturally, or that are
carefull y designed to emphasize their lowpass property.
One of the most important conceptual uses is that the
output of a n ideal Iowpass fi lter is a perfec tly bandl imited
signal regardless of the nature of the input signal. That
is,
Y(jw)

= H1p(jw) X (jw)
= lox (jw ) -Wco ~ lu.::: Wco
otherwise

Using Table 11-2 in Chapter 11, it follows fro m the
definition of H 1p(jw) that the impulse respo nse of the
ideal lowpass filter is

= IHo(Jw)l le- j wT/ 2IIX(Jw)I
= IHo()w)I IX(jw) I

is controlled only by IH0 (j w)I. In Fig. 12-6(a) we
see that frequency components in the bands w ~ 2Tl /T
and w .::: - 2rr / T are attenuated (reduced in size) with
respect to components in the low frequency band

-2rr/T::: w.::: 2rr/ T.
As we have already discussed in Section I 0-3, it is
useful to idealize the concept of a lowpass filter and other

( 12.8)

hrp(t)

sin(wc 1)
=-,r t
0

( 12.9)

Following the result of Example 12- l , the ideal lowpass
fi lter with delay Id would have frequency response

H1p,.1( jw)

= H,p(Jw)e-jwrd
(1 2. 10)
= eo- jwtJ
-w,o .::: w .::: Wco

I

otherwise
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I 2-7. The impulse responses are both sym metrical and
pulse-like and both are centered to the right of t O.
The magnitude of the frequency response exhibits a
lowpass nature in both cases, and the phase is linear,
corresponding to a delay or right shift of the impulse
response. In the case of the ideal lowpass filter, the
amplitude function in Fig. l 2-7(b) is non-negative, so we
do not have to be concerned about any additional phase
components.
There are other major differences between the running
integral LPF in Fig. 12-5 and the ideal LPF in Fig. 12-7.
While the magnitude responses are both "lowpass", the
running integral frequency response dies out gradually
with increasing frequency while the frequency response
of the ideal lowpass fi lter drops abruptly to zero above
the cutoff frequency w 00• On the other hand, the running
integral fi lter is causal, but we see from Fig. 12-7(a)
that the ideal lowpac;s filter is non-causal no matter how
much delay is inserted. fn a very real sense. the fact that
the magnitude of the frequency response of the running
integraJ filter deviates from the ideal response is a direct
consequence of the fact that the system can be made
causal if we allow at least T /2 seconds of delay. It turns
out that a causal system cannot have a frequency response
that is identically zero over a band of frequencies of
nonzero width. 1 This means that the ideal lowpass filter
cannot be a causal system even if we incorporate time
delay. This does not mean, however, that the ideal LPF
with delay is a useless concept. Indeed. since we can
approximate its characteristics with high precision using
realizable systems, it serves as a very useful abstraction
that simplifies the analysis of complicated systems.

=

(a)

(b)

-Wco

O

Wco

w
(c)

figure 12-7: Ideal l.owpass filter with delay t0 : (a)
Impulse response h1p<1(t), (b) magnitude of frequency
response IH1p<1(jw)I H1p(}w). and (c) phase of the
frequency response (i.e.. L.H1p<1(Jw), is - wrd).

=

and its imp ulse response would be

(12.11)
The impulse response and frequency response of the
ideal lowpass fi lter with delay are shown in Fig. 12-7.
Figure 12-7(a} shows the impulse response (12. 11), and
Figs. 12-7(b) and (c) show the magnitude and phase
respectively of the frequency response as defined in
(1 2.1 0). Note the similarity between Figs. 12-5 and

12-1.3.2

Other Ideal Frequency Selective Filters

Figure 12-8 reminds us of the frequency responses of
three other types of ideal frequency selective fil ters
that were introduced in Section 10-3. As in the case
1Proof of lhis general property is beyond lhe scope of this text.
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(a)

-Wco

□

-Wco2 -(.()col

O

..

Wco

w

r~(jw) □

(b)

0

r(jw) I

Wco2

0

w~'<>2

Wcol

I

..

I

(c)

I
<Vcol

..

w

Figure 12-8: Ideal frequency selective fi lters: (a) Ideal
highpass filter, (b) ideal bandpass filter, and (c) ideal
bandstop filter.

of the ideal lowpass filter, these filters also are noncausal systems, but they serve as useful abstractions and
idealizations of what can be approximated with causal
systems.
Figure J 2-8(a) is the frequency response of an ideal
highpass filter defined by
-Wco _:::: W ~ Wco

hhp(l)

= o(t) -

h1p(t )

= o(t) -

sin(Wc0 t)
_ ____;__

(12. 14)

T(f

~ EXERCISE 12.1 :
Determine the frequency
response H h(ld(jw) and impulse response hhpd(t) for an
ideal highpass filter with delay td .

(,/)

I

-Wco2 -Wco I

From (12.13) it follows that the impulse response of the
ideal highpass filter is

(12.12)

otherwise

In words, the ideal highpass fi lter passes frequencies
above the cutoff frequency Wco and completely rejects
frequencies below the cutoff. Another useful representation of the frequency response of t he ideal highpass filter
with cutoff frequency Wco is
(12. 13)

T he ideal b andpass filter can be represented in terms of
ideal lowpass fi lters in several ways as suggested in some
problems at the end of the chapter (e.g., Probs. P- 12.1,
P- 12.2, and P-12.3). Also, each of the ideal filters can
be defined with time delay by simply multiplying their
frequency responses by e- iwtd or delaying their impulse
responses by td.
The ideal frequency selective filters that we have
defined above are exceedingly useful idealizations
of filters that can be implemented in real systems.
We will see that low pass and bandpass fi lters are
essential ingredients in many communications and signal
processing systems.

12-1.4 Example of Filtering in the
Frequency-Domain
To illustrate how ideal filters can modify a signal,
consider the periodic square wave as the input signal.
Recall (11.40) in Example 11-3 on p. 320 where we
showed that the periodic square wave of F ig. l 2-9(b,c)
has the Fourier transform
X(jw)

= rr8(w) +

oo

L

k=-oc
k#)

2sin(rrk/2)
__......,;,__S(w - kwo)
k
(12. 15)
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X(jw)
,r)

(2)

0 WO

(-2/11) w

(a)

Y1p(jw)

- 3c.uo

- 9wo

,i

-5wo

ll

-WOO

+-- H1p(j<u)

3wo

<uo

5wo

9wo

(t)

Lowpass Filter
x(t)

H

DI

lp(J w)

rrr □ [

-2T - T TO

-2

T T
T

2T 3T

- " vT.r"--'-9wo
.

.

_

(b)

t

V

=

.Ylp(t)

lwl ~ 4wo
0 lwl > 4wo

{I

•

-5wo - 3("!) -wo Owo

5wo

v

,.

v

9wo

w

Highpass Filter
x(r )

-

H

.
hp(Jw)

□ -T_f
-2T

O

tT

□
2T

3T

[

(0 lwllwl ::::>
=
I

(c)

4wo

."ho(t )

rp(I]

4«<,

·'14-fJrtt-+
- 2T -T

O

T

2T

3T

t

Figure 12-9: Example of ideal lowpass and highpass filtering: (a) Fourier transform X (jw) of the input square wave signal
x (t) showing impulses at multiples of WO - (b) Ideal LPF H1p(jw) processes x (t ) to give the output signal )1p(t ). Frequency
response of LPF is drawn on top of Fourier transform X (jw). Impulses in X (j w) removed by LPF are shown in gray. (c)
Ideal highpass filtering of the input square wave signal x(I). Frequency response of ideal HPF Hhp(jw) is drawn on top of
X(jw). Impulses in X(jw) removed by HPF are shown in gray.
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which consists of impulses at integer multiples of wo as
depicted in Fig . l 2-9(a). If this signal is the input to an
ideal lowpass filter with cutoff frequency Wco such that
3w0 < wrn < Scuo, as depicted in F ig. l 2-9(b), then the
Fourier transform of the output contains five spectrum
lines (impulses)

If the square wave is the input to an ideal highpass fi lter
with cutoff frequency Wco such that 3wo < Wco < 5wo, as
depicted in Fig. l 2-9(c), then the corresponding output
signal js given by the wavefonn plot at the righthand side
of Fig. J2-9(c). In 1hjs case, we see that the sharp edges
of the input are "roughened" by the ideal higbpass filter.

Y(jw ) = H1p(jw)X(jw)

= rr8(w) + 28(w - wo) + 28(w + wo)
- 32 8(w - 3wo) - 32 8(w + 3wo) (12.16)
The inverse Fourier transfon n of ( I 2.16) is
Y1 (t)
P

I
2

1 .
n

1
n

.

= - + -e1wor + -e- JC'J()' -

= -2I + -rr2 cos(wot) -

-

2

3rr

1 .
3n

Yhp(l)

I
3n

..,,__

- e l3wur - -e-J"""''

cos(3wo1)

( 12. 17)

This output signal is plotted at the right side of
Fig. l 2-9(b). Notice that the effect of the ideal lowpass
filter is to "smooth out" the sharp comers of the square
wave. If we decrease Wco, the output would be even
smoother. If we increase Wco, the output would eventually
approach the input since the entire spectrum would be
included. As we have seen in Chapter 3, however, the
characteristic "overshoot'' and "undershoot" will remain
at the d iscontinuities of the square wave, even though the
slope of the output signal at the orig inal discontinuities
will continuously increase as Wco increases.

'l<;,, EXERCISE 12.2:
For the signal in (12. 15),
determine a cutoff frequency of an ideal lowpass filter
such that its output will be a constant

)'1p(t)

=A

What is the constant A?

-~- EXERCISE 12.3: Show that the output of the
ideal highpass filter in Fig. 12-9(c) is equal to the
difference between the input square wave and the output
of the ideal lowpass filter in Fig. 12-9(b); i.e.,

-OO< f <OO

= x(t) -

Y1p(t )

= x(t ) -

1 2
2
)
( -2 + -1r cos(wot) - -3n cos(3wot)

where x(t) is the input square wave.

~ EXERCISE 12.4: Sketch a plot of the output o f
the ideal highpass filter if the input is the square wave
in Fig. 12-9(c) and the cutoff frequency of the highpass
tilter is such that O < Wco < WQ.

LAB: # 14, Design with Fourier Series

12-1.5

Compensation for the Effect of an
LTI Filter

Frequency selective filters are designed to remove certajn
frequencies while keeping others unmodified. Another
type of fi lter would be designed to compensate for effects
that can be modeled as LTT systems. Often a signal x(t )
is only observable as the output of an LTI system. T his
is true, for example, when a measurement instrument
distorts the signal that it measures. Another example
occurs when an audio signal is recorded in a reverberant
room. ln such a situation, the LTI system would model
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X (t)

~

X (jw)

LTI
w(t)
System
h(t), H (jw) W(jw)

Compensating y(t)
System
.
hc(t), Hc(jw) Y(jw)
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perfectly. Therefore, Hr (jw) is the frequency response
of the compensator system for H (j w).
Notice that (12. 18) implies that

( 12.20)
Figure 12-10: Compensation of an LT! system by
cascading with another LTT system.

the impulse response of the room cascaded with the
response of the microphone, amplifier, and recording
system. The room impulse response would consist of
shifted impulses that represent the time delays of echoes
from the walls, floor and ceiling. In such cases, the LTI
system represents a distortion that is imposed on the input
signal, and the problem is to undo or compensate for
the distortion if possible. We have already discussed a
simple example of this type in Sections 9-9 and 11-10.
In this section we will consider a somewhat more general
formulation of the problem.
To see how we can compensate for the effects of an LTI
system in some cases but not others. consider the cascade
system shown in Fig. 12- 10. The first system represents
the disl.orting system having impulse response h(t) and
frequency response H () w). We wish to use the second
system to modify the frequency response characteristics
of the fi rst system, H (jw). so that the overall frequency
response is some desired function Hd(j w). From (12.1)
it follows that the overall frequency response for the
cascade system will be
(12.18)
so if H(jw) is given, we require that

Ji ( ·w)
c1

=

Hd(jw)
H(jw)

(12.19)

If He(jw) satisfies ( 12. 19), then (12. I 8) will be true and
we can say that the system H (j w) has been compensated

In this equation, we are given h(t) and the desired
impulse response hd(t), and we want to decon volve
to get hc(t). Tn general, solving (12.20) in the timedomain would be d ifficult, if not impossible. However,
our frequency-domain solution ( 12.19) is simple because
we have replaced convolution with multiplication. In
fact, the frequency-domain solution was deceptively
simple; we just divided one Fourier transform by
another and assumed that the result was a valid Fourier
transform. In many cases this is either not true, or it
requires a more careful analysis. This point will be
illustrated by some examples, but before we consider
these examples. it is worthwhile mentioning the special
case of inverse filtering. In this case, we want to
completely undo the effects of the system H (jw ), which
means that we want the overall frequency response to
be Hd(jw)
I. Equivalently, we want hd(t) i(t) so
thatY(jw)
X(jw)inFig.12-10,andalsoy(r) =x(r ).
1f we substitute this desired frequency response into
(12.19). we obtain

=
=

Hc(jw)

=

= H(~w) = H;(jw)

(12.21)

In Ibis special case, the compensating system is an
exact inverse of the given system, and in the frequencydomain, the frequency response of the compensator is
the reciprocal of H(jw). The existence of an inverse
system is not always guaranteed. We need to test
H; (jw) to determine if it is a valid Fourier transform
of a causal and stable impulse response h,(t). We have
already illustrated inverse filtering for the case of an echo
system via time-domain analysis in Sections 9-9 and
via frequency-domain analysis in Section 11-10. Some
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additional examples will illuslrate specific points about
inverse filtering.

= 0 for lwl

does not have an inverse since H1p(jw)
and

>

Wco

I
= H (jw}
This would require that H;(jw} = oo for all lwl >

a,00 •

R (.
I

Example 12-2: Find an Inverse Filter

A simple example for which it is straightforward to find
the inverse system is when the first system has impulse
response h(t) = e-a, u (t) with a > 0. In this case, the
frequency response of the first system is
.

H(Jw)

=

1

.

a+Jw

and

1
H (1'w)=
=a+1·w
'
H (jw)

1w)

This is clearly not a valid Fourier transform under any
circumstances, so the inverse system does not exist for
the ideal lowpass filter. This is not a surprising result
when we recall that the ideal lowpass filter multiplies ·
the Fourier transform of all input signals by zero for
lwl > w00 • Therefore, it would be impossible to uniquely
recover the portion of the input Fourier transform for
frequencies above the cutoff frequency of the ideal
lowpass filter.
■
Example 12-4: Inverse of Time Delay

This is a valid Fourier transform, which corresponds to
the impulse response

The ideal time-delay system has frequency response
of

/J 1(t)

do(t)

= a8(t) + -dt-

•
EXERCISE 12.5: Verify by convolution that for
the system in Example 12-2,
h(t)

* h;(t)

= e-

111

u(t)

* ( ao(f) +

d:~t)) =

which means that the inverse system has frequency
response of
H1 (jw)

I
= --.
- = e1.

This is a valid Fourier tran sform, which corresponds to
the impulse response

8(t)
h;(t)

".:e;;i

Example 12-3: No Inverse for Ideal LPF

The ideal Jowpass filter, whose frequency response is

H1,(jw)

=I~

:S W :S Wco
otherwise
- Wco

wtJ

e - JWld

= 8(t + Id)

That is, the effect of the delay system can be compensated
exactly if we can advance the output of the delay system
by the amount of the delay. In a practical sense, the
problem with this inverse system is that it is not causal
and hence could not be implemented.
■
As the above examples show, determining an inverse
system is full of difficulties. ln cases like the ideal
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delay, the inverse system is noncausal. In some cases,
like ideaJ frequency selective filters, an inverse system
simply does not exist. In other cases, like the running
average filter, which has zeros at isolated frequencies
rather than over a contiguous band, a causal inverse
system can be found, but it will have infinite gain at
all the zeros of the original frequency response, and its
grun will increase with frequency. In a practical setting,
large gain at high frequencies will amplify any highfrequency noise that was added to the signal before it can
be sent through the inverse fi lter. Such noise is almost
always present and when magnified by the inverse filter,
it makes the overall output useless. Even with all these
difficulties in finding inverse fi lters, the general problem
of recovering the input to an LTI system arises in many
applications. Thus, much work has been done to develop
approximate approaches that are less sensitive to noise
and that do not require exact knowledge of the distorting
LTJ system. Unfortunately, these methods are beyond
the scope of this introductory text, but the concept of
inverse filtering provides a valuable example of this class
of s ignal processing problems.

12-2 Sinewave Amplitude
Modulation
In Section 12- 1 we have explained linear filtering
by exploiting the convolution property of Fourier
transforms which states that convolution in the timedomain corresponds to multiplication in the frequencydornain. Now we will tum our attention to the dual result
that multiplication in the time-domain corresponds to
convolution in the frequency-domain. In the important
case where one of the multiplied signals is periodic,
the multipl ication property implies that the spectrum of
the other signal is shifted in frequency. In Chapter 11,
we indicated that the frequency shift property would
be useful for describing a class of communication
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=

x(r )

y(t)

X(jw)

Y(jw)

p(t)x(t)

= 2~ X(jw) * P(jw)

p(t)

Figure 12-ll : Block diagram representation ofa general
amplitude modulator.

systems called amplitude modulators.
The timedomain and frequency-domain representations of the
general amplitude modulator system are shown again in
Fig. I2-1 l. lo this section, we wi II consider the important
special case when p(I) is a sinusoidal signal.

12-2.1

Double-Sideband Amplitude
Modulation

When p(t) = cos(wct). the amplitude modulator system
is described by the input/output relation

DSBAM Defi11itio11
y(t) = x(t) cos(wct)

( 12.22)

which is depicted in Fig. 12- 12. For reasons that
will soon be clear, the system of Fig . 12- 12 is called
a do11ble-sideba11d amplitude modulator (DSBAM). in

x(l)

= x(1) cos(wc-1)
Y(jcv) =

y (t)

X(jw)

½X<j(w - Ct>t-))
cos(wct)

+ ½X(j(w + w,))

Figure 12-12: Block diagram representation of a
sinusoidal amplin1de modulator.
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The frequency-domain representation of the amplitude
modulator system is derived by expressing y(t) as
y(t)

\,;

= x(1) cos(w,.t)

I

= x(t) (

ei'"•' + e- jw,,)
2

( 12.23)
Applying the frequency shift property to each tenn of
(] 2.23) leads to
Y(jw)
Figure 12-13: Waveform of double-sideband amplitude
modulation: (a) slowly varying input wavefonn x(t),
and (b) corresponding DSBAM waveform y(I) =
x(t) cos(wl.t).

·&

EXERCISE 12.6:

Show that the amplitude
modulator is a linear system. In addition, show that it
is not a time-invariant system.

½X(j(cu -wJ)+½ X(j(w +wc)) (12.24)

That is, the Fourier transform of the output of the
sinusoidal modulator is composed of two frequencyshifted copies of the Fourier transform of the input.

J~

this context, cos(aJc[) is called the carrier, w" the
carrier frequency, and x(t) the modulating signal.
When x(l) is slowly varying compared to the carrier
cos(wct), ( 12.22) has the simp le interpretation that x(t)
modulates (varies) the amplitude of the carrier cos(w.-t ).
Figure 1.2- I 3 illustrates the nature of the DSBAM timedomain waveform for a slowly varying x(t). In the plot
of Fig. I 2- I 3(b), notice that the carrier oscillates much
faster than the modulating signal. This allows us to see
an envelope which is a smooth cw-ve through lhe peaks
of y (I ). The envelope displays the variation of lx(t ) I, not
x(t), because whenever x(t) is negative, a phase shift of
rr radians is introduced. This phase change can be seen
in Fig. 12-13(b) al the time instants where x(t) changes
sign.

=

EXERCISE 12.7: Derive the DSBAM frequen-

cy-domain representation in ( 12.24) using the general
signal multiplication property of the fourier transform.
This will require convolution of X (j w) with the Fourier
transform of cos(w,.t).
T he DSBAM frequency-domain description is illustrated Fig. 12-14. Figure 12- I4(a) depicts a "typical"
bandlimited Fourier transform X (jw). It is typical in
0 for lwl > Wb- For now, we
the sense that X(jw)
are not particularly concerned with the exact shape of
the function in the band lwl < cu1,, so we are going to
use a triangle shape since it is easy to draw. The main
po int is that scaled copies of X(jw) are shifted to the
locations w = ±wr, If X(jw) is bandlimited as shown
in Fig. 12- 14(a), then the copies ½X(j((v ± wr)) do not
overlap when they are added. T herefore, they retain
all the information in the original signal in a clearly
recognizable form in Fig. 12-14(b).2 The condition

=

2 Figures like Fig. 12- 14 are very useful in understanding
modulation ~ystems. so it is a good idea to become familiar wi th
making sketches in chis style: i.e.. with X(jw) represented by a
··typical" bandJimited funcrion such as a triangle.
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(a)

O

-Wb

Wb

Y(jw)

w
(b)
½X(j(w-~})

A

2

0

w

Figure 12- 14: Illustration of sinusoidal amplitude
modulation: (a) "Typical" Fourier transform of an input,
and (b) corresponding Fourier transform of an output.

that guarantees that the two copies do not overlap is
(we - Wb) > 0 or We > Wb- Note that we have shaded
the negative frequency part of X(jw) so that we can
follow where each part of the spectrum has moved. The
transform in Fig. 12- l4(a) is called a baseband spectrum
because it is centered at w = 0.
Figure l2-14(b) can be used to explain why this
type of modulation is called double-sideband amplitude
modulation. The baseband spectrum has frequency
components on the positive side and also the negative
side-these are called sidebands. When the amplitude
modulation process shifts X (jw) to we, both sidebands
are moved up to W e . The lower sideband corresponds to
the negative frequencies of X (jw) and upper sideband
corresponds to the positive frequencies of X (jw).
Likewise, both sidebands are shifted down to - we.
As a result, the spectrum in Fig. 12-14(b) occupies
twice as much frequency width as the originaJ baseband
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spectrum. This wac;tes space in the frequency spectnim,
but DBS AM is popular because it can be received with a
very simple system (Fig. 12-15). On the other hand, it is
possible to create a single sideband system (SSBAM) that
does not require extra spectral width. See Problem P- 12.4
on p. 38 1.
Before continuing with our discussion of amplitude
modulation, we should address the obvious question of
why we would be interested in modulating a sinusoid
with another signa l x(t). The quick answer is that
b aseband signals do not propagate very far. If x(t) is
a voice signal, we know that it can only be heard for
a short distance, even if we were to shout. However,
with DSBAM, that same voice signal can be converted
to a very high carrier frequency and transmitted to a
remote location using electromagnetic (radio) waves. For
example, we could take a lowpass filtered voice signaJ,
whose spectrum is concentrated at frequencies below 5
kHz, and create a signal whose spectrum is concentrated
in a 10 kHz. band around a much higher frequency
such as 750 kHz which is an assignable AM broadcast
frequency. In its high frequency radio form, the signal
can sometimes propagate for thousands of miles. Since
amplilude modulation moves the frequency spectrum of
the signal to a new band of frequencies, and since the
original Fourier tran, form representation appears to be
p reserved in Y(jw), it should be possible to recover the
original signal from y(t) by converting the signal back
to baseband . A second virtue of the modulated fom1
of the signal is that a single propagation channel can be
shared by a multiplicity ofbandlimited signals if different
carrier frequencies are assigned to different broadcasters.
We will discuss this shared frequency system further in
Section 12-2.3, but for now we will return to our analysis
ofDSBAM.
The process of recovering the original signal x(c)
from the amplitude modulation signal y(t) is called
demodulation. The possibjJjty of signal recovery is
what makes radio broadcasting systems feasible. In

12-2 SINEWAVE AMPLITUDE MODULATION

x(!) cos(wct)

w( t)

Lowpass Filter
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Y(jw )

v(t)

½X(j(W-<~))

A

h(t), fl(jw)

(a)

2

COS(Wet)

w

0

Figure 12-15: Block diagram of sinusoidal demodulator.
The input to the system is the transmitted signal y(t) =
x (t ) cos(wct). The multiplier is called a mixer .

W(jw)

(b)

¼X(j(W-2Wc))
!

order to recover x(t) , we must re-center the Fourier
transfom1 copies on zero frequency. This can be done
by multiplying again with cos(wct) and then filtering the
result, as shown in Fig. 12-15. 1b see how the system of
Fig. 12-15 works, note that since w(t)
y(t) cos(wct),
it follows that W (jw) has two copies of Y(j w)

=

W (jw)

= ½Y(j(w -

We))+

½Y(j(w + We))

Substituting (12.24) for Y(j w) shows thal W(jw) has
three copies of X (jw)
W( jw)

=

½(½X{j(w - We - We)) + ½X(j(w - w, + w,:))]

+ ½[½X(j(w + We - We))+ ½X(j(w +We + We))]
= ¼X(j(w - 2wc)) + ½X(jw) + ¼X(J(w + 2wc))
( 12.25)
Figure 12-16(a) shows Y(jw) and Fig. 12- 16(b) shows
W(j w) for the example illustrated in Fig. 12- 14. Note
that we have obtained a baseband term, ½X(jw), in
W(j w). If the condi tion (2wc - wb) > wb is satisfied,
or equivalently We > wb, it will be possible to extract
X (j lu) with an ideal lowpass filter of lhe form

G

H(jw)

= (O

- Wco '.:: lU ~ Wco

otherwise

( 12.26)

(I)

Figure 12-16: Illustration of demodulation of sinusoidal
amplitude modulation: (a) "Typical" Fourier transform
of DSBAM signal Y(jw). (b) Corresponding Fourier
transform of output of the mixer, W(jw). The gray
rectangular box is lhe frequency response of the ideal
Jowpass filter required to extract X(jw).

where the gain of the LPF should be G = 2 and the
cutoff frequency s hould satisfy wb < Wco < 2wc - w 11.
Notice that this entire explanation has been carried out in
lhe frequency-domain lo obtain V(jw) = X(jw), but it
follows that v(t) x(t).
While we have shown that we can modulate and
demodulate a signal x(t ) on a sinusoidal carrier, we have
overlooked numerous practical considerations. Mos t
important is the fact that it is extremely difficult to
synchronize the frequencies and phases of two sinusoidal
oscillators tha t are not in the same physical location. This
is illustrated by the modulation/demodulation system in
Fig. 12-17, which shows the general case where the
carrier frequencies at the modulator (in the transmitter)
and the mixer (in the receiver) are different; also there
could be a relative phase shift of <J, between the two
carriers. To illustrate the problems inherent in F ig. 12- l 7.
we will state two results in the form of exercises.

=
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.,(r) COS(<u,,f)

w(t)

Lowpass Filter

v(t)

h(t), ll (jw)

cos(c,{t + ¢)
Figure 12-17: Block diagram of a demodulator whose
mixer differs in frequency and phase from the transmitter.
The input to the mixer is the transmitted signal y(t) =
x(t) COS(Wcl}.

~ EXERCISE 12.8:

Consider the special case of
= 0 for lwl > wb, and
We > Wb- If we have no frequency difference between
the transmitler and receiver, i.e., We = w~, but do have a
phase difference, </> f. 0, show that v(t) in Fig. 12- J7 is
a bandlimited input where X (j w)

v(t)

= x(t) cos</>

(1 2.27)

The result stated in Exercise 12.8 says that if the
carriers in Fig. J2- 17 have the same freq uency, but are out
of phase, the output will be proportio nal tox(t), but with
an amplitude scale factor that depends on <f>. For example.
if </> 0 the can·iers are exactly synchronized and we
obtain the best result, i.e., v(I) x(t). However. if
¢ = TC /2 we get no output, i.e., v(t) 0, which is clearly
unacceptable. l n some situations, the phase difference
might vary with time so that the amplitude would fade in
and out depending on the momentary value of¢.

=

=
=

<·~ EXERCISE 12.9:
We
We:

=

Show that if </> 0, bur
- w~
6, then for bandlimired inputs such that
> w11 th e oulput of the demodulator is

=

v(t)

= x(t) cos(6t)

( 12.28)

This result assumes that the cutoff frequency of the
lowpass filter in (12.26) satisfies Wco > wb + 6.

From ( 12.28) we see that if the carriers are not exactly
matched in frequency, the Fourier transform of x(t) is
not shifted all the way back to where it originated. In
the time-domain, this effect is easily described if 6. is
small. This will be similar to the beat note phenomenon
discussed in Chapter 3 in that the factor cos(l:!i.r) will act
like a slowly varying amplitude causing the signal x(r)
to fade in and out at a rate determined by 6..
Equations ( 12.27) and (12.28) show that any attempt
to demodulate using synchronized carriers has some
serious practical limitations. For this reason, another
form of amplitude modulation is used in the everyday
AM broadcast system where it must be possible to build
receivers very economically.

12-2.2

DSBAM with Transmitted Carrier
(OSBAM-TC)

One way to avoid the problems of synchronous
demodulation of AM signaLc; is to transmit the carrier
signal along with the modulated carrier. The input/output
relation for a DSBA.Ivl system with transmitted carrier
(DSBAM-TC) is

DSBAM-TC Definition
y(t)

= LC+ x(t)] cos(wct)

(12.29)

T he constant C is chosen to satisfy the relation
C :=: max{lx(t }I}, so that C + x(T) :=: 0 for all t. Jf
we define e(r)
C + x(r), then e(t) is the envelope
of the peaks of the modulated cosine wave because
it is nonnega1ive.
Figure 12- J8 illustrates the
DSBAM-TC modulation process in the time-domain.
Figure l2- l 8(a) shows a signal x(t), Fig. 12-18(b) shows
the corresponding positive envelope function e(t), and
Fig. 12-L8(c) shows the resulting modulator output y(t) .
If we expand the expression ( 12.29) for y(t ), we obtain

=

y(t)

= C cos(wct) + x(t) cos(wct)

(12.30)
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(a)

E(jw)

e(f)

= I C +x(l) I

~~

lJJ

(b)

Y(jw)
(rrC)

(nC)
A

2

~-

0

lJJ

Figure 12-19: Illustration of double-sideband amplitude
modulation with transmitted carrier: (a) Fourier transform
ofenvelope E(jw). and (b) Fo urier transform ofDSBAMTC output signal.

Figure 12-18: Illustrative waveform of double-sideband
amplitude modulation with transmitted carrier: (a) Input
signal x (I). (b) envelope ~ignal e(I ), and (c) DSBAM-TC
output signal.

From (12.29), the frequency shift property, and (12.31)
it follows that
which shows that the DSBAM-TC signal contains
a cosine of amplitude C plus a component that is
identical to the DSBAM signal. This is why this
type of modulation is called dnuble-sideba11d amplitude
111odt1l-lltio11 with tran smitted carrier. Notice that in this
case, the signal y(r) is nonzero even when x(t) = 0.

EXERCISE 12.10: Show that the DSBAM-TC
modulation system defined by the input/output relation
( 12.29) is 11o t a linear system. Also show that it is 1101 a
time-invariant system.
·S"-

The Fourier transform of the envelope signal e(t )
C +x(t) is
E(jw)

= 2rrCo(w) + X(jw)

=

(12.31)

Y(jw)

= ½E(j(w - cue))+ ½E(j(w + Wc ))
= rrCo(w - cu,.)+ rrCo(c,> + wi)
+ ½X(j(w - we))+ ½X(j(w + w,))
( 12.32)

Figure 12-19 depicts the Fourier transform of a typical
transmitted carrier AM signal. Figure 12- 19(a) shows
E(jw) ac; the sum of a typical bandlimited input
transform plus the impulse due to the constant C, whi le
Fig. 12-19(b) shows the frequency shifted spectrum of
the DSBAM-TC signal.
S how that if y(t) =IC+
x(t)] cos(wct ) is the input to the demodulator in
Fig. 12-15, then the output would be v(t) = C + x(t).
.s-o-"'- EXERCISE 12.11:
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y (t)

..:....:.......

y (jw)

Half-Wave
Rectifier
V(}

w(t)

W(jw)

Lowpass
Filter

v(t )

h(t), H (jw)

V(jw)

Figure 12-20: DSBAM-TC demodulator. The cascade of
the half-wave rectifier and LPF functions as an envelope

l~llbJ-~,llf
t

r (r)

= V{cos(wct)}

{b)

detector.

In Exercise 12.11, you can demonstrate that the
envelope signal e(t) in a DSBAM-TC signal could be
demodulated by synchronous demodulation; however,
this is what we are trying to avoid. By transmitting
the carrier signal and ensuring that the envelope e(t) is
always non-negative, it becomes possible to demodulate
with a much simpler system, such as the envelope
detector in Fig. 12-20 consisting of a half-wave rectifier
followed by a LPF. The half-wave rectifier system in
Fig. 12-20 is defined by the relation
w(t)

= 'D{y(I)} =

y(t)

if y(t) > 0

0

if y(t) ,=s 0

!

(12.33)

EXERCISE 12.12: Show that the half-wave
rectifier is a nonlinear system.
The half-wave rectifier "chops off' the negative parts
of the input waveform, leaving a positive signal. Since
e(t) 2:: 0 for all t , the envelope of the half-wave rectified
signal is also the desired envelope function e(t). This is
illustrated in Fig. 12-21 (a), which depicts the output of
the half-wave rectifier for the DSBAM-TC signal shown
in Fig. 12-18(c).
Now we undertake an analysis of the DSBAM-TC
envelope detector to show how the Fourier transform can
explain the inner workings of this system. The output of
the half-wave rectifier for the DSBAM-TC wave is
w(t)

= V{y(t)} = 1J{e(t) cosw,t}

ll!l!!!l!!l!!l!!lllll!!!!ilil!!l!!!l!ll!!lll!!!!!!I.

~

(c)

----

---

-

-

--

Figure 12-21: illustrative waveforms in envelope
detector: (a) Output of half-wave rectifier. w(t ), (b) halfwave rectified cosine V{cos wet }, and (c) envelope signal
e(t). The output of the lowpass filter will be proportional
to e(t).

Because e(t) 2:: 0, e(t ) plays no role in determining the
sign of y(t), and (12.34) can be written as
w(t)

= e(t)'D{coswct} = e(t)r(t)

(12.35)

where r(t) is a periodic haJf-wave rectified cosine wave
r(t)

= 'D{cosw, t}

shown in Fig. 12-21(b). Figure 12-22 provides a more
detailed plot of the half-wave rectified cosine wave. Since
this signal is periodic with period Tc = 2rr/w,, we can
write it in the fonn of a Fourier series
00

r(t)

(12.34)

C

=

L
k=- oo

akejk1t>el

(12.36)

12-2

SINEWAVE AMPLITUDE MODULATION

Ll

\

365

Ll l
(21rao)

Figure 12-22: Detailed view of half-wave rectified cosine
(Tc= 2n/wc),

- 2<.oc

~ EXERCISE 12.13:
Show that the Fourier
coefficients for the half-wave rectified cosine wave are

f

(b)
(2rrat)

0
W(jw)

(c)

T,/4

ak

=~

Tc

cos(w,.t )e- jkw,,dt

- Tr/4

cos(rr k/2)

=

rr( I - k2 )
{

I

k

i ±1

(12.37)

k=±I

4

Now we can fl nd the Fourier transform of the output of
the half-wave rectifier. Using the Fourier series ( 12.37)
for r(t), we can write
w(t)

00

L

= e(t )

Clkejkw, ,

k=- oo

=

00

L

ake(t)el kw,,

i=-oo

(12.38)
from which it follows by the frequency shift property that
00

W(jw)

=

L

a11E(j(w- kwc))

(12.39)

k=- 00

Figure 12-23(a) shows a typical Fourier transform of
a bandlimited envelope signal e(t) = C + x(t). The
impulse is the Fourier transform of the constant C and

Figure 12-23: Fourier Lransfonns in DSBAM-TC
demodulation: (a) Fourier lmnsfonn E(jw) of envelope,
(b) Fourier transform R(jw) ofhaJf-wave rectified cosine,
and (c) Fourier transform W(jw) of half-wave rectified

DSBAM-TC waveform.

the triangle represents X (jw), the Fourier transform
of x(t). Figure 12-23(b) is a plot of the Fourier
transfonn R(jw) using the Fourier coefficients from
(12.37). Figure 12-23(c) depicts the corresponding
Fourier transform W(jw) of the output of the half-wave
rectifier consisting of frequency-shifted scaled copies of
E(jw). Observe that if W e - wb > wb, a condition that
is easily met in the AM broadcast system. then W(jw)
contains a perfect (scaled) copy of E(jw), which can be
extracted using a LPF H(jw) with gain G = I/no= rr
and cutoff frequency such that Wb < Wco < We - wb.
An example of an appropriate H(jw) is shown in
Fig. 12-23(c) as a gray rectangular box. Under these
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conditions, the Fourier transform of the output of the
lowpass filter in Fig. 12-20 will be V(jw)
E(jw) so
the output time function will be v(t) e(t) = C + x(t).
Thus the envelope detector can recover the input signal
x (t) plus an additive constant.
fn a practical setting, the combination of half-wave
rectifier and Iowpass filter is generally approximated very
well by an electronic circuit consisting only of a diode,
a resistor, and a capacitor. For this reason, AM receivers
can be made very economically, and this is why DSBAMTC has been used for many years in the AM broadcast
system. There is a penalty, however, because DSBAMTC requires extra power to transmit the carrier signal.

=

12-2.3

=

Frequency Division Multiplexing

In Sections 12-2. 1 and 12-2.2 we showed that the
Fourier spectrum of a bandlimited signal can be shifted
by amplitude modulation to a higher frequency band
as required for radio tran:.rnission of voice, music,
or data. A second, and perhaps equally important
aspect of this frequency shift is that by choosing several
carrier frequenc ies such that the shifted spectra of
two or more bandlimited signals do not overlap, we
can transmit a multiplicity of ~ignals over the same
channel (e.g .• the atmosphere. outer space, or fiberoptic cable). This stacking of signals in the frequencydomain is called Jreque11cy-divisio11 multiplexing or
FDM .3 The essence of frequency-division multiplexing
is depicted in Fig. 12-24, which shows two bandlimited
signals that modulate different sinusoidal carriers of
frequencies Wet and wc2. The pair of DSBAM signals
Yt (t) x i (f) cos(w,,i t) and Y2(t) = x2(1) cosfo>,.21) are
superimposed (added) and so their Fourier transforms are
added too.4 The plot in Fig. l 2-24(b) depicts the resulting

=

3 1n optics, the term wavelength-division multiplexing (WDM) is
equivalent to FDM.
4 111 rndiu broadcasting, the signals are naturally superimposed
because each station radiates its signal into the atmosphere. In

Fourier transform Y (jw) = Yi (jw) + Y2(Jw). Note that
the copies of the original bandlimited Fourier transforms
do not overlap, as long as we obey the condition that
w,.2 > wc-1 + 2wb.
The reason that we require no overlap of the shifted
frequency spectra of the input signals is that we want to
be able to recover each of the individual signals y 1(t)
and n(t) from the sum. The process of sorting out
the individual signals is called demultiplexing . If the
shifted spectra do not overlap, demultiplexing can be
accomplished with bandpass filters as in Fig. 12-24(c).
For example, to recover the signal xi (t), we need the
bandpass tilter in Fig. l 2-25(a), which selects the channel
containing the spectral information for y 1 (t). Once
y, (t) has been extracted from y(t) by bandpass filtering,
we can demodulate it with an appropriate demodulator.
Figure 12-24 assumes DSBAM modulation, but if
DSBAM-TC is used, then the demodulator would be an
envelope detector. In Fig. 12-24(c), the second channel
is demultiplexed by the filler in Fig. I 2-25(b) followed
by the DSBAM demodulator.
The system of Fig. 12-24 can be generalized to more
than two channels simply by including more carrier
frequencies that arc far enough apart. The carrier
frequencies of an FDM system for multiplexing two
or more signals each with highest frequency Wb (using
amplitude modulation) must satisfy the condition

In the government regulated broadcast spectrum,
portions of the frequency-domain are set aside for specifie
applications and modulation techniques. For example,
the range of carrier frequencies for the AM broadcast
system is 530 kHz to 1620 kHz. with the channels (AM
radio stations) separated by IO kHz. This means that
the input voice and music signals must be bandlimited
addition, we are a_,;suming that !he lransmission medium is linear,
so the signals add 1oge1her.
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+
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Figure 12-24: Frequency-division multiplexing. The carrier frequencies must be far enough apart so that the frequenc:y
shifted spectra in Y(jw) do not overlap.
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(a)

Reconstruction
Filter

x(t)

Xr(t)

Hr(jw)
00

-We i

0

Wei

w

p(t)

= L c5(t -

nTs )

n=-oo

(b)

Figure 12-26: Block diagram of periodic impulse train
modulation followed by signal reconstruction.

J
-Wc2

0

w

Figure 12-25: Bandpass filters for demultiplexing: (a)
Channel centered on Wei, and (b) channel centered on

in the case of sinusoidal modulation, we will rely heavily
on the multiplication, frequency shjft. and convolution
properties of the continuous-time Fourier transform.

Wc2·

to nominally 5 kHz before modulation. In the case
of FM broadcasting, the carrier frequencies range from
88. l MHz to 107.9 MHz, and the input signals to an
FM modulator are bandJimited to 15 kHz. The FM
modulation process expands the bandwidth in addition
to shifting the resulting spectrum to be centered on the
earner frequency. Therefore, it is necessary to separate
FM channels by 200 kHz so that the broadened spectra do
not overlap and they can be demultiplexed by bandpass
filtering. In broadcast applications such as these, a
listener only needs to " tune in" to one channel at a
time. Therefore, the demultiplexer generally consists of
a single bandpass filter whose center frequency can be
adjusted to the desired carrier frequency.

~

LAB: #16 AM Communication System

12-3.1

The Sampling Theorem and
Aliasing

The Shannon/Nyquist sampling theorem was originally
presented in Chapter 4. Now we will derive this fa mous
theorem, but we will take a somewhat indirect approach.
First of all, we must show that sampling is equivalent ro
amplitude modulation of a periodic impulse train. The
signal being sampled, x(t) in Fig. 12-26, multiplies the
impulse train p(l) to produce a new signal x 1 (t).
Xs(t)

= x(t )p(t)
00

L

= x(t)

8(t - nT.r)

(12.40)

tl= - 00

00

12-3

Sampling and Reconstruction

=

L

x(t)8(t - nT1 )

11=-00

At this point, we have sufficient understanding of the
Fourier transform to undertake a thorough discussion of
sampling and reconstruction of bandlimited signals. As

oc

( 12.41)
n :::;:;:-oo

J2-3

x "(I)

= x( t)p(t)

(a)

x(37:,)
x(2Ts ) ~

/J

- T..

\
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Fourier series. Th~ Fourier series coefficients for the
periodic impulse train were shown in Example l 1-4 on
p. 321 to be ai,
I/ Ts for -oo < k < oo. Therefore, we
can write as an equivalent expression to (12.40),

=

x(4Ts)

~

Xs (t )

~

= x(I)

x(O)

~

1 .

-eJk<JJsl

k==- oc

x( - 3Ts)

Ts

= -1

00

L

•

x(l)eJkw, I

Ts k=- oo
(12.42)

x[nl

= x,(nTs)

(b)
x[3]

X [ - ]]
X

00

L

where w 5 = 2JC/T5 • Now we apply the frequency shift
property of the Fourier transform to obtain

,'l:[21

1-2]

I

x[4]

X..(jw)

- 3
-2

-1

2

3

n

4

X

L

=-

Ts

X(j(w - kws))

(12.43)

k=-00

x[Ol
X

x(I]

[-3]

Figure 12-27: Tiluslration of sampling by modulating
a periodic impulse train: (a) Signal x(t ) (solid line)
and modulated impulse train x 5 (l), and (b) sequence of
samples x[nl x(nTs),

~

Example 12-5: Use of Multiplication
Property

=

Equation (12.41) states that the periodic impulse train
in Fig. 12-26 "samples" the signal x(t) at the times at
which the impulses occur. The resulting continuous-time
signal x5 (t ) is an impulse train where the sizes (areas) of
the impulses are the values of x(t) at the times r,, nT5 •
This is depicted in fig. 12-27(a). If we extracted the
sample values from the impulses and arranged them in a
sequence, we would have the discrete-time sequence of
samplesx [n) = x(nT5 ) depicted in Fig. 12-27(b). Thus,
the signal x 5 (t ) can be said to represent the result of
sampling the continuous-time signal x(t) .
To obtain a frequency-domain representation of the
sampled signal, we can begin by deriving an expression
for the Fourier transfonn of the signal x 5 (1). To do this,
we represent the periodic impulse train in terms of its

The resuJt in ( 12.43) could also be derived by applying
the multiplication property of Fourier transforms to
( 12.40). Since it was shown in Example I 1-4 that
00

P(jw)

=

L

=

(2,r)
Ts

S(w -

W5 )

k=-oo

and since x 5 (1)

X 5 (jw)

= x(r) p(t ), it follows that

= 21
1C

00

X ( j w) * k~

oo

(2rr)
Ts

S(w - kw5 )

oc

which is the same result we obtained in ( 12.43).

■
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Since the sampling rate is w.,
the following important result:

= 2n/ Ts, we can state

The Fourier trausform ofa periodic
impulse train modulated by x(t)
is composed ofperiodically repeated
copies of X(jw).

1

Xs(j<.v)

= T:

12-3.2

(1 2.44)

oc

L

what we ca □ed the Sha11no11/Nyquisf sampling theorem
in Ch apter 4.

X(j(w - 2nk/T,,))

Bandlimited Signal Reconstruction

To see how a bandlimited signal can be reconstructed
from its samples, we return to Fig. 12-26, which shows
the signal being reconstructed by an LTI lowpass filter
with frequency response Hr(jw)

-' k=-oo

T his periodic repetition of the spectrum is illustrated in
Fig. 12-28. Figure 12-28(a) shows a typical bandlimited
Fourier transform representing X(jw) . Figure 12-28(b)
shows the periodic replication of X(jw) according to
(12.44). Note that Fig. 12-28(b) was constructed with
the assumption that w, = 2rr / T.,• > 2w,,, so the shifted
copies of X (j w) do not overlap. It can be seen that for the
example shown in Fig. l 2-28(b), we retain a perfect copy
of X (jw) (scaled by 1/T,) in the additive combination
that constitutes the periodic transform function X.,(Jcv).
Figure I 2-28(c), on the other hand, illustrates the
case where W.1
2rr / Ts < 2wbIn this case, the
negative frequencies of X (j (w - w_,)) overlap with the
positive frequencies of X (j w), etc. T his is, of course,
what we have called aliasing (foldi11g) distortion . By
generalizing from Figs. l 2-28(b,c), it can be seen that
aliasing distortion can be avoided if the following two
conditions hold:

=

L. T he signaJ to be sampled must be bandlimited so
that X(jw)
0 for lwl 2'.: w1,.

=

2. The sampling frequency must satisfy the condition
w., = 2rr/Ts 2'.: 2w1,.
As we will see in the next section, if these two conditions
hold, we can reconstruct the signal uniquely from its
samples using an ideal lowpass fil ter with gain Ts and
cutoff frequency w5 /2. This is, of course, the essence of

( 12.45)

I

= Hr(}w)Ts

oo

L

X(j(w - kws))

k=- oo

The individual Fourier transforms in (12.45) are
illustrated in Fig. 12-29, where it is assumed that the
sampling rate is high enough to avoid aliasing distortion.
If the frequency response of the filter is ideal

= re/Ts
lwl > w../2 = rr/Ts
lwl

S Ws/2

(12.46)

as depicted in Fig. 12-29(b), the filter will extract X (jw)
from the sum of shifted copies in Fig. l 2-29(a) and
give the final result Xr(jw)
X(jw) in Fig. 12-29(c).
Therefore, when the input signal is bandlimited and the
sampling rate is at least twice the highest frequency of
the input signal. then the reconstruction is perfect and we
have Xr(t) = x.r(t) * hr(t) = x(I).

=

Example 12-6: Spectrum During Sampling

As an example of sampling and reconstruction of a
bandlimited signal, consider
x(t)

= -3:,r1 + -3rrI COS(1TI + rr/2)

whose Fourier transfonn is
2
.
.
X (jw) = -8(w) + :!_8(w - .rr) - :!..o(w + n)

3

3

3
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X(jw)
(a)

A

w

x .•Uw)

(b)

1-)tu (I))

t-;XU(w- 2ws))

..-1,

-2w.,

-Ws

"'•
-T

-Wb

0

WIJ

i

'r;,

~

Ws

2w.

w

%.J
1,ol~"'\

(c)

w
Figure 12-28: Illustration of sampling and al iasing in the frequency-domain. (a) Fourier transform of signal x(t). (b) Fourier
transform of sampled signal xAt) = p(t)x(t) with Ws > 2w/J, and (c) Fourier transform of sampled signal x 1 (t) = p(t)x(t )
showing aliasing distortion when W.1 < 2wb,

The highest frequency in this signal is rr rad/sec, so
any sampling rate such that w, = 2rr / Ts > 2rr wi II
guarantee that we can exactly reconstruct the signal
x(r) from its samples x [n] = x(117's). Figure 12-30(a)
shows X(j w) and Fig. 12-30(b) shows X 1 (jw) for
<.vs = 6rr, or Ts = ½ sec. The light colored box in
Fig. J2-30(b) is the frequency response of the ideal
reconstrnction filter Hr<Jw) for a sampling rate of

6rr rad/s; in other word~. its cutoff frequency is 3rr
rad/s. NotetJ1at the product of Xr<Jw) = Hr(}w) X .• (jw)
will be exactly equal to the original Fourier transform
X (jw) as expected. TI1erefore, the output of the ideal
reconstruction filter in Fig. 12-30 will be
Xr(t )

= x(t) = -3rr1 + -3JTI cos(rrt + rr/2)

•
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Figure 12-30: Illustration of frequency-domain represemation of sampling: (a) Fourier transform of signal
x(t) = 3~ + 3~ cos(rrt+rr/2),and (b) Fouriertransform
of sampled signal x 5 (t). Light colored box is the ideal
reconstructio n filter with cutoff frequency at w 3:rr.

=

Figure 12-29: Illustration of frequency-domain representation of reconstruction from sampled signal: (a)
Fourier transform of sampled signal .>:s(t ), (b) ideal
reconstruction fi lter, and (c) Fourier transform of output
of ideaJ bandlimited reconstruction filter.

(a)

<'~

EXERCISE 12.1 4: Repeat Example 12-6for the
case of Ws = 1.5:,r. Plot X5 (jw) as in Fig. 12-30(b) and
give an equation for the signal that is reconstructed by
the ideal reconstruction filter for <Vs
1.5:,r.

=

T,I
11

12-3.3

Bandlimited Interpolation

F igure 12-31(a) shows the impulse response ( 12.47)
of the ideal reconstruction filter. The corresponding
frequency response (12.46) is shown in Fig. 12-31(b).

(j)

--r;

rj1)
0

11

Ts

(b)

,.

w

Figure 12-31: Ideal bandJimited reconstruction fiJter:
(a) Impulse response hr(t), and (b) frequency response
Hr(jw) .
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Note that the ideal lowpass reconstruction filter has
gain T., and cutoff frequency Wco Ws /2 n: / T~. The
impulse response, which is

=

=

(12.47)
has a maximum value of I at t = 0 and it is zero at nonzero
integer multiples of Ts in Fig. l2-3l(a). The time-domain
expression for the output of the reconstruction filter is
obtained by substituting (12.41) on p. 368 for Xs(t) into

The process of bandlimited interpolation is illustrated
in Fig. 12-32, which shows the impulse train with
impulses x(nT5 )8(t - nT5 ) modulated by the sample
values and the corresponding outputs x(n T5 )h,(t - nT5 )
for each impulse.
Note that since h,(t) has infinite extent, the
contribution from each sample overlaps everywhere with
the contributions from all other samples, so that each
sample value contributes to the reconstruction of x(t)
at all values of t. However, since h,(0)
1, and
lz,(t,,) = 0 for 111 = ±Ts, ±2Ts, ... , it is always true
that x, (11 T..) x (n Ts) regardless of whether aliasing
distortion occurred in the original sampling. If no
aliasing distortion has occurred, then our frequencydomain argument shows that ( 12.49) recreates the
original signal perfectly for all values oft.

=

=

This substitution leads to
x,(t)

=x

5

(t) * h,(t)

-(,f

00

x(n T,)O(t -

nT,)) •h,(t)

00

=

L

X(ILTs)h,(t - nTJ

(12.48)

11= - 00

That is, the continuous-time reconstructed signal x,(t)
consists of an infini te sum of scaled and shifted impulse
responses of the reconstruction filter, as discussed
previously in Section 4-4 in Chapter 4. When ( 12.47) is
substituted into ( 12.48), we obtain the following result:

A bandlimiJed signal x(t )
such that X(jw ) = Ofor lwl ~ wb
can be reconstructed exactly from
samples taken with sampling
rate W s = 2rr./ Ts ~ 2wb via
the bandlimited interpolation f ormula:
x,(t)

=

oo

L
n=- oo

sin[¥;-<t-nTs)]
x(nTs) - -,,--- - (t - nT_,)
T,

( 12.49)

12-3.4

Ideal C-to-0 and 0-to-C Converters

The block diagram of Fig. 12-26 has been a convenient
basis for an analysis that has demonstrated the truth of
the Shannon/Nyquist sampling theorem. Furthermore, it
has led us to a method of reconstructing a bandlimited
signal from samples of a continuous-time signal. This
block diagram is only loosely related to how sampling
and signal reconstruction are actually implemented in
practice. A representation that is closer to reality, but
nevertheless still idealized, is shown in Fig. 12-33. In
Fig. 12-33(a) the Ideal Continuous-to-Discrete (C-to-D)
Converter is represented as an i mpulse train modulator
followed by a system that simply lifts the sample values
off the impulses and places them in a sequence. That is,
the ideal C-to-D converter is defined by the input/output
relation

The Ideal C-to-D Converter

x [n] = x(nT5 )

(12.50)

for n an integer.

CHAPTER 12 FfLTERING, MODULATION, AND SAMPUNG

374
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Figure 12-32: Ulustrntion of time-domain reconstructed
signal as the sum of the individual weighted and shifted
sine functions .

Figure 12-33: Definitions of (a) ideal C-to-D, and (b)

D-to-C converters.

The input to the ideal C-to-D converter is a continuoustime signal and the output is a sequence of samples.
This was shown in Fig. 12-27(b) on p. 369. The
ideal C-to-D converter is an idealization of a practical
hardware system that usually consists of a sample-andhold circuit (which captures the input voltage at one
instant of time and ho lds that value for T, sec) followed by
an analog-to-digital (A-lo-D) converter (which obtains
a numerical representation of Lbe voltage). The major
difference is that an A-to-D converter produces sample
values that are "quantized" to a finite number of values.
For example, a 16-bit A-to-D converter produces 65536
different possible values for its output samples. If the
amplitude quantization is fine enough. this 16-bit limit is
often neg ligible. More detaj led analysis of quantization
effects can be found in advanced texts on digital signal
processing.
In Fig. l2-33{b) the Ideal Discrete-to-Continuous (Dto-C) Converter is the cascade of two systems. The first

12-3
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system takes an input sequence and makes a modulated
impulse train, which is then used as the input to the
second system, an ideal bandlimited reconstruction filter.
Therefore, the inpuUoutput relation for the ideal D-to-C
converter is

375
recall that we h ave already obtained the following two
fonns for x., (r):
00

x.,.(t)

L

= x,.(r)

8(t - nTs)

11= -oc

I

L
oo

= x ,.(t)

The Ideal D-to-C Co,werter

k=-oo

sin [ f, (t - n Ts)]

oo

x,.(l)

=

L

11= -00

x[n]

(12.51)

_L

T,-

12-3.5 The Discrete-Time Fourier
Transform

T,

oc

I!.. (t - nT,)

In a cascade connection of the C-to-D and D-to-C
converters of Fig. 12-33, the operation of creating a
sequence from the impulse train would be followed
immediately by the operation of creating an impulse train
from the sample sequence. Thus, a cascade connection of
the systems in pa,ts (a) and (b) of Pig. 12-33 is completely
equivalent to the system in Fig. 12-26. Therefore, our
analysis of Fig. 12-26 has shown that if 1he C-to-D
converter samples a bandlimite<l signal at a high enough
sampling rate, the ideal D-to-C conve11er will reconstruct
the original signal exactly.

( 12.52)

- ejkw,t

x,.(11T,)8(1 - nT.,.)

(12.53)

11=- 00

where x,.(t) is the continuous-time signal being sampled
(the subscript c is added for emphasis in this section).
Equation (12.52) allowed us lo apply the frequency shift
property to obtain the Fourier transform of xs(t)

I

X , (jw)

= T.

oc

L

X ,.(j(w - kw5 ) }

( 12.54)

s k=-00

which is a periodic function of w with period
2rr/Ts. Equation (12.54) gives X 5 (}w) in terms
of shifted copies of X,.(jw), lhe Fourier transform of
the continuous-time signal Xc(t ). Using ( 12.53) and the
delay property of Fourier transfonns, it follows that an
equivalent relation for X s(jw) is

Ws

=

'°'
:x:

X, (jw)

=

'°' x[n]e- j,,,,,r,
C'C

~ x"(n -r)
, ., e- jw,,r•

=

~

11= - 00

(12.55)
The main purpose of defining the ideal C-to-D and
D-to-C converter systems is to eliminate the need to
explicitly consider the modulated impulse train x., (t ).
The signal Xs(t) has served us well as the ba,;is for
representing sampling and reconstruction, but usually
we do not actually have such a signal available to uswe only have the discrete-time sequence of samples as
depicted in Fig. 12-27(b). As a final step towards easing
our dependence on the modulated impulse train, let us

which expresses X, (jw) in tenns of the samples of Xc(t).
Note again that this form of X, (jw) is periodic in w with
2,r / T., because the complex exponential
period w.,
functions are periodic. Now we can eliminate X _,(jw)
by equating (12.54) and (12.55) to obtain

=

(),..'

L
11=- 00

.
x[n]e-J""'T,

I

= -T,

oo

L

x,.(j(w - 2nk/Ts))

k=-oo

(12.56)
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The left-hand side of (] 2.56) is starting to look like the
z-transform of the sequence of samples x [nJ = Xc(nTs),
which by definition is

FILTERING, MODULATION, AND SAMPLI NG

Us ing the definition ( 12.60), we can state the following
fundamental relation between the DTFf of a sequence of
samples x [n]
xc(nTs) and the continuous-time Fourier
transfor m (CTFf) of x(t):

=

00

L

=

X (z)

x[nJz-"

Re/.ation between the DTFT
and the CTFT in sampli11g.

(12.57)

n=-oo

00

L

x[n]e-jwnT,

= X(z)

= X (e1w)I~

X (eJwT, )

If we make the substitution z = eiwT, , we get

=-

= X(ejwT,)

I

oo

L

Ts k=-oc

Xc(j(w - 2;,rk/ Ts)).

z = eiwT,

n=-oo

(12.58)
Our objective is to get a function of the discretetime frequency w which is defined by the frequency
normalization

12-3.6

The Inverse DTFT

In (12.51) of Section 12-3.4, we showed that the output
of an ideal D-to-C converter with a sequence of input
samples x[n] = Xc(nTs) is

f

00

(12.59)
Thus we can define

a new transform, called the discrete-

time Fourier transform or DTFT, to be

Xr(t)

=

sin (t - mT5 )
x[m) -rr- ''----- m=-oo
T.(t - m Ts )

L

. I

Discrete-1'ime Fourier Tra11sform

L

=

x[nJe-Jw11

11= - 00

The DTFr is
X(e1"') = X(z)I

related
1·c,.

to

the

=

T, X (eJwT,)

0

lwl =:: rr/Ts
lwl > rr/Ts

This means that another way of writing xr(t) is

00

X(eiw)

(12.62)

which has CTFr

Xr(]W)

j

(12.60)

z-transfom1

v ia
Now, if we use (12.62) to compute Xr(nTs), we obtajn

z=e

Xr(nT:r)

EXERCISE 12.15: Show that X (el"') is periodic
in with period 2rr, and show that X(ei"'7•) is periodic
in w with period 2rr /Ts.

w

( 12.61)

w = wT:r

=

~

sin rr(n - m)
L,, x[m] - - - rr(n - m)
m=-oo

= x[n]

since all terms are zero except one, i.e.,
s in rr(n - m)
n(n - m)

= 11
0

n=m
n# m
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Therefore, even if the original Fourier transform is not
bandlimited, we have j ust shown that Xr (n Ts)
x [n] =
Xc(nT.,) . Therefore, it follows that

=

f

x(t )

Ideal

I,r:

=2

y(n]

Ideal

y(t )

X(jw) C-10-D X (el"') System Y(el"') 0 -to-C Y(jw)

TT/T,
-r)
X e (111 s

LTI

x[n]

H (ei<d), 11(11]

T., X(ej,vT,)ejwT,ndw

ls=,},;

(12.63)

J.

=

*

-TT/T,

If we make the substitution <v = wT5 , ( 12.63) can be

Figure 12-34: Discrete time filtering of a continuous-time
signal.

written as
Equation (12.61) gives

Inverse DTFT
1C

x[n]

= - 1- / X(eiw)ei,;mdw.

(12.64)

·wr,)

X ( eJ •

2rr

- ,r

= -T,l
I

Equation (12.64) gives the inverse DTFT in terms of
normalized frequency
and thus it is the partner to the
DTFT equation (12.60).

= Ts

w,

~ sin (wbn)
~

n=-oo

- - -e

- ,·wuT.

rrn

oo

L

Xc(j(w- kws))

k= - oo

and we can match terms to discover that the DTFT of a
sine function is a rectangle:

Example 12-7: DTFT of a sine Function

lwl

12-3.7

= -sin(wbr)
-,r: t

If we sample this signal with sampling period

Ts,

we

obtain the sequence
(12.65)

=

The Fourier transform of the
where w1, Wb T5 •
continuous-time signal Xc(t) is

lwl

~

wb

otherwise

Consider the bandlimited signal
Xe ( t )

•

Discrete-Time Filtering of
Continuous-Time Signals

One of the most important concepts related to sampling is
the idea of filtering a continuous-time signal by sampling
the signal, filtering it with a discrete-time LTI system, and
then converting back to a continuous-time output signal.
T his idea is depicted in Fig. 12-34. Our knowledge of
sampling and bandlimited reconstruction enables us to
understand the operation of this system.
Recall from Chapters 7 and 8 that the discrete-time
system can be described by the z-transfonn relation

~wb

otherwise

■

Y(z)

= H (z) X(z)

(12.66)
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or equivalen1ly, by the DTFT relation

Y (ei';,)

= H (ej(i,) X (ei<")

(12.67)

The output of the D-to-C conve11er is given by the timedomain relation

FILTERING, MODULATION. AND SAMPLJNG

TI1e left-hand tern,, H,(jw) has a gain of Ts and is zero
out. ide the interval lwl ~ w.J2 = TC/ Ts. Therefore, ifno
aliasing d istortion occurs, the output Fourier tram,fonn is

YUw)

=

1: (eiwT, )X,(jw)

lwl

< TCJT.

- . ,
otherw1se

(12.7 1)

00

y(t)

=

L

(12.68)

y[n]h,.(t - nTs)

n=-oo

where h,(t) is given by (12.47) on p. 373. Now the
frequency-domain representation of the D-to-C converter
is easily derived by taking the continuous-rime Fourier
transform of (12.68), obtaining
Y(Jw)

=

::0

L

y[n lH,(jw)e- j,,mT,

w.

00

L

= H,.(jw)

y [n]e- j,,,r,,,

H(e1"> =

11=-oc

= H, (jw)Y(ei'" 7~)
obtain

= H ,.(jw)H(eiwT.,)X(eiwT,)
I

= H, (Jw)H(e1wT,) T,

oo

L

Xc<J(w - 2TCk/T,))

' k:::-oo

( 12.70)
Whi le ( 12.70} looks quite complex, it is not really too
difficult to interpret. First of all, the summation is a sum
of shifted copies of X,.(jw). By construction. that sum
is necessarily periodic with period Ws
2TC / T, in the
variablew. Furthermore,ifX,.(jw) 0for lwl > w1,and
w,1 > 2w1,, then the shifted copies do not overlap, and one
period of the function is exactly equal to (l/ Ts) X,:(jw) in
the frequency interval -TCJT, < w < rr/Ts. The middle
term , H (eiwT, ), is also periodic with period w_. = 2TC / T•.

=

I~

lwl :s wco
Wco < lwl < TC

( 12.72)

(12.69)

If we substitute ( 12.67) and (12.61) into ( 12.69), we

.

=

wco

11= -00

Y(j w)

Equation ( 12.70) is illustrated in Fig. 12-35. Figure 12-35(a) shows a typical bandlimited Fourier
transfonn representing Xc(jw) and 12-35(bJ shows the
discrete-time Fourier transform X ( ejwT, ) of the sampled
signal x[n]
X c(II T5 ), while Fig. 12-35(c) shows X (ej w)
as a function of nonnaJized frequency
The frequency
response of the digital filter is shown in Fig. I 2-35(d)
versus w. TI1e filter shown in Fig. 12-35(d) is a
discrete-time ideal lowpass filter with cutoff frequency
0 <
< TC. One period of H (eiw) is defined by

=

=

where H (ejw) is periodic with period 2TC. Now Y(ej t11 )
H (eiw) X (ei,;,) so in this example. the high frequencie::.
are removed by the filter as shown in Fig. l 2-35(c). The
ideal reconstruction filter is aJso shown as the gray box
in Fig. 12-35(e). Since it removes all frequencies outside
the band lwl ~ rr/T.,, the final output Fourier transform
is the transform shown in Fig. 12-35(f). As illustrated by
the example of Fig. 12-35, the net effect of the system of
Fig. 12-34 is that the Fourier transform of the output has
the form
Y(jw)

= Hcff(jw)X ,-Uw)

( 12.73)

where the overall effective frequency response is
(12.74)

=

Equation (12.73) holds only if X c(jw}
0 for Jwl ~
n/Ts; in other words, only if the input is bandlimited
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(a)

..w

~

(c)

w_.

-w,

-2w

~

(b)

w

- (JJ

2w

..w

...
{JJ

(d)

- 2w

(I)

T

...
w

(e)

$

-w.,·

2w

- 7~,

0

~
T,

w

(f)

...

w

F igure 12-35: Illustration of discrete-time filtering of a sampled bandlimited signal: (a) Fourier 1ransform ofcontinuous-time
bandlimited signal x,.(t ), (b) discrete-lime Fourier transform (DTFf) o f output signal from ideal C-to-D converter plotted as
(d)
a function of w, (c) DTFT of output signal from ideal C-to-D converter plotted as a function of normalized frequency
frequency response of ideal lowpass digital filter (plotted vs. w), (e) DTFf of output signal after digital lowpass filter and
frequency response of ideal reconstruction filter (plotted vs. w), and (f) Fourier transform of output of D-to-C converter.

w,
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and it is sampled at a high enough sampling rate to avoid
aliasing distortion. In the case of the discrete-time ideal
LPF in ( 12.72), the effective frequency response is

H,«(jw) -

!~

lwl _:: : Wco/Ts
otherwise

This result illustrates an important point implicit
in (12.74 )-the effective frequency response of the
overall system of Fig. 12-34 depends on the sampling
period Ts. In the case of the ideal lowpass filter of
Fig. l 2-35(d), we see that the cutoff frequency of the
overall effective system is Wco = Wco/T... Thus, if the
sampling rate increases, the effective cutoff frequency
increases proportionally, and vice versa.

which, of course, is the frequency response of an ideal
time delay system with delay td
10T. sec.
11

=

~

Example 12-9: Herr(jw) for First-Difference

Suppose that the discrete-time system is a fi rstdifference system described by y[n] = x[11] - x[n - l].
The corresponding frequency response is

Then if this system is used as the discrete-time system
in Fig. 12-34, and no aliasing distortion occurs in
sampling the bandlimited input signal, the overall
effective frequency response is

Herr(jw)
EXERCISE 12.16: In the example of Fig. 12-35,
the input signal is oversampled, i.e., Ws = 2rc / Ts > 2w,,.
In Fig. 12-35(t), some of the high frequencies are cut off
by the ideal lowpass digital filter. However, assuming
that Wco is fixed. it should be possible to choose Ws so that
y(t) = .x'c(t) for the example shown. Give a condition
that relates T.,. WL-o, and w,, so that y(t) = x'c(t) if Xc(jw)
is bandlimited as shown in Fig. 12-35(a).

Example 12-8: Herr(jw) for Time Delay

Let the discrete-time system be a I 0-sample delay
system defined by y[n] x[n - JO]. The frequency
response of this system is

■

~ EXERCISE 12.17:

Detennine the frequency
response of the discrete-time filter that, when used in
the system of Fig. 12-34, will give an overall effective
frequency response

Hcrr(jw)
~

= 2j sin(wTs/2)e- iw1'.. /2

=

1

IOOOrr < lwl < 2000,r

0

othenvise

1

when the sampling rate is w1

= 10000n rad/s.

=

H(ei<'»)

12-4 Summary

= e- iwto

Therefore, the overall effective frequency response for
bandlimited input signals that are sampled above the
Nyquist rate is

In this chapter, we have discussed three very important
applications of Fourier transform concepts-linear
filtering, amplitude modulation, and sampling. We have
shown that the multiplication and convolution properties
make the Fourier transfonn an ideal tool for analysis of
these systems.

12-5

PROBLEMS

38 1

Several of the labs in this chapter deal with the Fourier
series. Labs # 14a and #14b show that Fourier series
analysis is a powerful method for predicting the response
of an LTI system when the input is a periodic signal. The
design in Lab # l 4a is for a power supply with control over
the ripple. In Lab #l4b students design a bandpass filter
that produces a desired output sinusoid while reducing the
amount of distortion. Lab # 15 shows how to find Fourier
series coefficients using MATLAB's Symbolic Toolbox
(based on Maple). Then the symbolic Fourier series is
used to analyze the power supply from Lab# 14a. In Lab
# 16, students explore Amplitude Modulation so that they
can implement and demonstrate a functional AM system
that operates on a voice signal. Finally, in Labs #17 and
#18, the design and implementation of a modem based
on FSK (Frequency Shift Keying) is explored.

LAB: #14a, #14b, # 15, #16, #17, and #18
As usual, the reader is reminded of the large number
of solved homework problems on the CD-ROM that arc
available for review and practice.

P-12.2 If an ideal bandpass filter ha5 a passband from
to w002, as depicted in Fig. 12-8(b) on p. 353,
show that its impulse response can be represented as the
difference of two ideal lowpass filter impulse responses

Wcol

(12.76)

P-12.3 If an ideal bandpass filter has a passband from
Wcol to Wco2, as depicted in Fig. 12-8(b) on p. 353,
show that its impulse response can be represented as the
convolution of the impulse responses ofan ideal highpass
filter and an ideal lowpass filter as in
hbp(t)

= [ 8(t ) -

sin(Wco1f)]

-

-

,rt

-

sin(wc0 2t)

*- -1ft

(12.77)

where Wcol and W co2 are the bandpass cutoff frequencies.
What is the frequency-domain representation of (12.77)?

P-12.4 Consider the amplitude modulation system in
Fig. P-12.4(a) with a bandlimited input signal x(t) as

NOTE: Hundreds of Solved Problems

12-5

x(t)

Problems

= -sin(wcot)
- COS(Wol)
nt

LTI System

(a)
y(t)

h(t), H (j<v)

P-12.1 An ideal bandpass filter has a passband from
Wco l to Wco2, as depicted in Fig. 12-8(b) on p. 353. Show
that its impulse response can be represented as a cosine
modulated lowpass filter impulse response as in
hbp(t )

v(t)

(12.75)

Findwo and Wco in (12.75) in terms of the bandpass cutoff
frequencies Wcot and w002. Express Hbp(jw) in terms of
H 1p(jw) to obtain the frequency-domain representation
of (12.75).

cos( l 000,r1)

A

- IOOrr

O

(b)

100n

Figure P-12.4

(JJ
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ctepicted in Fig. P- l 2.4(b). Assume that the LTI system
has the frequency response of an ideal bandpass filter

FILTERING, MODULATION, AND SAMPLING

x(f)

v( f)

LTl System

(a)
y( t)

h(t), H (jw)

900n < lcvl < l OO0rr

cos(w,,,t)

otherwise
(b)

(a) Plot the Fourier transform H (j w) of the ideal BPF
specified above. Make the plot for both negative
and positive frequencies.
- CV,n

(b) Plot the Fourier transform V(jw) of the signal v(t)
at the output of the multiplier.
(c) Plot the Fourier transform Y(jw) of the output
signal y(t ) from the filter. Do not try to find y(t).

Q

Wm

•w

Figure P-12.6

(d) The output signal is called a "single-sideband"
signal. Can you justify this terminology?

(a) Plot th e Fourier transform VUw) of the signal v(r)
at the output of the multiplier. C learly indicate the
frequencies in V (j w) that correspond to the shaded
region in X(jw) in Fig. P- 12.6 (b).

Note that the negative frequency portion ofthe Fourier
transform X (jw) in Fig. P-12.4 (h) is shaded. Mark the
wrresponding region or regions in your plo1s of V(jw)
and Y(jcv).

(b) Plot the Fourier tran sfonn Y(jw) of the output
signal y(t) from the lowpass filter. Do nor r,y to
find y(r).

P-12.5 Refer to the single-sideband (SSB) system of
Fig. P-12.4. Draw a block diagram of a system that will
recover the original input. signal x(r) from the SSB signal
y(t ).
P-12.6 Consider the amplitude modulation system in
Fig. P- I 2.6(a) with a bandlimited input signal whose
Fourier transform is depicted in Fig. P- l 2.6(b). Assume
that the LTl system has the frequency response of an ideal
Iowpa~s fi lter

H (jw)

=

g

lwl ::::w,,,
otherwise

(c) Basing your answer on the plot obtained in part (b),
give a written statement of what this system does to
the spectn1m of the input X (jw).
(d) How cou ld you recover x(t) from y(t)? Draw a
block diagram of your solution.

P-12.7 The system in F ig. P-12.?(a) is called a
quadrature modulation system. It is a method of sending
two bandlimited signals over the same channel. The
demodulator in F ig. p. 12.7(b) wi ll recover one of the
two input signals.
Assume that both input signals are
bandlimited such that the maximum frequency is wm; i.e..
X 1 (jw) = Ofor lwl 2'.: WmandX2(jw) = Oforlwl ::'.:. Wm,
where Wm << We-
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(d) The signal w(t ) as determined in part (c) is the input
to an LTI system. Determine the frequency response
of that system so that its output is v(t) = x 1(t). Give
your answer as a carefully labeled plot of H(jw).

r(t)

(e) Draw a block diagram of a demodulator system
whose output will be x 2 (1) when its input is y(t ).
This requires that you change the mixer.

P-12.8 Consider the DSBAM demodulation system in
Fig. P- I2.8 where

(a)

w(t)

y(t)

LTI System

H(jw)

v(t)

=

g

lwl :'.::

Wco

lwl >

Wco

h(t), H(jw)

cos(wct)

y( t)

(b)

w(t)

LTl System

v(t)

h(t). H(jw)

Figu re P-12.7
cos(wct + </>)

(a) The output of the quadrature modulator in Fig. Pl 2.7(a) is y(t) xi(t)cos(w,.t) +x2(t)sin(wct).
Determine an expression for the Fourier transform
Y(jw) in terms of X1(Jw) and X2(jw). Make a
sketch of Y(jw). Assume simple (but different)
shapes for the bancllimited Fourier transforms
X ,(jw) and X 2 (jw), and use lhem in making your
sketch of Y(jw).

=

(b) From the expression found in part (a) and the sketch
Lhat you drew, you should see that Y(jw) = 0 for
lwl :::: cua and for !<vi ~ Wb. Determine w,, and Wb(c) Given the trigonometric identities 2 sin 0 cos 0 =
sin 20, 2 sin 2 0
(I - cos 20), and 2cos2 0
(1 + cos 28), show that in the demodulator in
Fig. P-l 2.7(b), the output of the mixer is

=

w(t)

= ½x1(t)[I -

Figure P-12.8

We have shown that if x(I) has a bandlirnited
Fourier transform such that X(jcv)
0 for lwl 2: wb
and Wr > Wt, and <I>= 0 and <.i>t, < W.:o < (2w,. - w1,),
lhen the DSBAM signal y(1) x(t) cos(w,.t) can be
demodulated by the system in Fig. P-12.8. That is,
for perfect adjustment of the demodulator frequency and
phase, v(I) = x(c). In the following parts, assume that
the input signal x(t) has a bandlimited Fourier transform
represented by the following plot:

=

=

=

cos(2wct)J

+ ½x2(t)sin(2wcr)

-Wb

O

Wb

JI

w
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(a) Now suppose that ¢ =I 0. Use Euler's formu la for
the cosine to show that
W(t)

= y(t) COS(<.1Jcf + </))
= x(t) cos(wct) cos(wct + ¢)
=

P-12.10 Figure P- 12. 10(a) depicts a system that is
designed to detect signals of two different frequencies
as in a frequency-shift keying (FSK) modem.
x(t)

w (f)

y(t)

½x(t) cos¢+ ½x(t) cos(2wct + ¢)

(b) From this equation obtain an equation for W (j w)
in terms of X(jw) and use this equation to make a
plot of W(j<v) for the given X (jw).
( c) From this plot, assuming W co
of V (jw) .

= wb, determine a plot

(d) From the plot of V (jw), obtain an equation for v(t)
in term s of x(t) and¢.

P-12.9 Using the same assumptions on X (jw) and We as
in Prob. P-12.8, consider the case when the modulator and
demodulator are in phase (¢ = 0) but the demodulator
carrier frequency is m ismatched by a smaJI amount A «
We as depicted in the block diagram in Fig. P-12.9.

y (t)

w(t)

LTI System

v(r )

h(t), ll(jw)
cos((w,. + t.)r)

Figure P-12.9

(a) Make a plot of W(jw) for the bandlimited X(j w)
given in Prob. P-1 2.8.

(b) Use this p lot to help you determine an equation
In this
for v(t ) in terms of x(t ) and A.
case, you will need to assume that th e cutoff
frequency of the ideal lowpass filter satisfies
(wb + A) < Wco < (2.wc + A - Wb),

(a)

I

!H(jw)
(b)

L ~ ~

)lo

w

Figure P- 12.10

(a) Suppose that the input signal to the system in
Fig. P- 12. lO(a) is x(t) x 1(t) cos(w1t ) where

=

=

w1 = We - wo with wo > 0. Using the frequencyshift property of Fourier transforms and the Fourier
transform of the cosine signal. determine and plot
the Fourier transform of the signal w(t ).

(b) Now suppose that the lowpass fi lter (LPF) in Fig. P12. JO(a) has frequency response as depicted in
Fig. P- 12. 10(b). Determine the smallest value for
wp and the largest value for W.1 such that the output
of the filter is
y(t )

= ½e- jcuot.

This will give the largest transition region between
passband and stopband and therefore the simplest
fi lter to implement.
(c) Show that for the passband and stopband frequencies found in part (b ), the overall output is a constant;
i.e., d(t) = d1 (t) =
sin(Wotd) ,

-¼
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(d) Now suppose that. x(t) = x 2 (t) = cos(W;?/) where
Wi
We+ wo and the cutoff frequencies of the filter
are the same as found in part {b). Show that the
overall output is again a constant but in this case,
d(t) = d2(t) = ¼sin(wotd).

=

1---=--...i

(f) Explain how you would implement the system

of Fig. P- 12. IO(a) using digital signal processing.
Draw a block diagram showing the signal x(t )
sampled with an ideal C-to-D converter followed
by a discrete-time version of the system in Fig. P12.1 0(a). For the input signals used in parts
(a)-(e), what is the minimum sampling frequency
f~amp = 1/Ts that can be used? For this sampling
rate, determine the frequency of the complexexponential signal e-i&,n and the nonnalized cutoff
frequencies of the discrete-time Jowpass filter that
will be needed.

x,(t)

(a)

H,(j(J))
00

p (t)

(e) Assume that the input signal can be either x 1(t)
or x 2 (t). Give a simple algorithm for determining
which signal was used.

LTI System

=

L

Gkejkwpt

n=-oo

rnr)

(b)

l. □ 'w □ . l
_3Tp

-Tp

_!.e_O'!e._

2

4

Tp

!I.e.

4

2

(c)

-200rr

O

200rr

w

Figure P- 12.11

(b) ShowthattheFourier transform ofxp(t )

= p(t)x(t)

is
P-12.11 Figure P- 12.11 (a) depicts a pulse amplitude
modulatum (PAM) system. In general, p(t) is a periodic
pulse signal with fundamental frequency w,, = 21r / T,,.
Therefore, it can be represented as a Fourier series
as shown in Fig. P- 12. 11 (a). For this problem, we
assume that p(t) is the periodic square wave shown in
Fig. P- 12. l l (b).

=

(a) Assume that x(t) cos(200rrt). Make a plot over
the interval O _::: t _:s 0.02 of the signals x(t ). p(r),
and Xp (t) = p(t)x(t) . Assume that w,, 500n
in making your plots of p(I ) and xp(t). Observe
that multiplication of x (t) by the periodic square
wave has the effect of switching x(t ) on and
off periodically with period T,, = 1/250 = 0.004
seconds.

=

00

X p(jw)

=

L

akX (j (w

- kwµ))

k=-oo

(c) For the input x(t) with Fourier transfonn X (jw)
depicted in Fig. P- 12.ll(c), make a sketch of
X p(jw) when wp = 2rr/Tp = 500,r.
(d) If the frequency response of the LTI system is

H,Uw)

=

(i

and w,, = 21r / T,, = 500,r, use the result of part (b)
to detemline the gain G and the cutoff frequency
Wco so that x,(t) = x(t ).
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(e) Determine the 111i11im11111 value of w,, and the
corresponding values of G and Wco, such that
Xr (t)

= x(I).

x(r)
1 - - --.-1

LTI System

(a)
Xr(t)

H,(jw)

(f) T his system would work in essentially the same
way if p (t) was changed to almost any periodic
signal with fundamental frequency w,,. However,
one important condition must be satisfied by the
Fourier series coefficient a0 . What is that condition?

P-12.12 The derivation of the sampling theorem
involves the operations of impulse train sampling and
reconstruction as shown in Fig. P-12. 12(a).
(a) For the input with Fourier transform depicted in
Fig. P- 12. I 2(b), use the sampling theorem to choose
the sampling rate w, = 2rr /~.. so that xr(t) = x(t )
when

. = IT,O

H,(JW)

lwl :5 rr/T,
lwl > re/Tr

Plot X., (jw) for the value of
equal to the Nyq11is1 rate.5

=
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Ws

(12.78)

= 2rc/ 1:

1

that is

=

(b) ff w., 2n/Ts
I00rr in the above system and
X(.iw) is as depicted above. plot the Fourier
transfonn X_,(Jw) and show that aliasing occurs.
There will be an infinite number o f shifted copies of
X (j w) . so indicate the periodic pattern as a function
ofw.
(c) For the conditions of part (b}, determine and sketch
the Fourier transform of the output X,.(jw) if the
frequency response of the LTI system is given by
(12.78).

00

p(r)

= I )(t - ,,-,:,>
ll=-00

(b)

-801T

.

80rr

(J)

Figure P-12.12

P-12.13 T he input signal for the sampling and
reconstruction system in Fig. P-I 2. l 2(a) is

x(I) = 2cos(I00.1rt - rr/4) + cos(300m + rc/3)
for -oo < I < oo. The frequency response of the lowpass
reconstruction filter is

. l

Hr(Jw)

=

Tr
O

lwl :5 rr / T.f
lwl > 1r

where Ts is the sampling period .
(a) Determine the Fourier transform X(jw ) and plot
the Fourier transform Xf(jw) for -2rr/Ts <
w < 2rr / Ts for the case where 2rc / T,,
I000.rr.
Carefully label your sketch. What is the output x,.(/)
in this case?

=

=

2rr/ T, = 500rr. Determine
an equation for the output x,.(t).

(b) Now assume that w.

(c) Is it possible to choose the sampling rate so that
Xr (t)

5Remember that the Nyquist rate is the lowest possible sampling
rate that does 001 cause aliasing.

O

=A+ 2cos(l00rrt - rc/4)

where A is a constant? If so, what is the value of Ts
and what is the numerical value of A?

12-5
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P-12.14 All parts of this problem are concerned with
the system shown in Fig. P-1 2. 14 .

LT!
y [n]
System

x(t }
Ideal x [n]
X(jw) C-to-D

ld~ 1l

y(t )

P-12.15 Consider the system for discrete-time filtering
of a continuous-time signaJ shown in Fig. P- 12 .1 4. The
Four ier transform of the input signal is shown in Fig. P12. 15(a), and the frequency response of the di screte-time
syste m in Fig. P- 12. 14 is shown in Fig. P- 12. 15(b ).

D-to-C Y(jw}
(a)

H(ei'-.,). h [n]

ls=*
Figure P-12.14

- 80JT

ln all parts of this problem, ass ume that X (jw) = 0
for )wl ::: 1000rr. rn addition, assume that the C-to-D
and D-to-C converters are ideal; i.e.,
x [n]

= x (nT),

y(t )

=

11=-00

T,

S

(a) Supp ose that the discrete-time system is defined by
y ln I = xfn]. What is the minimum value of 2rr / Ts
such that y(t ) x(t)?

•w

80rr

(b )

f

~
sin (1 - n T5 )
L, vln]- ·--.
.!!..(t - n T.)

O

I

,,
5;r
J;r -JT
-2
-T 'be - T
I

·r11•i
0

71

!

I

1T

3,r

T

I

2rr

I.

51r
2

OJ

Figure P-12. 15

=

(b) Suppose that the LTI discrete-time system has
10
syste m function H (z)
, and assume that
the sampling rate satisfies the condition of part
(a). Determine the overall effective frequency
response lftrr(Jw) and from it detennine a general
relationship between y(t ) and x (t ).

= ::-

(c) The input/output relation for the di. crete-time
system is

yfnl = ½<x [n]+ x [n

- l] +x[n -2])

For the value of T_,. chosen in part (a), the input
and output Fourier transforms are related by an
equation o f the form Y(jw) = Hcrr(jw) X (jw).
Find an equation for the overall effective frequency
response HcrrUw). Plot the magnitude and phase
of H crrUw). Use MATLAB to do this or sketch it by
hand.

(a) Assume that the input signal x(t ) has a bandlimited
Fourier transfonn X (jw) as depicted in Fig . P12. 15(a). For this input signal, what is the smallest
value of the sampling frequency f , = I/ T,1 such that
the Fourier transfonns of the input and output satisfy
the rela1ion Y(jw) = H.,rr(Jw)X(jw)?
(b) Assume that the discrete-time system is an ideal
lowpac;s d iscrete-time filter with frequency response
H (ejw) defined by the plot in Fig. P- 12. 1S(b).
Recall that H (ejw) is periodic with period 2rr as
shown.

Now, if f , = 100 samples/sec, make a carefully
labeled plot of Hc1r(Jw), the effective frequency
response of the overall system . Also plot Y( jw),
the F ourier transform of the output y(t ), when the
input has Fourier transform X (jw) as depicted in
the graph Fig . P-1 2. I 5(a).
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(c) For the input depicted in Fig. P- 12.lS(a) and the
system defined in Fig. P- l 2.15(b), what is the
smallest sampling rate such that the input signal

FILTERING, MODULATION, AND SAMPLING
passes through the lowpass filter unaltered; i.e.,
what is the minimum ff such that Y(jw)
X (jw)?

=

C H

E R

Computing the
Spectrum
Througho ut this text, as we studied sampling, linear
filtering, and modulation, we have seen the value of
frequency -domain analysis. The spectrum concept is
fundamental to this way of thinking about signals and
systems. Although we gained a great deal of insight
from simple signals whose Fourier transforms (spectra)
could be determined by evaluating the Fourier integral,
most signals that arise in practice cannot be described
by simple equations that can be looked up in a table or
plugged into a Fourier integral. Therefore, if we want
to apply the concepts that we have introduced iu this
!ext to real applications, we must address the problem of
determining the spectrum of a signal tJ1at might arise in
a practical setting.
Spectrum analysis via ilie fast Fourier transform (FFf)
algorithm is the most likely situation in which an engineer
or scientist would apply Fourier transform theory in
practice. Nowadays, when signals are recorded from

a system, the recording is almost always digital with
an A-10-D converter digitizing the signal before placing
1t 111 computer storage.
The process of computing
the spectrum of the recorded signal generally amounts
to ru11ni11g a Fourier tra11sfonn program based upon
the FFf. In effect, ilie Fourier transfom1 in1egral is
approximated or estimated by a compulational algorithm.
The FFI' is particularly attractive not only because it
has a well-understood interpretation as an approximation
to the Fourier transform integral, but also because it
runs significantly faster than other methods. For this
reason, the FFT is used by experts a nd neophytes alike
to extract the spectral content of signals, and gain
unders1anding of their data. However, FFT spectrum
analysis is not without some notable pitfalls. With a
signal processing viewpoint, it is possible to understand
how the FFf approximates the Fourier transform integral,
and thus avoid embarrassing misinterpretation of data.
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This chapter provides an introduction to these issues so
that ·'computing the spectrum" leads to well-informed
interpretation of data.
In addition to describing the technical details of
spectrum computation, the primary goal of this chapter
is to show how an FFT-computed spectrum relates to
the "true" spectral content of a signal given by the
Fourier transfonn integral. A secondary goal is to
introduce the rudimentary ideas of what is commonly
called time-frequency analysis. In one type of timefrequency analysis, we analyze a very long signal by
doing many short FFfs, which are then assembled
into a single grayscale image, called a spectrogram.
The resulting image shows the spectrum analyst how a
localized frequency spectrum evolves with time. True
understanding of the spectrogram requires study at an
advanced level, but our discussion should help the reader
to appreciate the limitations as well as the power of
time-frequency spectrum analysis and perhaps provide
motivation for further study.

13-1

Finite Fourier Sum

We have seen that the Fourier transform of a continuoustime signal .t'r(t) defined as 1

The Continuous-Time Fourier Tra11sfonn

f

00

Xc(jw)

=

x,.(t )e- i 1•>1 dr

( 13.1)

-oc

is the formal mathematical embodiment of the spectrum
concept introduced in Chapter 3 and used throughout this
text. Because the spectrum is so useful. it is natural to
want to be able to dete1mine the spectrum of a signal even
if it is not desc1;bed by a simple mathematical formula.
l We will use the subscript c when we need toemphasi1.c thal Xc(I)
is a function of a continuou~ time v:uiable.

COMPUTING THE SPECTRUM

fndeed, given the power of digital computation, it would
be handy to have a computer program that could calculate
the spectrum from samples of a signal.
One simple approximation to (13. 1) can be obtained
by replacing the integral by a sum. This is justified
by the fact that the Riemann integral is derived as the
limit of a sum of samples of the integrand function.
The Riemann sum becomes the Riemann integral a5, the
spacing between samples approaches zero. With finite
spacing between the samples, we get a sum ( 13.2) that
approximates the integral in ( 13.1)
00

X c()w)

=

L

Xc(nT.,)e-j"",T,T5

( 13.2)

11=-oc

where we have replaced r by nTs, dr by the time
increment between samples, Ts, and the integral by
a sum over the nonzero samples of the integrand
xc(n1~)e-i'"" 7• . As T., ➔ 0, this sum becomes a very
good approximation to the Fourier integral of a smooth2
function, although there is always some approximation
e1Tor when Ts is nonzero. There are two other major
issues with ( J3.2). First, w is a continuous variable. but
we cannot compute ( 13.2) for all values of w. We must be
satisfied with a finite set of frequencies, denoted by wk.
Second. the limits on the sum in (13.2) are infinite, which
means that the sum is taken over all nonzero values of the
integrand. An infinite duration signal x,.(t) would require
an infinite sum, but we have to limit the sum to a fini te
number of tem1s in order to compute it. For example, we
could compute an approximation to the Fourier transform
of a right-sided signal by using the equation
L -1

Xc(Jw,J = T, I: xfnle-iw,,,T,

( 13.3)

11= 0

2By virtue of the sampling involved in ( 13.2), we implicitly
a<ssume a bandlimited signal for Xc(I), and such signals :ue very
smooth.

J3-2
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The upper limit L would have to be large enough so
that the signal samples xln I = Xc(IITs) are either zero
or negligibly small outside the interval O ~ nT.r < LTs.
We can choose a finite set of frequencies, {w1.:}
for analysis, but which frequencies should be used to
evaluate (13.3)? Because the approximation of (13.3)
is based on sampled data x [ n] = x,. (n Ts), we know that
there must be an underlying periodicity 3 to the spectrum
Xc(jwk). Therefore, it wi ll be necessary and sufficient
to limit our evaluation to a band of frequencies of width
w., = 2JT /Ts . For reasons that will become apparent, it
is common to choose that interval to be

2JT
Ts

0 <w,. < -

-

'

and to evaluate ( 13.3) at the N equally spaced frequencies

2rrk

k=0.1, . . .. N-1

Wk=-

NTs

Note that ( 13.6) is a function only of k, which is the
discrete frequency index.4 Equation (13.6) is called the
discrete Fourier transform or DFT in recognWon of the
fact that it is indeed a Fourier- like transformation, and it
is discrete in both time and frequency.
GeneraJly, we ac;sume that L
N in ( 13.6) because,
when L = N, we have an exact inverse discrete
Fourier transform and also efficient algorithms that exist
for computing the N complex numbers specified by
( 13.6). T hese algorithms for implementing the efficient
computation of the DFr are collectively known as thefast
Fourier transfomz or FFT. In MATLAB, the computation
of (13.6) is done by the function called f f t ( ) . We wi ll
have more to say about the FFf in Sections 13-5.3 and
13-9 after learning more about the properties of the DFT
and its use in spectrum analysis.

=

(13.4)

13-2 Too Many Fourier Transforms?

Substituting (13.4) into (13.3) leads to

~ .t: j 2nk
T,

(

NT, )

l-1

= Lx[11]e- i<2rrk/NJ11
,,_=()

(13.5)

=

for k
0, 1, ... , N - 1. Equation (13.5) is the finite
"Fourier sum" that we have been seeking.
lf

(1;;;,),

=

we define XlkJ
( 1/Tv)Xi·
then Xlk] is an
approximation to (1/Ts)X(jw) at a discrete set of
frequencies Wk
2rr /(NT_,), and X[k) can be obtained
by a finite computation specified by the right-hand side
of ( 13.5), which we write as

=

The Discrete Fourier Transform
L-t

X[kl

= I : x[n)e- iC2rr/N)k,r

(13.6)

,r=(J

k

= 0, I , ...

,N- I

3 With sampling, we can expect that if the signal is not bandlimited.
aliasing would also be an issue in determining the accuracy of the
approximation in ( 13.3).

Often students protest with some justification that there
are too many Fourier transforms to learn. Indeed, at
this point. it may seem that there is a d ifferent Fourier
transform for each type of signal. ln a sense this is true,
but it is really not as confusing as it may seem. We
have just defined the OFT (discrete Fourier transform)
in (13.6) and noted that it is a Fourier transfo1m where
both time and frequency are discrete.
We arrived
at the OFT by considering an approximation to the
CTFT (continuous-ti me Fourier transfonn), which is the
appropriate choice when both time and frequency are
continuous variables. In Chapter 1 1, we showed that
the continuous-time Fourier series can be considered
a special case of the CTFT where time is continuous
and frequency is discrete. Finally, in Chapter 12, we
4
Because of the frequency-domain periodicity resulting from
sampling of Xc(I), Lhe frequencies Wk
2rrk/(NTs) for N /2 <
k ~ N - 1 actually correspond 10 the negaLivc J"requencies wk -N =
2ir(k - N)/(NTs> o f Xc(jw). We will discuss this point further in
Section 13-5.

=
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Table 13-1: Types of Fourier transforms.

Discrete
Frequency
Continuous
Frequency

Discrete-Time

Continuous-Time

DFr, X[k]

Fourier { }
Series ak

DTFf, X (ei&)

CTFT, Xc(jw)

introduced the DTFf (discrete-time Fourier transform)
for the situation where time is discrete and frequency
is a continuous variable (see Table 13-1 ). While the
definitions of these Fourier transforms are superficially
different and while it is important to comprehend the
subtle distinctions implicit in the tem1inology, the basic
structure is the same for all, i.e., the signal is multiplied
by a complex-exponential signal with variable frequency
and the product is either summed or integrated depending
on whether the time variable is discrete or continuous.
This accounts for lhe fact that the basic propenies of the
different transforms are very similar; e.g., convolution
in the time-domain always implies multiplication in the
frequency-domain, and delay in time always implies
multiplication of the Fourier transform by a complex
exponential in the frequency-domai n.
Not surprisingly, these different Fourier transforms are
related through sampling. Indeed, our understanding
of sampling and aliasing is heavily dependent on a
frequency-domain point-of-view. So before we can
understand how the Fourier spectrum of a signal can be
computed using the DFf, we need to understand how
the DFr, the DTFr and the CTFT are related. The
key result has already been derived in Section 12-3.5,
where it was shown that the DTFT of a sampled signal
is equal to the sum of an infinite set of shifted and scaled
copies of the CTFr of the continuous-time signal. (See
(] 3.8) below.) This implies that if the continuous-time
signal is bandlimited, then each period of the DTFI of

the con-esponding sampled signal is a pe,fect (scaled)
copy of the CTFT. We will see that this is what allows
us to estimate the Fourier spectrum of a continuous-time
signal by using digital computation.
In this section, we will review and summarize the
relationships among the different Fourier transforms that
we have discussed. This will serve as the basis for a
deeper understanding of spectrum analysis of sampled
signals.

13-2.1

Relation of the DTFT to the CTFT

The Fourier transform of a discrete-time signal xfn] is
cal1ed the discrete-time Fourier tra11sfon11 (DTFT)
The Discrete-Time Fourier Tra11sfonn
00

X (ei"')

=

L

x[n]e- i"'"

(13.7)

11=- CX>

The DTFT is a function of a continuous frequency
variable w and X (elw) is always periodic with period
2JT. If the sequence x[n] was obtained by sampling a
continuous-time signal Xc(t ) with sampling period T,11
then x[11] Xc(nTs ), We showed in Section 12-3.5,
equation (1 2.61) on p. 376, that the DTFT of x{n] and
the CTFr of x,.(t) are related by

=

=

where Ws 2.rr/Ts.
In the particular case of a bandlimited signal
0 for lwl:::: rr/'fs, the shifted copies
where X,.(jw)
X cU (w- ew,)) do not overlap (i.e., no aliasing distortion
occurs). As a result, it is true that

=

. T.

X(e1 "' • )

1

= -Xc(jW)
Ts

for

lwl < .rr/Ts

(13.9)

13-3
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13-2.3
X ,.(t )

X(eiw

xfn]

C-to-D

To make the connection between the OFT and the CTFT,
we combine (1 3.8) and (J 3.ll ) to obtain

DTFT

Conve11cr

t

T.,

Relation of the OFT to the CTFT

X [k]

= 1//~

Figure 13-1: Computing lhe Fourier transform of a
sampled signal by computing the DTFT. When the input
Xe(/) is bandlimited and the sampling rate is above lhe
Nyquist rate, the DTFT is proportional to the CTFT; i.e.,
. T
I
X(e1"' ') = - X c(jw).

Ts

This important result states that the CTFf of a
bandlimited signal cao be determined to within a constant
multiplier by determining the DTFf of its samples,
x [nJ = Xc(n Ts). This is the basis for using digital
computation in spectrum analysis. Figure 13-1 shows
how the DTFI' would be used to compute t11e spectrum
of a continuous-time bandlimited signal .

13-2.2 Relation of the OFT to the OTFT
The OFT is sampled io frequency, so how does the OFT
fit into this picture? If we only consider finite-length
sequences x [n] such that x[n] i- 0 within the interval
0 ~ 11 ~ L - l , lhen the DTFr is

= X (ej(2ir/N)k) = X (eiwT,) Iw=Nf'i
1:zt

The mathematical relationship ( 13. 12) between the OFT
ofa finite segment ofa sequence of samples and the CTFT
of the corresponding continuous-time signal involves
three issues:
• The OFT is a function of the frequency index k which
can be related to a CTFf frequency, Wk, via
(13.13)

• The OFT uses only a fin ite-length segment of the
sampled signal.
• The OFT evaluates the spectrum at only a discrete set
of frequencies.

Jn the next section, we will address the finite-length issue,
because it has the biggest impact on the appearance of the
spectmm.

l. -1

X(eiw)

= I: x [n]e-iwn

( 13.10)

13-3 Time-Windowing

n=O

The DFf is obtained from the DTFf by evaluating
( 13.10) at a discrete set of equally spaced frequencies
wk = (2n / N)k, fork = 0, I , ... , N - I
L-1

X(ei (2,r/N)k)

=

L
11=0

xLn ]e- i< 21r fN)kn

= X[k]

(13. 11)

In order to use the OFT to determine the spectrum of
a sampled signal, the length of the sequence must be
finite. If the signal is infinitely long, we would have to
select a finite number of samples for Fourier analysis, but
we are free to choose any finite segment of the complete
sequence. It is possible to represent this selection process
as t11e multiplication of the complete sequence x[n] by
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C-to-D

C-to-D

DFr

Converter

Tr = 11 !.,

T..

Figure 13-2: Discrete-time spectrum analysis usi11g limedomain windowing and the DFf. The window w[nl
should be a finite-length sequence.

another sequence w[n] that is genera)ly called a data
window, or simply a window. For example, the window

otherwise

DFr

W,:( I )

w[11]

0::::n.::::L-1

i[n]

Converter

(13. 14)

Figure 13-3: EquivaJenl ~)'stem for discrete-time
spectrum analysis using continuous-time windowing.

helpful to point out that the windowing operation can be
applied either to the d iscrete-time signal as in Fig. 13-2,
or to the original continuous-tin1e signal as shown in
Fig. 13-3. AU that is required for Figs. 13-2 and 13-3
to be equivalent is that the window sequences be related
by w[n]
wc(nT5 ). If this is true. then it follows that

=

iln]
is zero everywhere outside of a finite interval. The block
diagram in Fig. 13-2 shows the signal Xc(t) being sampled
to produce the sequence x [n J, which is then truncated
in time by the data window. lf the window is w[n] in
( 13.14), then xln] in Fig. 13-2 consists of l samples
from x[n J.
The window in (13.14) is often called the rectangular
window because of the shape of its plot. As defined in
( 13.14). the rectangular window is most usefu.l for causal
signals that start at n = 0, but shifted versions of the
rectangular windows can also be used. Note that we
have used L for the length of the window. Often L
N,
the DFr length; however, there is no need to make this
restriction unless an invertible DFT is needed, in which
case L should satisfy L :::: N.
Figure 13-2 makes it clear that the DFT computation
is really the computation of "the DFT of the windowed
signal" x[n] = w[nlx[n]. not the signal x[n l. Thus,
understanding the spectrum computed by the DfT
requires understanding how time-windowing changes the
Fourier transfonn of the signal. To facilitate this, it is

=

= ll f s

= Xc(nT,)

= Wc(nT,)x(nTs) = w [n]x[n]

(13.15)

making Figs. 13-2 and 13-3 equivalent.
For example, if the di crete-time window is the
rectangular window in (13.14), then an equivalent
continuous-tim e data window would be
~ T
otherwise

0 :::: r

(13. 16)

where (L - l)Ts < T < LT,.
We are now ready to explore the effect of timewindowing on the Fourier spectrum computation. To
do this, we examine the DFT of the windowed sequence
x[n] as defined by
L- 1

X(ei"'11~)

=L

W[n]x [n]e-jw,T,n

11= 0

(13.17)

0 ::::k:::: N - 1
where the analysis frequencies are wk = 2nk/(NT5 ).
The window sequence w fn] imposes finite limits on the
sum so that ( 13.17) can be computed with the FFT.

13-4
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.. _ EXERCISE 13.1: Show that the continuo us-Lime
windowing operation Xc(t) = u1,. (t)xr(t), when viewed
as a system with input x,.(t) and output Xr(t), is a linear
system. Also show that the windowing system is not

where X 1 = A I ei~,. Using Lhe frequency-sh ift property
of the CTFT, it follows Lhat the Fourier transform of.,\.(t)
IS

X,.(jw)

=

+ tx,W..(j(w - wi))
+ ½X t W,.(j(w + w , )) (1 3.21)

AoWr(j<u)

rime-i11va,-;ant.

13-4 Analysis of a Sum of
Sinusoids
To illustrate and analyze the effects of time-windowing,
we w ill consider a specific example from which we can
draw some general conclusions. Let the signal be

where W,.(jw) is the CTFT of the window. From (13.2 1)
we can see that lhe e ffect of time-windowing a sum of
complex exponentials is to create a set of frequencyshifted copies of W"(jw). each scaled by the complex
amplitude of the original complex-exponential term. If
( 13.18) contains more sinusoids at different frequencies.
Lhen (13.2 1) will contain more shifted and scaled copies
of w ,.(jw).

( 13. 18)
for -oo < t < oo. This clearly is a bandlimited signal.
and it is representative of all sig nals that can be written
as a finite sum of sinusoids. Therefore, by choosing the
sampling rate such that w, 2;rr/ T., > 2w1 we can be
assured that no aliasing distortion results from the initiaJ
sampling in Fig. J3-2. The Fourier transform (CTFr) o f
this signal is

=

Xc(jw)

= 2n A0o(w) + 7C X 18(w -

'<>"" EXERCISE 13.2: Suppose that the input to the
spectrum analysis system of Fig. 13-2 is
R

x ,.(t )

= Ao+ L Ar cos(wrt + ¢,)

( 13.22)

r=I

Detennine an expression for the Fourier transform o f the
w,.(t )x, (t) .
windowed signal i c(t)

=

w,)

+.1rX~o(w+w1)

( 13. 19)

=

where X 1 A I el¢, is the complex amplitude representation of the cosine at frequency w 1 • Note that in this
case, the spectrum consists of three isolated spectral
components represented by impulses at DC and at ±w1,
the positive and negative frequencies of the sinusoid.
Now consider a new signal Xc(l) formed by timewindowing ..1:c(t )

Jo'- EXERCISE 13.3: Show that the CTFT of WR(t)
in (13. 16) is

.
WR(jw)

=

sin (wT/ 2) - j,,,712
(w/2) e

( 13.23)

The rectangular window given by ( 13.16) is plotted in
Fig. I 3-4(a). The magnitude of its Fourier transform
1 . l-lsin(wT/2)1
(w/ )
1ii R(jw) -

2

( 13.24)

( 13.20)

= A oW e (t ) + 2IX 1We (t ) e Jw,t + 1I X*1W,: (f) e -Jm11

is plotted in Fig. 13-4(b). Note that the frequency
width is inversely proportional to the duration of wn(t).
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(a)

0

g;

-y

•

T

~_:
67r

4,r

-y - y

2Jr

-y

O

2rr

T

41r

T

6rr

T

Br.

T

Figure 13-5: Wavefonn of sinusoidal signal Xr(t) ==
0 .5 + 0.8 cos(w1t ). Dark black line indicates portion
selected by the rectangular window.

w

Figure 13-4: (a) Rectangular time window and (b) its
Fourier transform. The part of the p lot from -2,r / T to
2,r / T is the mainlobe, while the sidelobes are evident for
lwl > 27'(/T.

A measure of the frequency width of WR (jw) around
= O is often taken to be the width of the mailllobe
between the first zero crossings, which is b.w 4rr / T
in this case. We can see that as T increases, the time
window becomes longer but b.w decreases, so the Fourier
O.
transfonn becomes more concentrated around w
Also note that the sidelobes have significant amplitude.
In the case of sinusoidal signals like ( 13.18) and
(13.22), the effect of time windowing is to replace each
impulse in the spectrum by a scaled and shifted copy
of WR(jw ) whose magnitude is shown in Fig. 13-4(b),
thereby "blurring" and spreading the sharp spectral lines
of the ideal bandlimited spectrum. This is illustrated by
the following example.

w

=

=

~

Example 13·1 : Numerical Example

=

Consider the special case of (13.18)
Xc(t)

= 0.5 + 0.8 cos(w 1t )

=

duration T chosen so that the frequency of the cosine
component satisfies w 1 = 3 b.w = 12rr / T. The effect
of time-windowing is shown in Figs. 13-5 and 13-6.
Figure 13-5 shows the signal Xc(t) defined in (13.25).
The part of the signal with the black solid line is the
part selected by the rectangular window in Fig. 13-4(a).
The light gray part of the signal is the part of the ideal
bandlirnited cosine signal eliminated by the window.
Figure I 3-6(a) shows the Fourier transfom1 of the
ideal bandJimited cosine signal, Fig. I3-6(b) shows the
magnitudes of the three terms in (13.21), and Fig. 13-6(c)
shows the magnitude of X c(jw), the (complex) sum of
the three terms in ( 13.21 ). If we compare Fig. 13-6(a)
to Fig. 13-6(c), we observe that the perfectly sharp
spectral lines represented by the impulses in the ideal
spectrum have been blurred by the windowing operation.
Furthermore, since the Fourier transform of the window
Wc(jw) becomes more concentrated as the time window
becomes longer, it follows that the way to improve
the frequency resolution (reduce the blurring) is to
use a longer time window. Indeed, since the width
of the Fourie r transform of the window is roughly
b.w
4rr/ T, it follows that the impulses in the ideal
spectrum must be at least b.w apart in frequency. or
else the shifted copies of the Fourier transform of the
window will o verlap in forming X c(jw). Since in this
case, w 1 3~w. the DC component and the complex-

(13.25)

=

=

That is, Ao= 0 .5, A 1 0.8, </>1 = 0, so that Xi
Ai
0.8. The rectangular window is used with a window

=
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(a)

(2,r Ao) (rr XI)

0

WI

IAoWc(jw)I

w

0

(a)

..

T

(b)
(b)

(c)

8,r

-y

w

Figure 13-6:

Spectrum of sinusoidal signal with
rectangular window. (a) Fourier transform of infiniteduration cosine signal; (b) Fourier transform magnitudes
of individual windowed complex-exponential terms: and
(c) Fourier transform magnitude of windowed cosine
signal.

exponential component~ at ±w1 are separated enough
that we see three distinct peaks in the spectrum of the
windowed signal. Each of these peaks is located close to
one of the frequencies in the signal, and the height of each
peak is approximate ly proportional to the amplitude of
the corresponding complex-exponential component. ■
One of the major shortcomings of the rectangular
window is that its sidelobes are relatively high and could
be confused with low amplitude peaks due to other
signals. The Hamming window5 (and other tapered
shapes) eases this sidelobe problem at the expense of a
5Named for its inventor Richard W. Hamming

6rr

4rr

-y - y

211

-y

0

211

T

4,r

T

6_;,-

T

8,r

T

w

Figure 13-7: (a) Hamming time window and (b) its
Fourier transform magnitude. The part of the plot from
-4rr / T to 4rr / T is the mainlobe, while the sidelobes are
hardly visible over the range lwl > 4rr / T.

wider mainlobe. The definition of the Hamming window
shown in Fig. J3-7(a) is

U111(t)

=

0.54 - 0.46 COS (2; l)

10

O~t ::: T
otherwise
(13.26)

Observe that the window tapers to near zero rather
than dropping abruptly at the edges like the rectangular
window. In the frequency-domain, Fig. l3-7(b), the
mainlobe of WH(ja>) is twice as wide (L!.w = 8rr/ T) as
that of WR(ja>) for the rectangular window. On the other
hand, the sidelobes are much lower-for the Hamming
window they are not even visible in Fig. I 3-7(b). Like
the rectangular window, increasing the window's time
duration T decreases the frequency width of its main lobe;
the sidelobes will remain at the same low level.
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IX.-(jw)I
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w

Figure 13-8: Effect of using the Hamrrung window.

~~ ~ ~ ~~

- w1 Q

Th e spectrum will look different depending
upon which time window is used.
For the Hamming window, Fig. 13-8 shows the Fourier
transform of Xe(/)= WH(t)x(r) when x(I) is given by
( 13.25) with T and Wt the same as in Fig. 13-6. This
plot has no confusing ripples caused by sidelobes, but
a comparison to Fig I 3-6(c) shows that the blurred
spectrum lines are about twice as wide as those for the
rectangular window.
No matter whether we use a rectangular or a Hamming
window, if too much overlap occurs, we will no longer
see d istinct peaks around each of the original frequencies.
This is illustrated in Fig. 13-9 where the three individual
peaks merge into one wide spectral peak in Fig. I 3-9(b).
In this case, Wt
3-;r/T and the overlapping
copies of W n(}w) fi ll in the entire region around w = 0.
As a result, the complex-exponential components at ±w1
are not resolved from the DC component.
The phenomenon illustrated by Figs. 13-6 and 13-9 is
often called the u11certai11ty prillciple of Fourier analysis.
Specifically, in order to resolve all the frequencies in
a sum of sinusoidal components, we need to take a
window length T such that mainlobe width b.w is less
than the minimum spacing between adjacent sinusoidal
frequencies. For the rectangular window, ~w = 4rr / T,

= ¾~w =

(b)

~ ~~ ~ ~

WJ

►

w

Figure 13-9: Spectrum of sinusoidal signal for short time
window. (a) Fourier transform magnitudes of individual
windowed complex-exponential terms and (b) Fourier
transform magnitude of w indowed cosine signal. (Scale
enlarged compared to Fig. 13-6.)

but if we use a Hamming window, the window length
must be roughly twice the length of a rectangular window
in order to have the samefrequenc:y resolution power.6

13-4.1

DTFT of a Windowed Sinusoid

Our main objective is to have a method for computing
the spectrum. so we must use a system such as
Fig. 13-2. where the windowing is applied ofter the C-toD converter. The actual calculation will be frequency
samples of the DTFT of the windowed discrete-time
sequence
00

X(e1'"'- 7• )

=

L Wr[nlx[n]e- jwtT,,,

(13.27)

11=-00

611,e mainlobe width can he mea~ured in different ways. For
example. if it were defined as the frequency width at the halfamplicude level, the result would be 2.4hr/ T for IWR(jcv)I and
3.63rc/ T for IWH(jw)I. which implies that the Hamming window's
dur.nion must be 1.5 times thm of the rectangular window to obtain
comparable frequency resolwion.
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=

=

evaluated at N frequencies, Wk
2rrk/ NTs, k
0, I , ... , N - I. Normally, the DTFf is a function of
the discrete-time frequency
but we have made the
substitution w= wTs so that the spectmm X(ei<vT, ) is
a function of continuous-time frequ ency in rad/s. For
the specific case of Xe(/) in (I 3. l 8), the computed
spectrum would be as shown in Fig. 13-10. The
number of freq uency samples is N = 32, and the
sample values are indicated with dots over the region
0 ::: w < w 5
2,r / T5 • The smooth curve is the DTFT
that would be obtained if N - oo. The dots are the
DFf samples.
Since the spectrum in Fig. 13- IO differs significant) y
from the true spectrum of the bandlimited input signal,
it is worthwhile to point out the major differences and
the reasons for these differences. First. 1he spectrum in
Fig. 13-10 is periodic versus w. Such periodicity always
occurs in the DTFT of sampled signals because the DTTT
X (eiw) is the periodic repetition of the CTFT Xc(}w)

w,

=

.

X(e 1"'7 • )

I

=T

x ,.(j(w - ew.,))

, l=- oo

A plot of the DTFT X (eiwT, ) would have copies of the
spectrum centered at ±ws, ±2w5 , and so on. Second, the
spectrum exhibits the effects of windowing. The DTFT
of the time-windowed signal, x[11]
w,.[n]x[n] , can be
obtained by using the frequency shift property

Figure 13-10: DTFf of windowed and sampled
sinusoidal signaJ. The DTFr magnitude IX(eiw. T, )I was
evaluated at 32 frequencies w1. = 2ir/ (32T5 ), which are
shown as dots on the smooth curve.

13-5

= AoW,(eitl)T, ) + ½X 1 W, (ei fo, - wi>7; )
+ ½xrW,(eit1,1+wi>T, )

( 13.28)
where W,.(ei,;,) is the DTFT of the sampled rectangular
window. w,lnl in ( 13.14). The shape of IW,(eiw) I is a
which looks very similar to
Dirichlet function versus
the sine function shape for I WR(jw)I, the magnitude of
the CTFf of the continuous-time window. wR(t). For
large L the Dirichlet and the sine are essentially identical
in the mainlobe region.

w,

Discrete Fourier Transform

X(ei'"tT,)

=

nc

L i[nje- j w1T,n
11= - 00

=

X(e1"'7• )

Wt

0

In ( 13.27) we showed that values of the DTFr of a finite
segment of a sampled sequence can be computed by the
equation

oo

L

.... • .. .. • ....

(13.29)

0 s_ k s_ N-1

where the analysis frequencies are wk = 2rrk/(NTs) and
x[nl w[uJx[n] is the windowed time sequence. The
window sequence w[n] is a fini te-length sequence such as
the sampled rectangular window, or Hamming window.
This equation can be simpli fied somewhal by assuming
=
that the window length is N, and by substituting
2nk/ (NT_, ) into (13.29) to obtain

=

w,.

X(e j(2Irk/(NT, ))T, )

=

N -1

L

x[n ]e- j (2d/(NT, ))7'., 11

,1=0

0s_k::::N- 1
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If we multiply the terms in the exponents. the Ts terms
cancel and we get
N-1

X(ej(2irk/N))

= I : x [n]e- j(2,rk/N)n
(13.30)

11=0

which should be recognized as the discrete Fourier
transform , or DFT, of the sequence .t[n], i.e.,

COMPUTING THE SPECTRUM

Equations (13.32) and (13.31) are a uni.9ue relationship
between a sequence i [n] and its DFT X[k]. Following
our earlier terminology for Fourier representations, the
DFT defined by ( 13.3 1) is the analysis equation and lDFT
defined by ( 13 .32) is the synJhesis equation. To prove that
these equations are a consistent Fourier representation,
we note that ( 13.32), because it is a finite, well-defined
computation, would surely produce some sequence when
evaluated for n = 0 , I , .. . , N -1. So let us call that
sequence v[n] until we prove otherwise. Part of the proof
is given by the following steps:

N- 1

X[k]

= L x [n]e-j(lirk/N)n
11=0

( 13.31)
N- 1

v [n]

The DFr is discrete (sampled) in both time and
frequency. It takes n samples in the time-domain and
produces N samples X[k] in the frequency-domain.

= _!_
N

L X[k]ej<2Jrk/Nlt1
k=O

= ~ N-l
L (N-1
I:x[m]e-j(2,rk/ N)m ) ej(2.rrk/ N)II
k"'O

m=O

= ~ NL- 1 x [m] (N
L-1ej(2irk/N)(11- 111))
13-5.1

The Inverse DFT

111:0

=i [n]

The DFr (13.31) has been introduced by showing that
it results from computing the DTFT of a finite-length
sequence at a finite set of frequencies. Equation ( 13.31)
can in fact be applied to any finite-length sequence
whether it resulted from time-windowing a sampled
signal or not. Adding to the interest in the DFT is
the fact that there exists an inverse discrete Fourier
trans.form (or IDFf); i.e., a computation that converts
X[k] fork = 0, 1, ... , N - 1 backintothesequencei[n]
for n = 0, l , ... , N- 1. The inverse DFT is
x[n]

=

!

N- 1

I>~[k]ei(l1'k/N)11

(13.32)

k:=cO

0~n ~N- 1

k=O

( 13.33)

Several things happened in the manipulations leading
up to the assertion o f (13.33). On the second line,
we substituted the right-hand side of (13.3 I) for X[k]
after changing the index of summation from n to m.
We are allowed to make this change because this is a
"dummy index" that can have any label, and we need
to keep n reserved for the index of the sequence v[n I
that is synthesized by the IDFT. On the third line, the
summations on k and m were interchanged. This is
permissable si nce these are finite sums and can be done
in any order. Now we need to consider the term in
parenthesis in the third line of the proof. The following
exercise states the result, which can be easily verified.

J3-5
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EXERCISE 13.4: Use lhe formula
1 -etN

N-l

"cl
=--~
I - et
k=O

to show that
N- 1
"
ej(2rr~/N)(11-111)
~

= _( __ eJ(2.Jr)(11-m)
____
l _

ej(2rr/N)(n-m)

k=O

11 -m= rN
otherwise

(13.34)

where r is any positive or negative integer including
= 0.

r

1f we substitute (13.34) into the third line of (13.33),
we see that the only tenn in lhe sum on m that will be
nonzero is the tenn corresponding to m 11 where 0 :::
n ~ N - I. This means that v[n l = i[n] for 0 ~ n ~
N - 1 as we wished to show.

Equation (13.35) is the (forward) OFT and ( 13.36) is
the inverse DFI', or IDFI'.7 Note 1ha1 we have removed
the tiJdcs from x and X in writing these equations
again. This is just for notational convenience. The tildes
were originally introduced in our discussion to denote
the windowing that occurred in limiting the number of
terms in the DTFI' computation. Henceforth, we will
always deal with finite-length sequences, so the tildes
will usually be suppressed.
A final comment is in order about the limits of
summation in (13.35). We have chosen to sum over N
samples of x[n] aod to evaluate the DFf at N frequencies
wk= 2TCk/N. Often, the sequence x[n] has length L
such that L < N. 1n such cases, we simply append N-L
zero samples to the nonzero samples of x [n] in carrying
out the computation. If, in fact, x [n I is nonzero only in
the interval O ~ n ~ L - l, then appending zero samples
is exactly the right thing to do.

=

13-5.2

The discussion so far has been concerned with the
derivation of the discrete Fourier transform defined by
( 13.31) and its inverse defined by (13.32). These
equations are rewritten together as follows:
N- 1

=L

x[n ]e- J<'.br/ N)k"

(13.35)

11= 0

k

~L

X[kJei(2,r/N)k11

(13.36)

k=O

n=0, 1, ... ,N- 1

XIO]

=

=

=

= x[0je - 10 + x[l ]e- 10 + x[2]e-1° + x[3]e- JO
=1+1+0 +0= 2

X[J J = x[0)e- 10 + x[l]e-i:rt i

+ 0e- j,r + 0e-i3n12

= I + (- j) + 0 + 0 = 1 - j = ✓2e-jrr/-'
X[2) = x[0]e- 10 + x[ I ]e- j ir + 0e-Jar + Oe- i 3"

= l + (- 1) + 0 + 0 = 0

= 0 , 1, ... , N-1

N-l

xLn J =

In order to compute the 4-pt. DFf of the sequence
xfn]
{l, I, O. 0). we apply the definition for each
value of k 0, I, 2, 3. To simplify the exponents in
(I 3.35). we use N
4, so that 2TC / N
TC /2.

=

Summary of the OFT
Representation

X[kl

Example 13-2: Short-Length OFT

7 Notc that we have used n as both the dummy swnrnation index
in ( 13.35) and the independent variable in ( 13.36), and vice ver,;a for
k, which is the dummy variable in (13.36}. This usually c:auses no
problem, but when necessary it is always possible to label the dummy
indices of summation differently.
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= x ro1e- Jo + x[l le- 13" 12 + Oe- 13:r + Oe - JCJ:r/Z
= 1 + (j) + 0 + 0 = I + j = Jiei"/4

T hus we obtain the four OFT coefficients X [kJ =
{2, J'2,e-i"l4, o. .J2ei:r/4}.
■

13-5.3

The Fast Fourier Transform (FFT)

Both the OFT (l3.35) and the JDFr summations ( 13.36)
can be regarded simply as a computational method
for taking N numbers in one domain and creating N
(complex) numbers in the other domain. Equation
( 13.35) is really N separate summations, one for each
value of k. To evaluate one of the X[k] values,11 we need
N complex multiplications and N - 1 complex additions.
If we count up the arithmetic operations required to
evaluate all of the X (k] coefficients, the total is N 2
complex multiplications and N 2 - N complex additions.
One of the most important discoveries9 in tJ1e field of
digital signal processing was the/as! Fourier transform .
or FFT , a set of algorithms that can evaluate ( I3.35)
or ( 13.36) with a number of operations proportional to
N 1og 2 N rather than N 2 . When N is a power o f two,
the FFf algorithm computes the enti.re set of coefficients
X[k] with approx imately (N /2) log 2 N complex operations. The N log 2 N behavior becomes increasingly
significant for large N. For example. if N
I 024,
the FFT will compute the set of coefficients X[k) with
(N /2) log 2 N
5 120 complex multiplications rather
2
than N
1.048.576, as required by direct evaluation of
(13.35). The algorithm works best when the OFT length

=

=

=

8 we sometimes refer 10 1he~e values as "coefficients" because
they. in fact. are coefficient~ in ( 13.36) which looks like a Fourier
series.
9J. W. Cooley and J. W. Tukcy. "An Algorithm for the
Machine Computalion of Complex Fourier Series," Ma1he11101ics of
Comp111a1io11. vol. 19. pp. 297- 301, April 1965. The basic idea of
the FFT has been 1raced back as far as Gauss at the beginning of the
J 9th Century.
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N is a power of two, but it also works efficiently if N ha~
many small-integer factors. On the other hand, when N
is a prime number, the standard F FT algorithm offers no
savings over a direct evaluation o f the OFT summation.
FFT algorithms of many different vruiations are widely
available in most computer languages and for almost any
machi ne. 1n MATLA B, the command is simply ff t, and
most other spectral analysis functions in MATLAB call
f f t to do the bulk of their work.
More details on the FIT and its derivation can be found
in Section l 3-9 at the end of this chapter.

13-5.4

Negative Frequencies and the DFT

The signal defined in ( 13.36) has equally spaced
normalized frequencies w1. = (2rr / N)k over the positive
frequency range, i.e..
0 < (2rr / N)k ~ rr

for

O < k ~ N /2

rr < (2rr/N)k < 2rr

for

N/2 < k < N-1

The index k = N - I corresponds to the positive frequency w,-:- 1 = 2rr(N- J )/N: however. since WN- I =
2rr(N -1)/ N = 2rr - 21'( / N , it follows that WN- I i. also
the po itive alia<; frequency of the negative frequency
-(2rr/ N) because of the 2rr periodicity in
Likewise, k = N -2 is the positive alias frequency of
- (4rr/ N), etc.
When we have a real signal xl11]. there is conjugate
symmetry in the spectrum, so the OFT coefficients
satisfy the following constraints: X[N - 1] = X*I 11,
X[N - 21
X*[2]. In general, X[ N - k] = X *(k] for
k = 0. 1. . .. . N- 1.

w=

w.

w=

=

Example 13-3: OFT Symmetry

ln Example 13-2, the frequency index of the
4-pl DFf corres ponds 10 the four frequencies w1: =
{0, rr/2. n, 3rr/2}. Therefore, the OFT coefficients in
Example 13-2 satisfy the conjugate-symmetric property,
e.g., X[IJ = X*(4 - l ] = X* [3].
IJ

13-5
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13-5.5
X[kl
X[- ko l = X *[ko]
Xlkol

N
--r

-ko

0

ko

-Jr

_ 2:rrko
N

0

hko

-wo

0

WO

tr>,

-T

N

X[N-kol

N

2

Jr

,

N- ko

= X*lkol

N

2rrCN-knJ 2rc
N

Ws-WO

OFT Example

w,

k

w
w

The DFf is used almost exclusively as a numerical
operation that transforms a time-<lomain signal into its
frequency-domain representation. However, in some
important special cases, the finite sum can be "summed"
to obtain a simple formula for the DFf coefficients. One
such example is the DFT of a complex exponential.
Consider a general complex exponential whose
frequency, Wo, might or might not be an integer m ultiple
of2n/N:

Figure 13-11: lllustration of the symmetry of the DFf
coefficients showing that Xf N - ko] = X *[ko].

for 11

= 0.

I , 2, ... , N - 1

The N-point DFT of x 1[n] is
N- 1

X1[k]

Figure 13-J l shows a single DFf coefficient X[ko]
corresponding to normalized frequency w1;0 = 2rrko/ N
and the positive-frequency alias of the corresponding
negative-frequency component (which is shown in gray).
In addition, this graph has three ''frequency scales." The
top scale shows lhe OFT index k. T he middle scale shows
normalized frequency w for the discrete-time signal.
The bottom scale shows the continuous-time frequency
scale that would be appropriate if the sequence x[n] had
been obtained hy sampling with a sampling frequency,
wJ. 2rr/Ts, Thus the DFT index ko corresponds to the
analog frequency wo 2rr ko/ ( N T.r) rad/s.

=

=

~ EXERCISE 13.5:

Create a MATLAB example
that demonstrates the conjugate-symmetry property do
Xk=f ft ( 1: 8). List the values of the MATLAB vector
Xk to verify that X[N -k] = X*[k] fork = 0. 1 • ... , 7.
In addition, list the value of wfor each index k.

= I : e j(wo11+~)e-j(brk/N)11
11=:0

= ei~

L

N-1

e - jl(2:r! /N1-,;11J,,,

11=0

= ej~ ( e - j(O) + e-j((2Jrk/N)- wo)
+ .. . + e -j((2nk/ N)-ciiol(N-I))
1_

e - jlt21fk/ N)- wo)N

= ei~ -1 --e ---- 1((2rrk/ N)-,;'O)

(13.37)

Notice that, in computing th is result, we have not
exploited any special information about the frequency
This would be the case if we had time-windowed a signal
with a window of length N samples, but the window
length did not contain an integer number of periods of
the signal.
If we define 0 = ((2nk/ N) and substitute this
into (13.37), then this last formula can be simplified
somewhat by factoring out e-jON/ 2 from the numerator

wn.

we)
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X2 [kl

N

N

I~
/\j

0

N

2

N

I

,.

I

k

Figure 13-12: DFf of a complex exponential whose
frequency is not an integer multiplP of 2n: / N.

and e- i 0l 2 from the denominator. The final result, after
a couple of algebraic steps, is

X1lk]

=

=

=

10 The Dirichlet function was first defined in Section 6-7 on p. 145.

N

N

T

define x2[n] = ei<mko/N),,, and then use
and <I> = 0 in ( 13.37). we obtain

X2[kJ

(13.38)

Since
the
other
terms
in
(13.38)
only
contribute to the phase, this resul t says that
!X1[k] I IDN(el<<2""/Nl- wo>)I is composed of samples
of a Dirichlet function, as shown in Fig. 13- 12 for the
case when N
20 and wo 5rr/20 = 2rr(2.5)/N. The
magnitude of the Diiichlet function has been plotted so
that it is obvious where the samples are being taken.
Notice that the peak of the envelope is at the non-integer
value of 2.5.
When the frequency of the signal x 1[n] is an integer
multipleof2rr/ N, theresultingDFf is very simple. Jfwe

0 ko

k

Figure 13- 13: DFr of a complex exponential whose
frequency is a multiple of 2n:/ N; i.e., ko = 2.

= DN(ej((2rrk/N)-wo) )ei¢ e-/((2,rk/ N)-wo)(N-1)/ 2

where DN(ei« 2rrk/N>- wo>) is a shifted and sampled
version of the Dirichlet function 10

-

I

I\

=

wo = 2rrko/ N

No[k - ko]

(1 3.39)

(i.e., a scaled discrete impulse at k = k0 with all other
DFf coefficients being zero). This result is confirmed in
Fig. 13-13, where we can see that the DFf is obtained by
sampling the Dirichlet function envelope exactly at the
peak and at the zero crossings of the Dirichlet function.
The peak value is N, and it is the only nonzero value in
the DFf.

EXERCISE13.6: ShowthatX2 [k]in(13.39)can
be obtained by substituting <I> = 0 and Wo = 2rr ko/ N in
( 13.38).
,&.._

~

EXERCISE 13.7:
Substitute (13.39) into
the inverse DFf relation ( 13.36) to show that the
corresponding time-domain sequence is
n

= 0, I, ... , N -

I
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EXERCISE 13.8:
Use Euler's relat.ion to
represent the signal x 3 [11]
cos(2TCkon/ N) as a sum of
two complex exponentials. Use the fact that the OFT,
like its cousins the z-transfom1 and the DTFT, is a linear
operation to show that

=

X3 (k]

= ½No[k -

ko] + ½No[k

+ ko]

405

by the function fft, which automaticaUy zero-pads the
sequence if the sequence length and the OFT length are
different.

~

Example 13-4: Computation in MATLAB

or equivalently

X3lk)

= ½No[k -

ko]

+ ½No[k -

(N - ko)]

Many useful samp led signals have only a few hundred
nonzero samples at most. T hese we caJl finite-length
signals. One example would be a discrete-time signal
obtained by sampling a very short continuous-time pulse.
In other cases, sampling may aot be involved at all.
An example would be the impulse response of an FIR
discrete-ti me system, where the sample values of hfnl
are usually computed by a filter design algorithm.
Suppose that a signal x[n] is nonzero only over a fi nite
interval O ~ 11 ~ L- 1. The length of this signal is L
samples. Remember from Section 13-5 that the OFT
of a finite-length sequence is identical to the DTFf of
the sequence evaluated al frequencies Wk = 2,r k/ N with
k 0, l , ... , N - l . That is,

=

l - 1

=L

x[n]e - j(21rk/ NJ11

= X[k]

=

xx=

13·6 Spectrum Analysis of
Finite•Length Signals

X(ej(Z,rk/N))

If we create a vector xx with L = 301 elements, we
can specify the FFf length to be different (e.g., N
S 12)
when we write the statement

S ince L < 5 12, the vector xx will be zero-padded
automaticaJiy with 211 zeros.
■
One convenient application of FFT spectrum an alysis
is computing the frequency response of an FIR filter.
If the impulse response h[n] is of fi nite length l. the
frequency response is simply the DTFT of h[n], i.e..
L- 1

H(e1fu)

We recognized that X [k ] = X(ej<ZTrk/ Nl) even if L < N
since N - L zero samples are effectively appended to the
end of the sequence x [n]. T his is sometimes called zeropadding the signal. In MATLAB, the OFT is computed

=L

hfn]e- Jw,,

( 13.41)

11=0

If we compute the N-point OFT of h[11] with zeropadd ing, then we are evaluating ( 13.4 I) at N equally
spaced frequencies in the interval O ~ < 2rr, so we
obtain

iv

l - 1

(13.40)

n=O

fft{xx, 512);

H lkl

=L

h [n]e-/(mk/ N)n

k

= H(e/2.Jrk/ N)

= 0. I . 2, . . . , N -

(13.42)

I

If we use a large enough value for N, we can plot a smooth
curve for the frequency response of the filter.
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Figure 13-14: Impulse response of Hann filter with length
L =20.
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Example 13-5: Frequency Response of a

211'

3.-r

2

Frequency

w

2

Hann Filter

Assume that the sequence
hln]

=

0.5 - 0.5 cos (2;: n)
O

l

0.:::n.:::L- l
otherwise
(13.43)

is the impulse response of an FIR fiher. 11 This impulse
response is plotted in Fig. 13- 14.
A filter with this impulse response is sometimes called
a Hann filter. 12 Figure 13- 1S(a) shows plots of the
magnitude of the frequency response for two Hann
filters with lengths l
20 and L = 40. The frequency
responses were obtained using ( 13.42) with N
1024.
This large value of N results in a smooth curve when the
points are connected by straight lines with the MATLAB
plotting function. This figure illustrates that the Hann
filter is a lowpass filter, because its passband is near w 0
where the frequency response is large, and its stopband

=

=

=

11

Note the similarity to the discrete-time Hamming window

=

w1, [11 I
0.54 - 0.46 cos ( ~"), which is named for Richard
Hamming.
·
12n,e same formula (13.43) can also be used to define a window,
i11 which case we have the Hann window which is named for the
Austrian scientist Julius von Hann. This window is often called the
''hanning'' window, a designation that seems to be derived from the
Hamming window.

Figure 13-15: Frequency response of two Hann filters;
length L = 20 (colored lines), and length L = 40
(black/gray lines) (a) as computed by I024-point FFT and
(b) as plotted with DFI' values reordered.

covers the range 4;rr / L < w < rr, where the frequency
response values are relatively low.
Do not be confused by the region rr < w< 2;rr, which
we have plotted in light colors. This is the normal DFT
symmetry where the values of k for N /2 < k .::: N - I
correspond to the nonnalized frequencies rr < w < 2rr,
which in tum are positive-frequency aliases of
frequencies in the range - rr < w < 0. If we recognize
this fact, we can construct the more conventional plot
shown in Fig. 13- 15(b), where the light colored plots at
negative frequencies are the same as their counterparts
in Fig. 13- 1S(a).
The essence of the MATLAB code for constructing the
plot in Fig. 13- 1S(b) is as follows:
L = 20; N = 1024;
hh = 0.5*(1- cos(2*pi * (0 :L-1)/L)) ;
HH = fft (hh, N) ;
HHP = [HH(N/2+1:N), HH(l:N/2));
omega= 2*pi*( - N/2+1:N/2)/N;
plot(omega,abs(HHP))
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When we compare rhe rwo differenr impulse response
lengths, we see that the frequency response becomes
more concentrated around w= 0 as we increase L. lt
can be shown that the first zero of H (eiw) occurs at
Ii)= 4rr / L for the Hann fi lter. Thus, increasing l from
20 to 40 cuts the width of the passband in half (and also
doubles its amplitude). Plotting the frequency response
allows us to verify this result.
■

rate fr = 4000 Hz. the resulting discrete-time signal
will be periodic 100, since I 00 divides evenly into 4000.
Specifically, the discrete-time signaJ x[n I = x,.(n/4000)
given by

Example 13-5 shows how the DFf can be used to
evaluate the frequency-domain representation of a finitelength sequence. In this example the sequence is
an impulse response, so the resulting DFr values are
samples of the frequency response of the FIR filter. In
the next section. we will show how similar computations
can be repeatecUy applied to segments of a long signal to
obtain a useful frequency-domain representation.

+ 0.2942cos(0.8rrn - 1.4488)
+ 0.1223cos(0.85rrn)
(13.45)
ha'> frequencies that are all multiples of oJo = 0.05rr =

13-7

Spectrum Analysis of Periodic
Signals

In this section, we will show how the DFf can be used
to analyze periodic signals such as those rhat can be
represented by a fini te sum of hannonically related cosine
signals. As a specific example, consider the periodic
continuous-time signal
x,.(t)

= 0.0472 cos(2rr(200)t + 1.5077)
+ 0.1362cos(2rr(400)t + 1.8769)
+ 0.4884 cos(2rr(500)r - 0.1852)

+ 0.2942 cos(2rr(l 600)t + 0. 1223 cos(2rr(l700)t)

1.4488)
(13.44)

The fundamenta] frequency of this signal is wa =
2rr (I 00) rad/sec, anJ the signaJ consists of harmonics
at 2, 4, 5, J 6, and 17 times the fundamental. This
signal is quite similar to the synthetic vowel studied in
Section 3-3. 1. lf we sample this signal with sampling

x[11]

= 0.0472cos(0. lrrn + 1.5077)
+ 0. 1362 cos(0.2rr n + 1.8769)
+ 0.4884cos(0.25,rn - 0. 1852)

2,r/40. As in the continuous-time case, x[n] in (13.45)
ha harmonics of the normalized fundamental frequency
numbered 2, 4, 5, 16, and 17.
~ EXERCISE 13.9: Use the result'> of Section 135.5 to detennine an equation for the 40-pt. OFT of x[n]
in ( 13.45). Verify that some of the nonzero OFT values
are

X[kl

=

0.0236(40)ei l.50n

k= 2

0.0681(40)ei 1•8769

k=4

0.2442(40)e- 10· 11152

k=5

0. 147 1(4Q)e-J IA4RS

k

= 16

0.06115(40)

k

=

(1 3.46)

17

What are the other nonzero values of X[k]? For which
indices k are the DFf coefficients XlkJ equal to zero?
The discrete-time signal x[11] defined in (13.45) is
plotted in Fig. I3- I6(a), from which we can see its
periodicity x[nJ = x[n + 40]. Now, if one cycle of x[n]
from Fig. 13-16(a) is used in a 40-point OFT (13.35), we
obtain the40 OFT coefficients X[k] shown as magnitude
and pha,;e in Figs. 13-16(b) and (c), respectively. These
40 DFf coefncients represent the sequence x[nJ exactly
through the synthesis formula of the IDFf ( 13.36).
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Figure 13-16: Periodic sequence and the correspond1ng
40-pt. OFT spectrum X[kl of Lhe sampled signal xln I in
(13.45) with sampling rate f;
4000 samples/sec.

=

t'~ EXERCISE 13.10:
Show that the lDFf of
X[k] defined in Exercise 13.9 gives x [n] in (13.45).
Furthermore, show that the signal x[n] obtained via the
IDFT is periodic with period N.
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might have to wait an inordinately long time just to
acquire all the samples, and even having done so, we
would then be faced with a huge DFr computation.
Furthermore, the results of such a computation would
often be of limited value because many of the temporal
variations of the signal would not stand out in the computed spectrum. Good examples are audio signals such as
speech or music. In both of these cases, it is the temporal
variation of the frequency content that is of interest.
Usually we have digital recordings that give a very long
sequence obtained by sampling for many minutes or even
hours. For example, when sampling an audio signal at
a sampling rate of 44. l kHz. one hour of stereophonic
music would be represented by 44100 x 2 x 60 x 60 ::::
317,520,000 total samples. If we want to compute
DFfs of app roximately one hour of audio at 44. l
kHz, the closest power-of-two FFf needed would be
228 = 268.435,456 per channel. A better approach is
to break the long signal i nto small segments and analyze
each one with an FFT. This is reasonable because the very
long recording probably contains a succession of short
passages where the spectral content does not vary. so
there may be a natural segment length. Indeed. we have
already seen that music can be thought of in just this way.
To formalize this concept, assume that x[m) is an
indefinitely long sequence. We define the time-dependent
discrete Fourier transform of this signal as
l -1

X[k. 11]

= L w(m]x rn + m]e- i<21Tk/N)m

(13.47)

m= O

=

13-8 The Spectrogram
We have seen that the DFf can compute exact frequencydomain representations of both periodic and finite-length
discrete-time signals. An equally important case is when
the sampled signal is indefinitely long, but not necessarily
periodic. In real-time processing of such signals, we

for k
0, 1, ... , N - I. The interpretation of this
equation is straightforward. First of all, the window
w(m] is a sequence that is nonzero only in the interval
m = 0. I, ... , L - 1, where Lis assumed to be much
smaller than the total length of the sequence xfm].
The product w[m]x[n + m] is also nonzero only for
m = 0, 1, ... , L - 1. ln this way, the window selects
a finite-length segment from the sequence x[m]. By

J 3-8
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adjusting the shift n, we can move any desired segment

of x[m] into the window. Now the right-hand side of
(13.47) is easily recognized as the N-point DFT of the
finite length sequence w[m]x[n + m], so (13.47) can be
evaluated for each choice of 11 by an FFf computation.
This is illustrated by Fig. I 3-17. Figure 13-l 7(a) shows
a signal x [ m] plotted as a function of m. Also shown are
two length-20 regions, one starting at n = IO the other at
n == 50. Figure 13-17(b) shows the left-shifted sequence
x[m+I0] with the fixed window sequence w[m]. 13 The
light colored samples in Figs. 13-17(a) and (b) are the
samples that are multiplied by the window w[m] when
n
IO and are thus selected for analysis. The DFf
of w[m]xfm+lO] is X[k, 10]. Figure 13-17(c) shows
the fixed window sequence along with the sequence
x[m+50], i.e., the sequence x [m] shifted to the left by
50 samples. The gray samples in Figs. 13- l 7(a) and (c)
are the samples that are multiplied by the window and
are thus selected for DFT analysis to compute X[k, 50].

=
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13-8.1

Spectrogram Display

The spectrogram computation results in a twodimensional sequence X[k, n], where the k dimension
represents frequency because
(27l'k/ N) is the kth
analysis frequency, and the II dimension represents time.
Since the spectrogram is a function of both frequency
and time, we cannot plot the spectrum, because there
is a different local spectrum for each time. To deal
with this additional complexity, a three-dimensional
graphical display is needed. This is done by plotting
IX[k, n]I (or log IX[k, n]I) as a function of both k and
n using perspective plots, contour plots, or grayscale
images. The preferred fom1 is the spectrogram, which
is a grayscale (or pseudocolor) image where the gray
level at point (k, n) is proportional to IX[k, n]I or
log IX[k, 11]1 ; large values are black, and small ones

wk =

13Toe discrete-time window sequences are shown as continuous
functions to distinguish them from the samples of x[m).

Figure 13-17: Time-dependent windowing of a signal.
(a) The signal x(m ], (b) Fixed window with signal shifted
by 10 samples, and (c) Fixed window with signal shifted

by SO samples.

white. Examples of the spectrogram can be seen in
Figs. 13-18. 13-20, 13-22, 13-23, 13-25, and 13-27. T he
horizontal axis is time and the vertical axis is frequency.
In the spectrogram image for a real signal, only the
range for O ::: k ::: N /2, or O ::: w : : : T!, need be shown.
For the complex signal case. the frequency range is
either O ~ w < 2,r, or - T! < w~ 7l', depending on
whether or not the FFf values are reordered prior to
being displayed. 14
14Toe SP-Firs/ toolbox function spectgr, which is equivalent to
MATLAB's function specgram, uses the ordering -rr < w5 rr for
complex signals; specgram uses O 5 w < 2rr.

410

13-8.2

CHAPTER I 3

Spectrograms in

imagesc( T, F, abs(X) )
axis xy, colormap(l-gray)

MATLAB

Since the spectrogram can be computed by doing many
FFTs of windowed signal segments, M ATLAB is an ideal
environment for doing the calculation and displaying the
image. Specifically, what MATLAB displays is

Xf (2nk/ N)f,.r RT,] =
L- 1

L w lm]x[r R -1-

m]e-j(2,rk/N)m

( 13.48)

111==0

k
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= 0, I , . .. , N /2

where f, = l / T., is the sampling rate associated with
x[n] and R detem1ines spacing in time of the DFT
computations. 15 The MATLAB command that invokes the
computation of ( 13.48) is

[X ,F, T] = specgrarn(xx, NFFT, . . .
Fs , window, Noverlap)
where X is a two-dimensional an-ay containing the
complex spectrogram vnlues, F is a vector of all the
analysis frequencies, and T is a vector containing the
times of the sliding window positions. The inputs
are the signal xx, the FFT length NFFT, the sampling
freque ncy Fs, the window coefficients window, and
the number of points to overlap as the window slides
Noverlap. Note that the window skip parameter R is
NFFT - Noverlap. The overlap should be less than
the window length, but choosing Noverlap equal to
length (window) -1 would generate a lot of needless
computation, because the window skip would be one. It is
common to pick the overlap to be somewhere between 50
percent and 80 percent of the window length, depending
on how smooth the final image needs to be. See help
specgram in MATLAB for more details.
The spectrogram image can be displayed by using
15 rn other words, MATLAB's spectrogram function calibrates its
freque ncy and time axes in continuous-time units.

The color map of (1-gray) gives a negative gray
scaJe that is useful for printing, but on a computer screen
it is preferable to use color, e.g., colormap(jet).
Fina1ly, it may be advantageous to use a logarithmic
amplitude scale in imagesc in order to see small
amplitude components.

13-8.3

Spectrogram of a Sampled
Periodic Signal

A periodic sequence such as (13.45) is an example of a
signal that can be represented exactly by a single DFT;
it also is a continuing signal of indefinite length. Since
we know its DFT exactly. it provides a useful example
that has a simple spectrogram. If we use a rectangular
window of length L = 40, and a DFf length of N 40
in ( 13.47), we obtain

=

39

X[k, 11)

= L xlm + n]e-i'2"k/<:O>m
m=O

k

( 13.49)

= 0, I , 2, ... , 39

The resulting spectrogram for the signal in ( 13.45) is
shown in Fig. 13- 18. This grayscale image shows five
constant horizontal li nes of different grayscale intensity.
There are no other spectral components. Why does the
image look this way? First of all, since N = L 40,
each segment of the signal will be exactly one period
of x[n]. Therefore, IX[k. n]I will be equal to IX[kJI in
Fig. l 3-16(b) for all 11. 1n other words, the mag11i111de
of the time-dependent Fourier transform will vary only
in the frequency dimension, not in the time dimension.
Furthermore, from our previous discussion. ii follows
that the only nonzero spectral components will be al k =
2, 4. 5. 16, 17.
The frequency axis in Fig. 13-18 is calibrated in terms
of the continuous-time cyclic frequency variable. f in

=
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4 11
a larger image with many more than 2 1 pixels vertically. 16
Since we chose N = 40, the spectral components for
k = 4 and k = 5 are next to each other, as are components
k = 16 a nd k
17. Since MATLAB expands each point
so that the 2 1 DFT values fi ll the ve1tical plotting range,
we see no white space between these components .
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Figure 13-18: Spectrogram of the sampled periodic
signal defined in ( 13.45). Only the second, fourth, fifth,
sixteenth. and seventeenth harmonics are present.

Hz. 1n order to derive the relationship between f a nd
the frequency index k. recall that the OFT frequencies
are wk
2TCk/ N and (fro m the sampling theorem) cvk
2rr(.fdf8 ). Equating these two formulas, we get

=

=

fk

= (k/ N)f,

(13.50)

which allows us to label the frequency axis in Hz.
Applying ( 13.50) to the frequency indices O .:5 k ::: N /2.
we get the continuous-time frequencies O::: f1c ::: /,/2,
whic h is the usual range of frequencies displayed for a
real signal. The negative-frequency spectral components
can be inferred from the even symmetry of the magnitude
spectrum IXlk, n)I of a real signal. Therefore. in
Fig. I 3- I 8 there are only 21 discrete points on the
vertical axis. The five freque ncy components are at
(k/ 40)4000= I00kfork= 2,4.5, 16, 17. Thewidthof
the spectral lines plotted at these values of k is chosen by
MATLAB's image-plotting function, w hich zooms to show

Resolution of the Spectrogram

We have shown that calculation of the spectrum requires
that the window length (L) be finite and that the number
of analysis frequencies (N) be finite. The performance
of a spectrogram analys is usually comes down to a
statement about its resolution in either frequency or time.
The key parameters that control resolution are the form
of w[n] and its le ngth L.
The ability to resolve spectral compo ne nts in the
spectrogram is governed by the principles that were
illustrated in Section 13-4. In that section, we showed
that there is an inverse relationship between window
le ngth and the ability to re olve two adjacent frequencies.
Specifically, we saw that the continuous-time rectangular
window of duration T sec. has a Fourier transform
mainlobe width of l:!.w 4rc/T. With a window length
L T / T,. samples. the mainlobe w idth expressed in
rad/sec is

=

=

l:!.w

4rc

= -h
L

rad/sec

(13.5 1)

The Ham ming window defined in ( 13.26) has a Fourier
trans form main-lobe width that is twice as w ide as that
o f the rectangula r w indow. Thus, a window length twice
as long is required to achieve the same resolution as that
of the rectangular window.
"~

DEMO: Resolution of the Spectrogram

16The gray si:ale uses white 10 represent Lero magnitude and black
to represent the highest magnitude. This scale was chosen to make
Lhe picture mostly white for printing. On a computer monitor. it may
be better to invert the scale or to use pseudo-color.
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There is a down side to increasing L; namely, the
time resolution will suffer. When l is large, shortduration time events or rapid transitions will be lumped
together with other parts of the signal by a long window.
Therefore, we have again encountered the uncertainty
principle of Fourier spectrum analysis:

f
Spectrogram (Ideal)

End

Start

Uncertainty Principle:
Time resolution and frequency resolution
cannot be improved simultaneously in the
spectrogram.
13-8.4.1

I000Hz
960 Hz .....- - - - - - - - - - - - - - .

200 msec

Resolution Experiment

In order to test the resolving power of the spectrogram,
we can perform a simple experiment. Our test will rely
on analyzing a signal that is hard lo "see" simultaneously
in both time and frequency. The test signal consists of
two components. The first is a constant 960-Hz tone
that persists over the entire data set; the second is a short
signal whose frequency is I 000 Hz, and whose beginning
and ending times are 200 and 400 msec. The ideal form
of such a spectrogram is drawn in Fig. 13-19. The goaJ in
this test is to simultaneously determine the beginning and
ending times of the second signal, as well as its individual
frequency components. As we have just discussed,
the frequency resolution is inversely proponional to the
length the window. When a Hamming window of lengU1
l is used, this bandwidth is approximately (87C / l )fs , so
the frequency resolution in Hz is
.

Frequency Resolution :::::

z4 ls

400 msec
Time

Hz

( 13.52)

The time resolution, on the other hand, is directly
proportional to the length of the window.
To see the effect of the window on the ability to
measure both time and frequency in the spectrogram,
let us begin with the window positioned prior to the
time marked 200 msec in Fig. 13-I 9. For values of

,I

Figure 13-19: Resolution test for digital spectrum
analysis. Idealized spectrum consisting of two sine waves
with different durations and different frequencies.

such that the window only covers the signal prior
to 200 msec, we will see a single horizontal line in
the spectrogram centered on 960 Hz with a width that
is inversely proportional to the window length L. For
larger values of n, the window will straddle the starting
time of the 1000 Hz component, so part of the signal
under the window will contain both 960 Hz and JOOO
Hz frequencies and part will only include a 960 Hz
component. In this case, the entire window will not
contain both frequencies. For these values of n, things
will be somewhat muddled, and it will be difficult to
distinguish exactly when the I 000 Hz component begins.
Finally, when II is such that the entire window covers both
frequency components, the issue switches back to that
of frequency resolution. If the window is long enough
so that 4/ sl L < 40 Hz, then the two frequencies will
be resolved and we will see two horizontal lines in the
spectrogram. Otherwise, the two lines will blur together
giving one broad line. Looking at Fig. 13-19, it is clear
that the same sort of thing will happen as the window

11,
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Sine Waves at 960 and I 000 Hz
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was 4000 Hz. The frequency resolution of the longer
window (L = 5 12) is adequate to resolve the two signals,
but it also causes a blurring of the signal's endpoints,
which inhibits an accurate calculation of the starting and
ending times, as is evident in Fig. 13-20(a). Notice
that the time duration of the 512-point window is
LTs = 512/4000 0.128 sec. The width of the blurred
region around the ends of the I 000 Hz component is
approximately half that of the window duration. This
is because of the shape of the Hamming window, which
tapers rapidly to zero on its ends. On the other hand, the
shorter window (L
128) in Fig. 13-20(b) does localize
the ends of the 1000 Hz signal, but fails to resolve the
two frequencies. This sort of time-frequency trade-off is
always present in a spectrogram that relies on the DFf
with its equally spaced analysis frequencies all having
the same resolving power. 17
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Figure 13-20: Resolution test for digital spectrum
analysis using two different window lengths: (a) L = 512,
which is 128 msec at ls
4000 Hz, and (b) l
128 (or
32 msec). The FfT length N is equal to L.
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approaches, then straddles, and finally clears the end of
the I000 Hz component.
Figure 13-20 shows the computed spectrograms for
a discrete-time signal synthesized according to the
idealized diagram in Fig. 13-19. The sampling rate

Spectrogram of a Musical Scale

One case where the spectrogram matches our intuition
comes from the analysis of musical instrument sounds.
A musical score
as we discussed in Chapter 3.
(Fig. 13-21) employs a notation that corresponds lo the
"time-frequency" image found in the spectrogram. Each
note specifies the frequency of the tone to be played, the
duration of the tone, and the time at which it is to be
played (in relation to other notes). Therefore, we can
say that musical notation is an idealized spectrogram,
although it does not use grayscale encoding to show
amplitude.
As a simple example of a musical passage, we can
synthesize a scale using pure tones (i.e., sinusoids). Eight
notes played in succession make up a scale. If the scale
17One approach lo the problem posed by this resolution example is
called wavelet analysis, which uses non-uniform frequency spacing
and resolution.
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Beethoven's Fi.ir Elise
1800

1600
.:: 1400

~ 1200
Figure 13-21: Musical score for Beethoven's Fiir Elise.
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Figure 13-23: Spectrogram of Fiir Elise played on a
piano. Notice the harmonics at twice the actual note
frequency owing to the complex sounds made by the
piano. Window was a Hann window of length L = 256,
overlap was 200, and the FFT length was N == 256.
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Figure 13-22: Spectrogram of an artificial piano scale
composed of !.ine waves. Window was a Hann window
of length L 256, overlap was 200, and sampling rate

=

ff = 4000 Hz.

is C major, the notes are C, D, E, F, G, A, B, C, which
have the frequencies given in the following table:
M iddle C

262 Hz

E
F
G
A
B
C
294 330 349 392 440 494 523
D

The spectrogram of the synthetic scale is shown in
Fig. 13-22. We can easily identify each note as it is

played , although there is some blurring of the transitions
between notes. This blurring is due to the fact lhat the
window length of the spectrum analyzer is long enough to
stradc!Je two of the notes imultaneously. Shortening the
window length would give sharper edges near the ends
of each note, at the cost of falter spectral lines for the
tones.
A real piano plays notes that have a much more
complex structure than the sine waves used for the Cmajor scale in Fig. 13-22. Most keys on a piano st1ike
three strings when played, and the complex vibrations of
these strings make the pleasing sound of the instrument.
A spectrogram reveals the complex structure of the
notes if the frequency spectrum has sufficient resolution.
Figure 13-23 shows the spectrogram for the opening
passage of Beethoven's Fiir Elise. The frequency
resolution of the Hann window at the half-amplitude level
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is approximate ly
Waveform of "THIEVES WHO" Speech Signal

2

L fs = 57.95 Hz
0

which is sufficient to separate individual notes m
F ig. 13-23. Tn the beginning of Fur Elise. only one key
is being played at any one ti me, but the spectrogram is
certainly more complicated. In fact, we can identify the
primary note heing played, and we can also see second,
and third, harmonics of that note, and sometimes even
" undertones" at lower frequencies.
1'1~

DEMO: Music GUI

These two examples suggest that the spectrogram
might be a useful tool for making an automatic musicwriting program. If we could analyze the spectrogram
to find its large peaks, then the program co uld "read" the
spectrogram and determine the frequency and duration
of the notes being played.

13-8.6

Spectrogram of a Speech Signal

As another example, Fig. 13-24 shows a speech signal,
which has been sampled at a rate of l s = 8000
samples/sec. The time-domain plot is given in a
strip format consisting of five waveform lines, each
representing 800 samples, or 100 msec in time. The
beginning of the second line is the sample after the last
sample in the fi rst line, etc. The plot is drawn as a
continuous waveform, because 800 individual samples
per line would be very close together on this plotting
scale.
We know that speech consists of a sequence of different
sounds that alternate between voiced sounds (formed by
vibrating vocal cords), such as vowels, and unvoiced
sounds, such as "s", "sh" and "f'. The waveform of
Fig. 13-24 corresponds to the utterance "thieves who."
so we can identify the voiced and unvoiced intervals.
The vowel "ie" in "thieves" occupies the time region

'i100
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~
C

t>ll

(/)
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200

.§
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F

~

300 ,-..,.,-._..__.---..,-..._ _ _ __ ....,_._.,,...._"'d\,+,.__,,e.....,._

vi

0

20

40

60

80

lime t (msec)

Figure 13-24: Waveform of a speech signal. Each line
consistc; of 800 points.

0 ~ t ~ 200 msec, while the unvoiced sound "s" can be
found at 300 ~ t ~ 360 msec. The vowel from "who"
lies near the end, 450 ~ , ~ 500 msec. The vowel signal
is a loud, near ly periodic waveform: the unvoiced sound,
on the other hand, is soft and seems to have a random
structure. These sounds are the major events in the
signal, but overall the waveform changes slowly with
time, being relatively unchanged over intervals of 20 to
80 msec. Hence the spectral properties of the signal
will also change slowly, and the spectrogram provides
an invaluable tool for visualizing the c hanging character
of the speech signal.
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The spectrogram of the speech signal of Fig. 13-24
is shown in Fig. 13-25 for the case where L
250.
This image is a plot of IX [(2rck/N)fs, rRTs]I defined
in ( 13.48) on p. 410. In order for such a plot to be
useful, we must understand why it looks the way that
it does, and be able to interpret the various features of the
image in terms of the time waveform and the concept of a
time-varying frequency spectrum. Notice that in the first
three lines of the wavefonn plot in Fig. 13-24, the vowel
waveform is composed of pulses that occur somewhat
evenly spaced in time. Indeed, if we limit our view to an
interval oflength 20 to 30 msec, we see that the waveform
generally appears to be almost periodic over that interval.
In computing the time-varying spectrum IX[k. 11 ]1, the
window length is L 250, which corresponds to a time
interval of 250/8000 = 3 1.25 rnsec. As the window
moves along the wavefonn, different segments of length
31.25 msec are analyzed. As the pulses change shape
and their spacing changes with time, so do the spectral
characteristics of the segments within the sliding window.
We see this clearly in Fig. 13-25. The dark bars
represent equally spaced frequency components whose
spacing in the vertical (frequency) direction depends on
the "fundamental frequency'' at the corresponding time.
The bars vary together; their spacing increases when
the "fundamental frequency" increases (longer period),
and vice versa. Both vowel regions, 0 :'.:: t ::: 200 msec
and 390 $ t $ 500 msec. exhibit this regular structure,
although the spacing of the bars is much closer in the last
110-msec interval.
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DEMO: Chapter 3 Spectrograms

Returning to Fig. 13-24, notice that in the time interval
300 to 360 rnsec (the fourth line) the time waveform
of the unvoiced sound decreases in amplitude and the
wavefo,m is no longer periodic. Correspondingly, in
the spectrogram of Fig. 13-25, during the time interval
300 to 360 msec, the image fades, the regular structure

:::r:::

o...__..__..,______._ _.__..____.____.u...,____._

0

100

200
300
Tune t (msec)

=

·~

= 8000. L = 250

4

_.__

400

Figure 13-25: Spectrogram of speech signal; sampling
frequency Is = 8000 Hz, FFf length N = 400, and Hann

=

window of length l
250 (equivalent to 3 1.25 msec).
Spectrum slices al times nTs = 200, 340, and 400 msec

are shown individually in Fig. 13-26.

disappears, and most of the spectral content lies at high
frequencies near 3000 Hz.
The spectrogram image in Fig. 13-25 is j ust a sequence
of spectral slices stacked side-by-side with the shade of
gray representing the amplitude. fn Fig. 13-25, the dolted
vertical lines show the location of three ·•spectral slice."
that have been extracted and plotted in Fig. 13-26. The
two spectra at t
200 and 400 msec have the general
character of what we would expect for periodic signals,
i.e., highly concentrated at equally spaced frequencies.
Note that the peaks in the top panel (t = 200) are more
widely spaced than those in the bottom panel (t = 400).
Examination of the time waveform at 200 and 400 msec,
respectively, shows that the fundamental period is significantly shorter at 200 msec than it is at 400 msec. Thus,
the spectral peaks should be farther apart at 200 msec
than they are at 400 msec. The spectrum in the middle
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Figure 13-26: Spectrum slices (l = 250) at times II Ts
200, 340, and 400 msec taken from Fig. 13-25.
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Figure 13-27: Spectrogram of speech signal; sampling
frequency ls = 8000 Hz, window Length l = 50 (6.25
msec). Spectrum slices at times 11 T, = 200, 340, and 400
rnsec are shown individually in Fig. 13-28.
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panel (t = 340) is typical of unvoiced sounds which have
their energy concentrated at relatively high frequencies.
An important point in our interpretation of the
spectrogram of the speech signal is that, over the time
interval of the window, the waveform sometimes "looks
periodic." rn other words, given only the waveform
within the window, we cannot tell anything about
the waveform outside the window. It could continue
periodically, it could be zero outside the window, or it
could change its character as the speech signal does.
Thus, the length and shape of the window are important
factors in the spectrum analysis of signals like speech that
continue in time .
Suppose that the window is shorter than the local
period of the signal. In this case, there is not enough
signal within the window to measure the local period.

Indeed, in this case, it would be more appropriate to think
oflhe signal within the window interval as a finite-length
signal. Thus, we would expect a significantly different
spectrogram if the window is short. This is demonstrated
in Fig. 13-27, which shows the spectrogram of the speech
waveform of Fig. 13-24 for the case where w [nl is a Hann
window with L = 50 and the freq uency spectrum is again
evaluated with an FFT of length N
400. Notice that
the fine detail in the vertical direction in Fig. 13-25 is no
longer present in Fig. 13-27. The thin wavy bars have
been replaced by broader bars. ln other words, the fine
detail of the spectrum is no longer resolved. This point
is made clear in the spectral slices taken at 200, 340, and
400 msec, as s hown in Fig. 13-28. The frequency peaks in
Fig. 13-28 are much wider than the corresponding ones in
Fig. 13-26. Also note that the image of Fig. 13-27 seems
to consist of vertical slices that alternate between dark and
light. This is due to the fact that the window length is so

=

CH APTER 13

418

4

Spectrum Slice at
111\ = 200 m~ec

2

COMPUTING THE SPECTRUM

(a)

0.8
0.6

0.5

1.5

2.5

3

3.5

Spectrum Slice at
11

0

Ts

(b)

= 340 msec

0.5

2

1.5

0.5

2

2.5

3

3.5

Spectrum Slice at
= 400 msec

0

0.5

1.5
2
2.5
Frequency f (kHz)

4

1

1.5
2
2.5
Frequency f (kHz)

3

3.5

4

Figure 13-29: Spectrum of the entire sequence of 4000
samples in Fig. 13-24.
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Figure 13-28: Spectrum slices (L = 50) at times II Ts
200, 340, ~m<l 400 msec taken from Fig. 13-27.
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short that sometimes it covers the high-amplitude portion
of one of the pulses and later covers the low-amplirude
part. Thus, the spectrum appears to fade in and out along
the time dimensi.on.
To conclude this discussion, we answer the question.
"What would the spectrum of the entire 4000 samples
of the speech signal be like?" Since an FFT length o f
N = 4000 is not really a problem for modem computers,
we can simply use the entire sequence as the input
and evaluate (1 3.35) with N = 4000. The result is
shown in Fig. 13-29. In this case, we have a single
computed spectrum. Observe that Fig. 13-29 shows
200 I distinct discrete-time frequencies fk = 2k Hz, for
k = 0, I , ... , 2000, corresponding to the continuoustime frequencies in the range O :'.:: f '.'.=: 4000 Hz. Notice
that Fig. 13-29 is similar in some respects to the spectral

slices in Figs. 13-26 and 13-28. but it has much more
detail and does not bave the regularly spaced peaks
that characterize a periodic signal. This is because
the signal is not periodic over the entire 4000-sample
segment. The large broad peaks give an indication of
Lhe concentration o f frequencies in the signal, but that is
about all that can be inferred from this plot. T hus we
have demonstrated that we can have either a long-tem1 or
a short-term spectrum for the speech signal. The choice
will be determined by many factors. but it is clear that
the short-term. ti me-dependent spectrum portrays a great
deal about the speech signal that would be hidden in the
long-term spectrum.

13-8.7

Filtered Speech

As a final example, we show that lowpass fi ltering
applied to the speech signal will alter the spectrogram
by removing all high-frequency components. For the
lowpass filter, we use the LTI system whose impulse
response is plotted in the top panel of Fig. 13-30 and
whose frequency response (magnitude) is shown in the
bottom panel of the figure. If the speech signal of
F ig . I3-24 is the input to this filler, we would expect that
"the high frequencies would be removed by the filter."
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Figure 13-30: Impulse response and effective frequency
response of a lowpass discrete-time length-51 FIR filter.
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Figure 13-31: Waveform of lowpass filtered speech
signal. Each row is 100 msec long.

Figure 13-3 1 shows the output signal when the input is
the speech signal of Fig. 13-24. A careful comparison of
the two waveforms shows that ( l) the output is delayed
relative to the input, and (2) the output is "smoother" than
the input. Both of these results are expected, since the
filter has a delay of 25 samples, and high frequencies are
required to make rapid changes in the waveform. Clearly,
the filter removes the high frequencies.
This is further demonstrated by the spectrogram
in Fig. 13-32, where aU components above I 000 Hz
have been removed from the spectrum, while below
1000 Hz the spectrograms of Figs. 13-25 and 13-32
appear to be identical. T his is entirely consistent with
our understanding of lowpass filtering, since the "cutoff frequency" of the discrete-time filter is approximately We n /4, which con-esponds to continuous-time

=

=

=

=

frequency w,. wc.fs (rr/4)8000 2rr(l000). The
detailed spectral slices at times I = 200 and 400 msec
shown in Fig. 13-33 also confirm our conclusions. Note
that the solid lines show the local spectrum at those
times, and the dotted lines are a plot of the magnitude
of the frequency response superimposed to show the
location of the passband (planed versus continuous-time
cyclic frequency). The spectral slice at t = 340 msec
corresponding to the middle panel in Fig. 13-26 is not
shown since it is effectively zero because the speech
signal bas virtua11y no energy below 1000 Hz for the
unvoiced sound.
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13-9 The Fast Fourier Transform

4

(FFT)

3.5

~

The material in this section is optionnl reading. It is
included for completeness, since the FFI' is the most
important algorithm and computer program for doing
spectrum analysis.

3
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13-9.1

In Section 13-5.3 we discussed the FFr as an efficient
algorithm for computing the DFf. In this section, we
will give the basic divide-and-conquer method that leads
to the FIT. From this derivation, it should be possible
to write an FFT program that runs in time proportional
to (N/ 2) log2 N time. We need to assume that N is a
power of two, so that the decomposition can be carried
out recursively. Such algorithms are called radix-2
algorithms.
The DFf summ ation (13.35) and the IDFf summation
(13.36) are essentially the same, excep t for a minus sign
in the exponent of the OFT and a factor of I/ N in the
inverse DFf. Therefore, we will concentrate on the OFT
calculation, knowing that a program written for the OFT
could be modified to do the IDFT by changing the sign
of the complex exponentials and multiplying the final
values by I/ N. The OFT summation can be broken into
two sets, one sum over the even-indexed points of x [n]
and another sum over the odd-indexed po ints.

0.5
0 .....__ _ ..,___ _ ....,___ __.___.__ _.___ _ _,
0
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300
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Figure 13-32: Spectrogram of lowpass filtered speech
signal. Window length L = 250; sampling frequency

l s= 8000 Hz.
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Derivation of the FFT

X[k]

= OFTN(x[n])

( 13.53)

N- 1

=L
1.5
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2.5
Frequency f (kHz)
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Figure 13-33: Spectrum slices at times (a) nTs
and (b) n T, = 400 msec taken from Fig. I 3-32.

4

I

x [n] e- J(m/N)kn

(1 3.54)

11=0

= (x[O]e- i 0 + x [2] e- i<2ir/N)ik
= 200

+ ... + x [ N - 2] e- J(2Jr/ N)k(N-2))
+ (x[ l]e-i<'2n/ N)k + x [3] e- j(2'-r/N)3k
+ · •· + x[N - l]e - i <2Jr/ N)k(N- 1>) (1 3.55)
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X[k]

=

L
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fork = 0, 1, 2, .... N /2- 1. Thus we need an extra bit
of information to calculate X [k), fork ::: N /2. It is easy
to verify that

x[2t']e-J<2n!N)k(U)

£=0

N/2-1

+

L

x[2e

+ l)e-i<2Jr/N)k(2e+ 1>

(13.56)

l=O

At this point, two clever steps are needed: First, the
exponent in the second sum must be broken into the
product of two exponents, so we can factor out the one
that does not depend on
Second, the factor of two in
the exponents (2t') can be associated with the N in the
denominator of 2rc / N.

e.

N/2-1

X[k]

=

L

x[U]e-J(21rk/ N)(U)

l=O

+ e-J<21Tk/N)

N/2- 1

L

x[U

+ l]e-J(hrk/N){2£)

e=0

X[k]

=

N/2-1

L

x[U]e-J(2,TkJ<NJ2l)l

e=0

+ e-J(21Tk/NJ

N/2-1

L

x[U

+ l]e-i<21rk/(N/2))t

t=O

Now we have the correct form. Each of the summations
is a DFI' of length N /2, so we can w1ite

X[k]

= DFI'N12{x[2eJ}
+ e- J<21rJN)k DFTN12{x[U + 1]}

X2[0]

= x2LOJ + x2( l]

X2[l]

= x2[0] + e- i21Tl2 x2[IJ = x2[0] -

x2[ l]

The two outputs of the two-point DFf are the sum and the
difference of the inputs. The last stage of computati.on
would require N /2 two-point DFfs.

( 13.57)

The formula (13.57) for reconstructing X[k] from the
two smaller DFfs has one hidden feature: It must be
evaluated for k
0, I, 2, ... , N -1. The N /2-point
DFfs give output vectors that contain N /2 elements; e.g.,
the DFI' of the odd-indexed points would be

=

and likewise for the DFf of the even-indexed points, so
we need merely to periodically extend the results of the
N /2-point DFfs before doing the sum in (13.57). T his
requires no additional computation.
The decomposition in (13.57) is enough to specify the
entire FFr algorithm: Compute two smaller DFI's and
then multiply the outputs of the DFf over the odd indices
by the exponential factor e-J<'brfN)k _ Referto Fig. 13-34,
where three levels of the recursive decomposition can
be seen. [fa recursive s tructure is adopted, the two N /2
DFfs can be decomposed into four N /4-point DFTs, and
those into eight N /8-point DFl's, etc. If N is a power
of two, this decomposition will continue Oog2 N - 1)
times and then eventually reach the point where the
DIT lengths are equal to two. For two-point DFTs. the
computation is trivial:

13-9.1.1

FFT Operation Count

The foregoi ng derivation is a bit sketchy, but the basic
idea for writing an FFr program using the two-point DFT
and the complex exponential as basic operators has been
covered. However, the important point about the FFT
is not how to write the program, but rather the number
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N/2-point DFT

X[k]

N/2-point DFf

Figure 13-34: Block diagram of a radix-2 FFf algorithm for N = 2". The width o f the lines is proportional to the amount
of data being processed. For example, each N /4-point OFT must transform a data vector containing N /4 elements.
_J

of operations needed to complete the calculation. When
it was first published, the F.fT made a huge impact on
how people thought about problems, because it made
the frequency-domain accessible numerically. Spectrum
analysis became a routine calculation, even for very long
signals. Operations such as filtering, which seem to
be natural for the time-domain, could be done more
efficiently in the frequency-domain for very long FIR
fi lters.
The number of operations needed to compute the FFT
can be expressed in a simple fomm la. We have said
enough about the stmcture of the algorithm to co unt the
number of operations. The count goes as follows: the
N point DFT can be done with two N /2 point DFfs

followed by N complex m ultiplications and N complex
additions. as we can sec in ( J 3.57). 18 Thus. we have
µ,c(N)

= 2µ,r(N /2) + N

at.(N)

= 2ac(N /2) + N

where µ c(N) is the number of complex multiplications
for a length-N DFf, and ac(N) is the number of complex
additions. This equation can be evaluated successively
for N = 2, 4, 8, ... , because we know that J.lc(2) 0
and a.-(2) = 2. Table J3-2 lists the number of operations
for some transform lengths that are powers of two.

=

18Actually. the number of complex multiplications can be reduced
to N / 2, because e-jbr(N/ l>/ N = - I.

13- LO
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Table 13-2: Number ofoperations for radix-2 FFr when N is
a power of two. Notice how much smaller /.l.c(N) is than 4N 2 •

N

µ c(N)

ac(N)

µr(N)

<xr(N)

4N 2

2

0
4

16
64

48

64

128
320
768
1792

160
384
896
2048

0
16
64
192
5 12
1280
3072
7168

4

16

2
8
24

4

8
16
32

64
128
256

16
48
128

320
768
1792
4096

256
1024
4096
16384
65536
262144

The formula for each can be derived by matching the
table:

µ"(N)

= N(Jog2 N -

etc(N)

= N log2 N

I)

Since comp lex number operations ultimately must be
done as multiplies and adds between real numbers, it is
useful to convert the number ofoperations to real adds and
real mul tiplies. Each complex addition requires two real
additions, but each complex multiplication is equivalent
to four real multiplies and two real adds. Therefore,
we can put two more columns in Table 13-2 with these
counts.
The bottom line for operation counts is that the total
count is something proportional to N log2 N. The exact
formulas from Table 13-2 are
/J-r(N)

= 4N(log2 N

- 1)

a,(N)

= 2N(Iog2 N

- 1) + 2N

= 2N log2 N

for the number of real multiplications and additions,
respectively. Even these counts are a bit high because
certain symmetries in the complex exponentials can be
exploited to further reduce the computations.

13-10 Summary and Links
1n this chapter, we have tr ied to establish a basic
understanding of spectrum analysis and an appreciation
for the concept of time-frequency representations of
a discrete-time signal. We derived the OFT which
plays a crucial role because it is efficiently computable
using special (FFf) algorithms. We examined the
DFf for finite-length signals, as well as continuing
periodic signals. Also, we defined the spectrogram and
investigated its resolution which is controlled by the
window used prior to the FFf. The windowing property
of the Fourier transform plays a central role in explaining
the shapes that are commonly seen in spectrum analysis
plots. Several examples were shown of spectrograms
for speech and music to illustrate the resolution trade-off
inherent in spectrum analysis.
The filtered speech example of Section 13-8.7 is ample
evidence that the concept of frequency spectrum has
wide-ranging validity. Jt means that we can think of
the effect of an LTl system on any signal as being
represented by its frequency res ponse. We can say things
like "The signal has a bandwidth of 4 kHz," or "The
high frequencies were emphasized by the filter." This
should not be a surprising conclusion. since even without
this semiformal discussion, most of us, engineers or not,
arc comfortable with thinking about frequency responses
of hi-fi sets, loudspeakers, headphones, and even our
ears. What makes the frequency response such a useful
concept is that any signal can be thought of as a sum of
(perhaps infinitely many) complex-exponential signals.
This chapter has tried to demonstrate this with many
examples and some equations. There is much more
to learn about Fourier analysis and the concept of the
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frequency spectrum , but the essence of this infinitely
interesting subject is contained here.
The demonstrations and projects for this chapter have
much in common with those from Chapter 3, so the
reader should consult those earlier demonstrations. Two
additional laboratory projects available on the CD-ROM
are Lab # 19 which explores the FFr, and Lab #20 which
requires students to develop a music-analysis program
that will write the music for a song from a recording. 1n
Lab #20, the spectrogram is used to get a time-frequency
representation of the m usic, and then a peak-picking
algorithm and editing program must be written to find
the spectral peaks that correspond to actual notes. This
project can be considered as the inverse to Lab #4, the
music synthesis lab. Another similar lab is Lab #9 on the
CD which also appears in Section C-2 of Appendix C.
Lab #9 involves sinusoidal signals generated by a touchtone phone. A spectrogra m analysis of these signals
reveals their simple structure.
The CD-ROM also contains three demonstrations
related to the spectrogram:
(a) Computation of the spectrogram is illustrated by a
movie showing a windowed FFT moving through a
signal.
·~

DEMO: Resolution of the Spectrogram

(b) Spectrograms ofchirp signals show how the window
length of the FFT affects the spectrogram image that
you see. For the chirp case, the rate of change
of the frequency affects the spectrogram image
depending on how fast the frequency changes within
the window duration. It also affects the sound your
hear, because the human auditory system can be
modeled as a spectrum analyzer with variable (but
known) frequency resolution.

(c) A MATLAB g raphical user interface that presents
the connection between musical notation and the
spectrogram.
:e;J

DEMO: Music GUI

Finally, the reader is reminded that there are many
solved problems that are available for review and
practice.

®

13-11

NOTE: Hundreds of Solved Problems

Problems

P-13.1 Suppose that a discrete-time signal x [n] is a sum
of complex-exponential signals
x[nJ

= 3 + 2ej0.2n11 + 2e-j0.2nn -

7 jej0.7,rn

+ 7 je- j0.1.'ln

(a) Make a plot of the DTFT for x[11] using only positive
frequencies, i.e., 0 ::: w < 2.Jr.
(b) Suppose that x 1[11] = x[n ]ei0.4rr". Make a plot of
the DTFI' for x 1[n) using only positive frequencies.
(c) Suppose that xz[n] = (-l)"x[nJ. Make a plot of
the DTFT for x 2 (n) using only positive frequencies.

P-13.2 Consider the continuous-time rectangular window WR(t ), defined by ( 13.16) and the Hamming window,
WH(t), defined by (l3.26).
(a) Show that the continuous-time Fourier transfom1 of
the rectangular window WR(t) is as given in (13.23).

(b) Use the fact that
WH (I)

= [0.54 -

0.46

COS ( 2; 1)] WR(l)

to show that

WH(jw)
DEMO: Wideband FM Signals

COMPUTING THE SPECTRUM

= 0.54WRUw) -

0.23WR(j(w - 2rr/T))

- 0.23WR(j(w + 2n/T))
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(c) Use the result of (b) to construct a sketch of
IWH (} w) I, and from this sketch argue that the width
of the main-lobe of IWH(jw)I is l:iwH
81t/T.

=

P-13.3 A continuous-time signal Xc(t) is bandlimited
such that Xc(Jw) = 0 for lwl::: 2n(1000). This signal
is sampled with sampling rate fs = 1/ Ts producing the
sequence x[n] = xc(nTs) as in Fig. 13-2. Assume that
the window is a rectangular window whose length L is
equal to the DFf length, N. Furthermore, for efficiency
in computation, assume that N is a power of two. Both
Is and N can be chosen at will subject to the constraints
that aliasing be avoided and N = 2v. Determine the
minimum value of N and the range of sampling rates
f~rniJ.i < l s < fsmax so that the effective spacing between
DFI' frequencies is less than or equal to 5 Hz. Give
numerical values for N, fs"'in and l smax.
P-13.4 Determine the 10-point DFT of the following:

. = 11

(a) xo [n]

(b) x 1[11]

=l

g

(c) x2 (nj (d) x3(n)

n. = 0

0

= l, 2 , . .. , 9
for n = 0, 1, 2, ... , 9

1

1
O

=

(b) y 1[11]

=

I
I

n=0,1,2,3

0

n

= 4, 5, ... , 11

1 n =0, 2,4,6,8, 10
O
n= 1,3,5,7,9, 11

1

P-13.7 The 8-point running-sum filter is an FIR filter
with coefficients {bkl = {I , 1, 1, 1, I , 1, 1, 1, }.
(a) Use FFT spectrum analysis to plot the frequency
response of the 8-pt. running-sum filter.
(b) Suppose that the input to the 8-pt. running-sum filter
is x[nl whose DTFT has nonzero components only
at 1 = 0.251t, ii>i = 0.51r, and W3 = 0.751r, and a
DC value of X 0 = 3. Explain why the output of the
8-pt. nmning-sum filter is then y[n ] = 24 for all n.
Use values from the plot of IH(ei"') I versus
to
support your explanation.

w

w

P-13.8 Suppose that a continuous-time signal x (t)
consists of several sinusoidal sections

n =4

=I 4

11

= ei2rrn/5

=

(a) Yo[nJ

11

for 11

= 0, 1, 2, ... , 9

P-13.5 Determine the IO-point inverse DFr (IDFf) of
the following:
(a) X 0 [k]

P-13.6 Detennine the 12-point DFr of the following:

k
k

=0

= I, 2, ... , 9

fork

1 k

= 0, 1, 2, ... , 9

= 3, 7

(c) Xc[k]

=

(d) Xd[k]

= cos(2rck/5)

1 k=O,
0

1, 2,4,5,6,8,9
fork=0, 1,2, ... ,9

x(t )

=

cos(2rr (600)1)

0::; l < 0.5

sin(21t{l l00)t)

0.3 ::: t < 0.7

cos(21r(500)t)

0.4 ::: t < 1.2

cos(21r{700)t - rr/4)

0.4 ::; I < 0.45

sin(2n(800)t)

0.35 ::: r < 1.0

(a) If the signal is sampled witJ1 a samp ling frequency
of Is = 8000 Hz, make a sketch of the ideal spectrogram that corresponds to the signal definition.
(b) Make a sketch of the actual spectrogram that
would be obtained with an FFT length of N = 256
and a Hann window length of L
256. Make
approx..imations in order to do the sketch without
actually calculating the spectrogram in MATLAB.

=
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P-13.9 The C-major scale was analyzed in the
spectrogram of Fig. 13-22 with a window length of
L = 256. Make a sketch of the spectrogram that would
be obtained if the window length were L = IOO. Explain
how your sketch would differ from Fig. 13-22.
P-13.10 In the spectrogram of the C-major scale in
Fig. 13-22, estimate the time duration of each note.
P-13.11 The spectrogram of Fig. 13-23 shows the
period of time corresponding to the first nine notes in
the treble clef in Fig. 13-2 1. Compute the theoretical
frequencies (based on A440) of these nine notes and
compare your result to what you measure on the
spectrogram of Fig. 13-23.
P-13.12 Assume that a speech signal has been
sampled at 8000 Hz and then analyzed with MATLAB's
specgram function using the following parameters:
Hamming window with length L = 100, FFf length
of N = 256, and overlap of 80 points. Determine the
resolution of the resulting spectrogram image.

CHAPTER 13
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(a) Determine the frequency resolution (in Hz)
(b) Determine the time resolution (in sec)

P-13.13 The resolution of a spectrum analysis system
is determined by the frequency response of the time
window. Suppose that we sample a continuous-time
signal at fs = 10,000 Hz and we want to have frequency
resolution of 250 Hz.

(a) If we use a Hamming window for w(n], what
window length L would be needed? Estimate a
minimum value for L.
(b) Use the specific value for L determined in part
(a), and demonstrate that the resulting Hamming
window wHI have sufficient frequency resolution by
plotting its frequency response (magniludc).

A p p
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Complex Numbers
• Elimi11atio11

The basic manipulations of complex numbers are
reviewed in this appendix. The algebraic rules for
combining complex numbers are reviewed, and then a
geometric viewpoint is 1aken to visualize these operations
by drawing vector diagrams. This geometric view is a
key to understanding how complex numbers can be w;ed
to represent signals. Specifically, the following three
significant ideas about complex numbers are treated in
this appendix:

of Trigonometry:
Euler's
for the complex exponential z =
r ei 9 = ,- cos 0 + j r sin 0 provides a connection
between trigonometric identities and simple
algebraic operations on complex numbers.

formula

• Representation by Vectors: A vector drawn from
the origin to a point (x. y) in a two-dimensional
plane is equivalent to z x + jy. The algebraic
rules for z are, in effect. the basic rules of vector
operations.
More important, however, is the
visualization gained from the vector diagrams.

=

• Simple Algebraic Rules: Operations on complex
numbers (z = x + j y) follow exactly the same rules
as real numbers, with j2 replaced everywhere by
- 1.1

The first two ideas concern the algebraic nature
of z = x + jy, the other its role as a representer of
signals. Skill in algebraic manipula1ions is important,
but the use of complex numbers in representation is
more important in the long run. Complex numbers in
electrical engineering are used as a convenience because

1Mathematicians and physicists use the symbol i for .J=T:
electrical engineers prefer to reserve the symbol i for current in
electric circuits.
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when they stand for the sinusoidal signals they can
simplify manipulations of the signals. Thus, a sinusoidal
problem (such as the solution to a differential equation) is
converted into a complex number problem that can be ( 1)
solved by the simple rules of algebra and (2) visualized
through vector geometry. The key to all this is the higherorder thinking that pem1its abstraction of the problem
into the world of complex numbers. Ultimately, we are
led to the notion of a "transform" such as the Fourier
or Laplace transform to reduce many other sophisticated
problems to algebra. Because complex numbers are so
crucial to almost everything we do in the study of signals
and systems, a careful study of this appendix is advised.
Once such insight is gained, it still wiJI be necessary
to return occasionally to the lower-level drudgery of
calculations. When you have to manipulate complex
numbers, a calculator will be most usefu l, especially
one with built-in complex arithmetic capability. It is
worthwhile to learn how to use this feature on your
calculator. However, it is also important to do some
calculations by hand, so that you will understand what
your calculator is doing!
Finally, it's loo bad that complex numbers are called
"complex." Most students, therefore, think of them
as complicated. However, their elegant mathematical
properties usually simplify calculations quite a bit.

More generally. complex numbers are needed to solve
for the two roots of a quadralic equation

m.2 +bz +c=O
which, according to the quadratic formula, has the two
solutions:

- b± Jb2 - 4ac
2a

z=-- - - - Whenever the discriminant (b2 - 4ac) is negative, the
solution must be expressed as a complex number. For
example, the roots of

z

+ 6z + 25 = 0

(1 /2a )Jb 2 - 4ac =

½J36- 4(25)

= ½--..!='64 = ±j4.
A-2

Notation for Complex Numbers

Several different mathematical notations can be used to
represent complex numbers. The two basic types are
polar fonn and rectangular form. Converting between
them quickly and easily is an important skill.

Rectangular Form

In rectangularform , all of the following notations define

Introduction

the same complex nwnber.

A complex number system is an extension of the real
number system. Complex numbers are necessary to solve
equations such as

z2= -1

2

are z = -3 ± j4, because

A-2.1

A-1

COMPLEX NUMBERS

(A.I)

The symbol j is introduced to stand for .J=T, so the
previous equation (A.1) has the two solutions z = ±j.

z

= (x, y)
=x+jy

= ffie(z} + j~m{z}
The ordered pair (.x, y) can be interpreted as a point in
the two-dimensional plane.2
2 Tois is also the notation used on some calculators when entering
complex numbers.
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~ndzl

~m{zl

z =x + jy

V,

2+ jS

·;;

<

..

i:':'
C

-~
.§

0 = DIRECTION
Real Axis

TAIL

!tte{z}

Figure A-1: Complex number represented as a vector
from the origin to (x, y).

RealAxis

- 5+j0

-3-j3

A complex number can also be drawn as a vector whose
tail is at the origin and whose head is at the point (x, y),
in which case x is the horizontal coordinate of the vector
and y the vertical coordinate (see Fig. A-1 ).
Figure A-2 shows some numerical examples. The
complex number z = 2 + j5 is represented by the point
(2, 5), which lies in the firsl quadrant of the twodimensional plane; likewise, z 4 - j3 lies in the fourth
quadrant at the location (4, -3). Since the complex
number notation z x + j y represents the point (x, y)
in Lhe two-dimensional plane, the number j represents
(0, 1). which is drawn as a vertical vector from the
origin up to (0, 1), as in Fig. A-2. Thus multiplying a
real number, such as 5, by j changes it from pointing
along the horizontal ax.is to pointing vertically; i.e.,
j(5 + j0) = 0 + j5.
Rectangular form is also refen-ed to as Cartesia11form.
The horizontal coordinate x is called the real part, and the
vertical coordinate y the imaginary part. The operators
!Jle{z} and £im {z} are provided to extract the real and
imaginary parts of z = x + jy:

:>te{z)

4- j3

Figure A-2: Complex numbers plotted as vectors in the
two-dimensional "complex plane." Each z x + j y is
represented by a vector from the origin to the point with
coordinates (x. y) in the complex plane.

=

=

=

= !He(z)
y = ~m{z}

x

(A.2a)

(A.2b)

A-2.2

Polar Form

In polar f orm , the vector is defined by its length (r) and
its direction (0) as in Fig. A-1. Therefore, we use the
following descriptive notation sometimes:
z ~rL0
Some examples are shown in Fig. A-3, where the
direction 8 is given in degrees. The angle is always
measured from the positive x-axis and may be either
positive (counterclockwise) or negative (clockwise).
However, we generally specify the principal value of
the angle so that -180° < 8 ~ 180°. This requires that
integer multiples of 360° be subtracted from or added to
the angle until the result is between - 180° and +180°.
Thus, the vector 3L-80° is the principal value of 3L280°.
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~111(;:}

:'\m(zl

;: = X + jy
3L150°

)'

2L45"

0 = DIRECTION

mefz}

X

Real Axis

llte{z}

Figure A-4: B asic layout for relating Cartesian
coordinates (.x. y) to polar coordinates rand 0.

Therefore, a vaJid formula for z is
3L

z

-so·

F igure A-3: Several complex numbers plotted in terms of
length (r) and direction (0) of their vector representation.
The angle is always measured with respect to the positive
re(ll axis; its units are usually radians. but are shown as
degrees in this case.

2L45°

Both the polar and rectangular forms are commonly used
to represent complex numbers. The prevalence of the
polar form, for sinusoidal signal representation, makes it
necessary to convert quickly and accurately between the
two representations.

3L - 80°

DEMO: Zdri/1

From Fig. A-4, we see that the x and y coordinates of
the vector are given by

x = rcos0

(A.3a)

= r sin 0

(A.3b)

y

(A.4)

In Fig. A-3, the three complex numbers are

3L150°

~

r sin 0

Example A-1 : Polar to Rectangular

Conversion: Rectangular and Polar

A-2.3

= r cos 0 + j

-

~

z = ✓2 + j✓2
3.J3

.3

2

2

z = --+1 -

z = 0.521 - j2.954

111e conversion from polar to rectangular was done via
■

(A.3).

The conversion from (x. y) to r L.0 is a bit trickier.
From Fig. A-4, the formulas are
r

= Jx2 + y2

0

= arctan(y/x)

(Length)

(A.5a)

(Direction)

(A.Sb)

The arctangent must give a four-quadrant answer. and the
direction 0 is usually given in radians rather than degrees.
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EXERCISE A.1: At this point, the reader should
convert to polar fonn the five complex numbers shown in
Fig. A-2. The answers, in a random order. are: lL'.'.90°,
SL-36.87°, 4.243L - 135°, 5.385L68.2°, and 5Ll80°.

Z

,'i'm{zl

= X + jy

y
£J =

In Section A-3, we will introduce two other polar
notations:

z = rejO

J

</J is easily calculated

where lz I = r = x 2 + y 2 is called the magnitude of
the vector and arg z 0 = arctan (y / x) is its phase in
radians (not degrees). This exponential notation, which
relies on Euler's formula, has the advantage that when
it is used in algebraic expressions, the standard laws of
exponents apply.

angle for the polar form, which requires the exterior angle
0 w ith respect to the positive real axis.

=

Difficulty in Second or Third
Quadrant

The formu la (A.Sb) for the angle 0 as the arctan(y/x)
must be used with care, especially when the real part
is negative (see Fig. A-5). For example, the complex
number z = -3 + j2 would require that we evaluate
arctan(- 2/3) to get the angle; the same calculation
would be needed if z 3- j2. Thearctangentof-2/3 is
- 0.588 rad, or about -33.7°, which is the correct angle
for z 3 - j2. However. for z -3 + j2, the vector
lies in the second quadrant and the angle must satisfy
90° .:5 0 .:5 180°. We get the correct angle by adding
180°. In this case, the correct angle is rr - 0.588 = 2.55
rad, or about l 80° - 33. 7° = 146.3°. The general method
for getting the angle of z in polar fonn is

=

=

0

~!e{z)

Figure A-5: In the second quadrant, the interior angle
from x and y, but is not the correct

= lzlej arg z

A-2.4

0

X

DIRECTION

=

_ { arctan(y /x)

± 180° + arctan(y/x)

if x ~ 0
if X < 0

(A.6)

Since 180° and - 180° are both angles to z = - 1, when
x < 0 we should pick the appropriate one to make the
final answer satisfy 10 I .:5 180°.

A-3

Euler's Formula

The conversion from polar to rectangular form (A.3)
suggests the following fommla:
e

111

= cos0 + j sin 0

(A.7)

Equation (A.7) defines the complex exponeTltia/ ei11 ,
which is equivalent to I L0 (i.e., a vector of length J
at angle 0). A proof of Euler's formula based on power
series is outlined in Problem 2.4 of Chapter 2.
The amazing discovery was that the laws of exponents
apply to ei9 • Euler's formula (A.7) is so important that
it must be instantly recalled; likewise, the inverse Euler
formulas (A.8) and (A.9) should also be committed to
memory.
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Euler's formula (A.7) can be solved separately for the
cosine and sine parts. The result wilJ be called the inverse
Euler relatio11s
ei9 + e- iB
(A.8)
cos0 =

Here are some examples:
(90°) :

ef;r12

Inverse Euler Formulas

A-3.1

Example A-2: Euler's Formula

= cos(n /2) + j sin (;r /2)
= 0 + j l = j ~ 1Lrr /2

2

ein = cos(rr) + j sin(JT)

(180°):

= - I + jO = (45°):

~

I

= ./2 + j ./2
eirr/3

= ---2j

sin0
lLrr

Recalling that cos(-0) = cos 0 and sin(-0)
the proof of the sin 0 version is as follows:

ein14 = cos(rr/4) + j sin(rr/4)
l

(60°):

l

eiB - e- /6

+-----+ 1Lrr I4

= cos(rr/3) + j sin(rr/3)
= ½+ J½ ✓3 + - lbr/3

=}

•

= cos(-0) + j sin(-0)
= cos0 - j sin0

e+i8

= cos0 + j sin 0

ei8 - e- 19

= 2j sin0
eiO _ e-i9

===> sin 0 = ---2}

Referring back to Fig. A-3, the three complex numbers
can be rewritten as:
~

3Ll50°

+-----+

3L- 80°

«-

= 2efrr/4
z = 3e)Srr/6
Z = 3e -/4rr/9 = 3e -/ l.396

Z

•

0 x (

=

180)
-;-

=

d"ITection
. m
. degrees

A-4

Algebraic Rules for Complex
Numbers

The basic arithmetic operators for complex numbers
follow the usual rules of algebra as long as the symbol
j is treated as a special token that satisfies j2 - 1.
In rectangular form, all of these rules are relatively
straightforward. The five fundamental rules are the
following:

=

Numbers like - 1.396 rad are difficult to visualize,
because we are more used to thinking of angles in
degrees. .It may be helpful to express the angles
used in the exponents as a fraction of rr rad; i.e.,
- 1.396 - ( l.396/1t)n- -0.444rr rad. This is a
good habit to adopt, because it simplifies the conversion
between degrees and radians. If 0 is given in radians, the
conversion is

=

= - sin 0,

e-19

Example A-3: Degrees to Radians

2L45°

(A.9)

Addition:
Z1

+ Z2 = (Xt + }Y1) + (X2 + }y2)
= (x1 +xi)+ j(y1 + }'2)

Subtraction:

z, -

Z2

= (x1 + jy,) = (x1 -

X2)

(x2

+ }(Yi

+ jy2)
- Y2)

A-4
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Multiplicatio n:
Z I X Z2
(x, + j Yi) X (x2 + jy2)

=
Z1Z2 = X1X2 + lY1Y2 + jX1Y2 + jX2Y1
= (X1X2 -

Y1Y2)

-

z- 1z = l.

lz2l 2

=

x}+ Yi

=

(x1X2

Conjugate:

+ Y1Y2) + j(X2Y1 x22 + y22

X1)'2)

z7 = (x1 + jyi)*

Addition and subtraction are straightforward because
we need only add or subtract the real and imaginary
parts. On the other hand, addition (or subtraction) in
polar form cannot be carried out directly on r and 0;
instead, an intermediate conversion to rectangular form
is required. In contrast, the operations of multiplicatjon
and djvision, which are rather messy in rectangular
form, reduce to simple manipulations in polar form.
For multiplication. multiply the magnitudes and add the
angles; for division, divide the magnitudes and subtract
the angles. The conjugate in polar form requires only a
change of sign of the angle.

Multiplication:

Division:

= r,e-i81
'!!,;J EXERCISE A.2:
The inverse or reciprocal of a
complex number z is the number z- 1such that

+ jy1)/(x2 + j y2)
z1z; z1zi
z2z;

z~ = (r1ei 81 )*

Conjugate:

+ j(X1Y2 +x2y1)

Division:
z1 -;- z2 = (x i

-
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ZI X Z2

Z1

+ Z2

= r1 ei01 X r2eith
= (r1r2) ei(61+9i.)
r1ei01

= --.
r 2eJ 02

=

~ ei<01-fhl

r2

A common mistake with the inverse istoinvertz x+ j y
by talcing the inverse of x and _v separately. To show that
this is wrong, take the speci fie case where z = 4 + j 3 and
w = ¼+ j Show that w is not the inverse of z, because
wz "I- 1. Determine the correct inverse of z.

1.

Polar form presents difficulties when adding (or
subtracting) two complex nwnbers and expressing the
final answer in polar form. An intermediate conversion
to rectangular form must be done. Here is the recipe for
adding complex numbers in polar form.
l. Starting in polar form, we have
Z3

=

Z1

± z2 =

r,e'

·o1 ± r2e1·o,

2. Convert both z 1 and z2 to Cartesian form:

3 . Perform the addition in Cartesian form:

4. Identify the real and imaginary parts of z3 :

= ~le{z3 } = r, cos01 ± r2cos 02
y3 = ~111{z3} = r1 sin 01 ± r2 sin 02
x3

5. Convert back to polar fonn using (A.Sa) and (A.Sb):
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If you have a calculator that converts between polar and
rectangular form, learn how to use it; it will save many
hours of hand calculation and also be more accurate.
Most "scientific" calculators even have the capability to
use both notations, so the conversion is transparent to the
user.

~ EXERCISE A.4: For the conjugate the simple
rule is to change the sign of all the j terms. Work the
following:

=?
j))* =

(3 - j4)*
()( I -

')

(ejrr/2)*
l'f~

Here is a numerical example of adding two complex
numbers given in polar form:
Z3

® EXERCISE A.5:
ities are true:

= 1ej 4n/7 + 5e- i5rr/ ll

= (z + z*)/2
~m{zl = (z - z*)/2)

= (-1.558 + j6.824) + (0.712 - j4.949)
Z3 = - 0.846 + j 1.875

lzl2

= 2.057eit.995 = 2.057ei0 •635" = 2.057L l 14.3°

Remember: When the angle appears in the exponent, its
■
units must be in radians.

A-4.1

Complex Number Exercises

To practice computations for complex numbers,
following exercises.

Lry

the

1!;; EXERCISE A.3: Add and multiply the following,
then plot the results:

= 5ej4rr/5 + 1 e-J51r/7
Z5 = Sei4rr/ S x 7e- j5rr/ 7
Z4

= 8.783e-i0 -90771'

= zz*

More drill problems can be generated by using the
MAnAB program zdrill . m, which presents a GUI
(graphical user interface) that asks questions for each of
the complex operations, and also plots the vectors that
represent the solutions. The zdrill GUI has both a
novice and ao advanced level. A screen shot of the GU1
is shown in Fig. A-6.
DEMO: Zdri/1

A-5

The answers are z4 = -8.41 - )2.534
and zs = 35ei3Jr/JS .

Prove that the following ident-

me{z}

Z3

Z3

= ?

Example A-4: Adding Polar Forms

Geometric Views of Complex
Operations

It is important to develop an ability to visualize complex
number operations. T his is done by plotting the vectors
that represent the numbers in the (x, y) plane, where x =
!He{zJ and y = ~ m(zJ. The key to this is to recall that,
as shown in Fig. A-1 , the complex number z = x + jy is
a vector whose tail is at the origin and whose bead is at
(x, y).

A-5
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OPERATION
r - 1.5
llleta

lz1+Z2 1Aad,

New Quiz

.:l

= 0.25'pi

r

Show Reel Forrr

P Sll,N, V~tor sum
YOUR GUESS

r=
r = 1.5

P Show Answer

I,
I

theta= pi!2
t11eta - -0.5'pl

,- --., ,

1
0.5

.... .

■ 21

■ Answer

■ z2

1

,

0.5

'
OJ)

■ Guess

.

,,

0 ·+···········

E

_s -0.5

\

.-·

-1

.'

,

-1

,

··-.....~.--···•''

-1.5

-1 .5
-1

0

1

R~al

-1

0

1

R~al

Fi1,,rure A-6: The MATLAB GUT zdrill for practicing complex number operations.

A-5.1

Geometric View of Addition

I. Draw a copy of z 1 with its tail at the head of z2• Call
this displaced vector z1,

=

For complex addition, z3
z, + z1 , both z 1 and z2 are
viewed as vectors with their tails at the origin. The sum
Z3 is the result of vector addition, and is constructed as
follows (see Fig. A-7):

2. Draw lhe vector from the origin to the head of
This vector is the sum z3.

z,.
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c:!m{z)
z2
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~m{z:}

..,

Sum Q/ 2

= 2 + j5

'

me{z}
V

'

Z:3
Z3

!Xe{::}

= 6 + j2

Real ,\xi"

!He{zl

(b)

(a)

Figure A-8: Result of addjng the four vectors
{ l+ j. - l +j. - 1-j, 1- j}shownin(a)iszero. The
"head-to-tail'" graphical method is illustrated in {b).

Figure A-7: Graphical construction of complex number
addition z3 = z1 + z2.

~mlz)
.,.
><

This method of addition can be general ized to many
vectors. Figure A-8 shows the result of adding the four
complex numbers
(1 + j) + ( - 1 + j) + (- 1 - j ) + () -j)

<
>-,
g

Z3

=4 + j5

Displaced
Version of -:: 1

§,

- z:1

.,.-e
\

z:2

= 5 + j2

where the answer happens to be zero.
9le{z}

A-5.2

Geometric View of Subtraction

The visualization of subtraction requires that we interpret
the operatio n as addition:
Z3

= Z2 -

ZI

=

=I -

j3

= Z2 + (- Z J)

Thus we must flip z, to -z, and then add the result to z 2 •
T his method is shown in Fig. A-9 and is equivalent to the
vis ualization of addition, as in Fig. A-7. There are two
additional comments to be made aboul subtraction:
z2
z1 + Z3, a displaced version of the
difference vector could be drawn with its tail at the
head of z, and its head at the head of z2 •

l. Since

ZI

Figure A-9: Geometric view of subtraction. The vector
z I is flipped to make (-z 1) and then a displaced version
is added to z2 to obtain ZJ = z:2 + (-z1 ).

2. The triangle with vertices at the tJu·ee points 0, z 1,
and z2 has sides equal to z1, z1, and z2 - z1.

A-5
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:Jm !z}

~ m(z}

~ m{z)

~m{z }
.Zt

Z2
ZJ

9telzl

(a)

(b)

= ZIZ2 -

Figure A- 11 : Complex multiplication becomes a rotation
when lz2I = I. The case where z2 = j gives a rotation
by 90° .

~ EXERCISE A.6: Define a vector w to have its
tail at z1 and it<; head at z2 . Prove that w has the same
length and direction as z2 - z1.
EXERCISE A.7:

(b)

(a)

Figure A-10: Geometric view of complex multiplication
Z3

i'He{z}

z1 9le(z}

Prove the Lriangle inequaJity:

A-5.4

Geometric View of Division

Division is very similar to the visualization of
multiplication, except that we must now subtract the
angles and divide the magnitudes (Fig. A-12).
Z3

= -z1 = -r, el·coI -O•>
•
Z2

Use either an algebraic method by squaring both sides, or
a geometric argument based on the intuitive idea that "the
shortest distance between two points is a straight line."

EXERCISE A.8:

r2

Given two complex numbers

z4 and z2, as in Fig. A- 12, where the angle between them

A-5.3

Geometric View of Multiplication

It is best to view m ultiplication in terms of polar fonn
where we multiply the magnitudes, and add the angles.
In order to draw the product vector z3 , we must decide
whether or not lz1I and/or lz2 1are greater than I . In
Fig. A- 10, it is assumed that only lz 1 I is larger than I.
A special case occurs when lz2I = 1, because then
there is no scaling, and the multiplication by z2 = eifh
becomes a rotation. Figure A- 11 shows the case where
Z2 = j , which gives a rotation by rr /2 or 90°, because
j eirr/2_

=

is 90° and the magnitude Of Z4 is twice that ofz2 • Evaluate
Z4/z2.

A-5.5

Geometric View of the Inverse, z- 1

This is a special case of d ivision where z1 = 1, so we j ust
negate the angle and take the reciprocal of the magnitude.

Refer to Fig. A- 13 for examples of the inverse.
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~m(zl

:.'lm{zl
Z!
~-

,,.

<

Real""' 9le{z)

Z4

Figure A-12: Graphical visualization ofcomplex number
division 23 21 /22. Notice thaL the angles subtract; i.e..
(h = 01 - (h, Since lz2 I > I, the vector z3 is shorterthan

=

Figure A- 13: Graphical construction of complex number

inverse I/ z. Forthe vectors shown, lz ii > I and lz3I < I.

z,.

A-5.6

Geometric View of the Conjugate, z•

In this case, we negate the angle, which has the effect of
fl ipping the vector about the horizontal axis. The length
of the vector remains the same.
z*

=x -

jy

Prove the following fact:

1 .0
-1 = -el

z*

Powers and Roots

lnteger powers of a complex number can be defined in
the following manner:

= n,-jo

Figure A-14 shows two examples of the geometric
interpretation of complex conjugation.

~ EXERCISE A.9:

A-6

r

Plot an example for z = 1 + j; also plot 1/ z and z*.

ln other words. the rules of exponents still apply, so the
angle 0 is multiplied by N and the magnitude is raised to
the N 1h power. Figure A-15 shows a sequence of these:

(l}={z0 , z 1•

z2.

z3 ••.• }

where the angle steps by a constant amount; in this case,
exactly rr /6 rad. The magnitude of z is less than one,
so the successive powers spiral in toward the origin. If
lzl > 1, the po ints would spiral outward; if lzl 1. all

=

A-6
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POWERS AND ROOTS

~mlz)

~m[z)
Z4

= Z3

.!,..

<
_3

.._,

- Y3
z0

= I
me[z]

- yi
)'3

Z2

= zj

ZJ

Figure A-14: Graphical construclion of the complex
conjugate z*; only the imaginary part changes sign. The
vectors flip about the real axis: z1 flips down, and ZJ flips
up.

Figure A-15:
A sequence of powers zl for
0, I, 2, .... JO. Since lzl = 0.9 < I, the vectors
spiral in toward the origin. The angular change between
successive powers is com,tant: 0 = argz = n/6.

e=

A-6.1
the powers zN would lie on the twit circle (a circle of
radius l ). One famous identity is OeMoivre' formula:
(cose + J sin 0)N

= cos Ne+ j

Roots of Unity

Tn a surprising number of cases, the following equation
must be solved:
(A.10)

sin N0

The proof of this seemingly difficult Lrigonometric
identity is actually trivial if we invoke Euler's formula
(A. 7) for ej NI:/.

~ EXERCISE A.10:
Let zN- t, zN, and zN+t be
three consecutive members of a sequence such as shown
in Fig. A- 15. If z = 0.98e-jir/6 and N = 11, plot the
three numbers.

=

rn lhis equation, N is an integer. One solution is z 1,
but there are many others, because (A. I 0) is equivalent
to finding all the roots of the Nri"'"-degree polynomial
zN - l. whic h must have N roots. It turns out that all the
solutions are given by

z = e j1.irt/N

for

e= 0. I , 2, ... N -

I

which are called the N th roots of u 11ity . As shown
in Fig. A-16, these N solutions are complex numbers
equally spaced around the unil circle. The angular
spacing between them is 2rr/ N.
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3. Equate the two sides and solve for the magnitudes

':lm{z}

and angles separately.
rN ejNe

= lclei<l>ei2,rt

4. The magnitude is the positive N th root of a positive
number lcl:

me{z}

Figure A- 16: Graphical display of the Nlh roots of unity
(N
12). These are the solutions of zN
I. Notice that
there are only N distinct mots.

=

=

5. The angle contains the interesting information,
because there are N different solutions:

NO

=¢+2nf.

8

= ¢ + 2rrl'.

0

=!I!...+ 21re

I'.

= 0, I, ... N -

1

N
N

N

6. T hus, the N different solutions all have the same
magnitude, but their angles are equally spaced with
a difference of 2rr / N between each one.
Example A-5: 7-th Roots of Unity

A-6.1.1

Procedure for Finding Multiple Roots

Once we know that the solutions to (A. I 0) are the N th
roots of unity, we can describe a structured approach to
solving equations with multiple roots. In order to get
a general result, we consider a slightly more general
situation

= lclei<I>_ T he procedure

where c is a complex constant, c
involves the following six steps:
1. Write zN as

= l , using the procedure above.
,.7 ei79 = ei21T t

Solve z7

===>r=l
===> 70 = 2rr.e
2rr
0=-1'.
e =0. 1,2.3,4,5,6
7
Therefore, these solutions are equally spaced around the
unit circle, as shown in Fig. A-17. ln this case, the
solutions are calJed the seventh roots of unity .
■

r N eiNO.

e

2. Write c as lclei4'ei 2;re where is an integer. Note
that when c = 1 we would write the number 1 as
for f.

= 0, ± 1, ±2, ...

EXERCISE A.11 :

z5

Solve the following equation:

= -1

Use the fact that - 1 = ei". Plot all the solutions.
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The complex numbers via MATLAB demo is a quick
reference to these routines.

~m(z)

DEMO: Complex Numbers via MATLAB

'ZJ

In addition to the labs, we have written a

me{z}

MATLAB

GUI (graphical user interface) that wiJI generate drill
problems for each of the complex operations studied here:
addition, subtraction, multiplication, division, inverse,
and conjugate. A screen shot of the GUI is s hown in
Fig . A-6.
DEMO: Zdril/

/

ei 12,..11

= e - ii,..n

A-8

Problems

P-A.1 Convert the following to polar fonn:
(a) z = 0

Figure A-17: Graphical display of the 7th roots of unity.
Notice that the sequence ei 2rrl/? repeats with a period
equal to 7.

(b) z

+ j2

= (-1 , I )

(c)

z = -3 - j4

(d)

z = (0, - 1)

P-A.2 Convert the following to rectangular form:

A-7

Summary and Links

This appendix has presented a brief review of complex
numbers and their visualization as vectors in the twodimensional complex plane. Although this material
should have been seen before by most students during
high-school algebra, our intense use of complex notation
demands much greater familiarity. The labs in Chapter 2
deal with various aspects of complex numbers, and also
introduce MATLAB. In Lab #2, we also have included a
number of MATLAB functions for plotting vectors from
complex numbers (zvect , zcat) and for changing
between Cartesian and polar forms (zprint).
<>

LAB: #2 Introduction to Complex
Exponentials

(a) z

= .J2 ei<3rr/4)

(b) z =1.6L(n/6)
(c) z = 3e- i <rrf 2>
(d) z = 7

L (7,r)

P-A.3 Evaluate the following by reducing the answer to
rectangular form:
(a)

j3

(b) eiC:rr+2nmJ (m an integer)
(c)

j2"

(d) j

1/ 2

(11 an integer)

(find two answers)
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P-A.4 Simplify the following complex-valued expres-

sions:
(a) 3e12"13

Cb)

-

4e-J1r/6

P-A.7 Simplify the following complex-valued expressions. Give your answers in polar form. Reduce the
answers to a simple numerical form.

(a) For z = -3 + j4, evaluate 1/z.

ch- j2)8

(b) For z

(c) ( .Jj_ - j2)- l

(d) ( h-

COMPLEX NUMBERS

= - 2 + j2. evaluate z.5.

(c) For z = -5 + j 13, evaluate lzl2 .

j2) 112

{d) For z = -2 + j5, evaluate 9le{ze- i:rr/2 }

(e) ~mue-jrr/3}

Give the answers in both Cartesian and polar form.
P-A.5 Evaluate each expression and give the answer in
both rectangular and polar form. fn all cases, assume that
zI = -4 + j 3 and Z2 = l - j.

P-A.8 Solve Lhe following equation for z:

z4

=j

Be sure to find all possible answers, and express your
answer(s) in polar form.

(a)

zT

(t)

z, /z2

(b)

z~

(g)

e•2

P-A.9 Let z.0

(c)

z1 + zi

{h)

z,zr

P-A.10 Evaluate (- j) 112 and plot the resu1t(s).

(i)

Z1Z2

(d) jz.2
(e)

z11 = l /z1

P-A.6 Simplify the following complex-valued sum:

Give the numerical answer for z in polar form. Draw a
vector diagram for the three vectors and their sum (z).

= ei21r/ N_

Provethat z~-•

= l/z0 .

A p p
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Programming in MATLAB
MATLAB will be used extensively in the laboratory
exercises on the CD-ROM and in Appendix C. This
appendix provides an overview of MATLAB and some of
its capabilities. We focus on programming issues since a
wealth of information is already available on syntax and
basic commands. 1 MATLAB has an extensive on-line help
system, which can be used to answer any questions not
answered in this brief presentation. In fact, an ideal way
to read this appendix would be to have MATLAB running
so that h elp can be used whenever necessary, and the
examples can be run and modified.
MATLAB (short for Matrix Laboratory) is an environment for numerical analysis and computing. It
1Two useful reference books are:

originated as an interface to the coUections of numerical
routines from the U NPACK and EISPACK projects,
but it is now a commercial product of The Mathworks,
lnc. MATLAB has evolved into a powerful programming
environment containing many built-in functions for doing
signal processing, linear algebra, and other mathematical
calculations. The language has also been extended by
means of toolboxes containing additional functions for
MATLAB. For example, the CD-ROM that accompanies
this book contains a toolbox of functions needed for
the laboratory exercises. The toolboxes are installed as
separate directories within the MATLAB directory.

NOTE: SP Rrst Toolbox

D. Hanselman and B. Liltlefield,

Ma.~rering MATLAB 6: A Compr1the11si11e Tutorial and Reference.
Prentice Hall, Upper Saddle River, NJ. 2000. ISBN: 0130194689.
E. B. Magnib. S. Azarm. B. Balachandran. and J. Duncan. An
Engineer's Guide to MATLAB, Prentice Hall. Upper Saddle River,
NJ, 2000, ISBN: 0130113352.

Please follow the instructions on the CD-ROM to
install the SP First toolbox before doing the laboratory
exercises.
443
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Since MATLA n is extensible, users find it convenient to
write new functions whenever the built-in functions fail
to do a vital task. The programming necessary to create
new functions and scripts is not too difficult if the user
has some experience with C, PASCAL, or FORTRAN.
This appendix gives a brief overview of MATLAB for the
purpose of programming.
Version 5.2. 1 or greater is needed for SP First.

8-1

MATLAB

Help

MATLAB provides an on-line help system accessible
by using the help command. For example, to get
information about the function filter, enter the
following at the command prompt:
>> help filter

The command prompt is indicated by » in the
command window. The help command will return
text information in the command window. Help is also
available for categories; for example, help punct
summarizes punctuation as used in MATIAB's syntax.
The help system now has a Web-browser interface, so
the commands helpdesk, helpwin and doc bring
up this interface.
A useful command for getting started is intro, which
covers the basic concepts in the MATLAB language. Also.
there are many demonstration programs that illustrate the
various capabilities ofMATLAD; these can be started with
the command demo .
Finally, if you are searching for other tutorials, some
are freely available on the Web.
When unsure about a command, use help.

8-2
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Matrix Operations and
Variables

The basic variable type in MATLAB is a matrix. 2 To
declare a variable, simply assign it a value at the MATLAB
prompt For example,
>> M
M

[l

2 6; 5 2 1)

=
1
5

2
2

6
1

When the definition ofa matrix involves a loug formula
or many entries, then a very long MATLAB command can
be broken onto two (or more) lines by placing an ellipses
( ... ) at the end of the line to be continued. For example,
P =

[ 1, 2,

4, 6, 8

J

+

...

[ pi , 4 , exp ( 1) , o , -1 J + .. .
[ cos(O.l*pi), sin(pi/3), .. .
tan(3), atan(2), sqrt(pi) ) ;

If an expression is followed by a semicolon (; ), then the
result is not echoed to the screen. This is very useful
when dealing with large matrices. Also note that ; is
used to separate rows in a matrix definition. Likewise,
spaces or commas(,) are used to separate column entries.
The size of the matrix can always be extracted with the
size operator:
>> Msize = size(M)
Msize =
2
3

Therefore, it becomes unnecessary to assign separate
variables to track the number of rows and number of
columns. Two special types of matrix variables are
worthy of mention: scalars and vectors. A scalar is a
matrix with only one element; its size is 1 x 1. A vector
is a matrix that has only one row or one column. In the
2 Jn Versions 5 and later. MATLAB offers many other data types
found in conventional programming languages. This appendix will
only dii.cuss matrices.

B-2 MATRIX OPERATIONS AND VARIABLES
SP First laboratory exercises, signals will often be stored
as vectors.
Individual elements of a matrix variable may be
accessed by giving the row index and the column index,
for example:
»

Ml 3

M ( 1, 3)

M13 =
6

Submatrices may be accessed in a similar manner by
using the colon operator ac; explained in Section B-2.1.

8-2.1 The Colon Operator
The colon operator ( : ) is useful for creating index
arrays, creating vectors of evenly spaced values, and
accessing submatrices. Use help colon for a
detailed description of its capabilities.
The colon notation is based on the idea that an index
range can be generated by giving a start, a skip, and then
the end. Therefore, a regularly spaced vector of numbers
is obtained by means of
iii= start:skip:end
Without the skip parameter. the default increment is 1.
This sort of counting is similar to the notation used in
FORTRAN DO loops. However, MATLAB takes it one
step further by combining it with matrix indexing. For
a 9 x 8 matrix A, A ( 2 , 3 ) is the scalar element located
at the 2 nd row and 3rd column of A, so a 4 x 3 submatrix
can be extracted with A ( 2 : 5 , 1 : 3) . The colon also
serves as a wi ld card; i.e., A ( 2, : ) is a mw vector
consisting of the entire 2nd row of the matrix A. Indexing
backwards flips a vector, e.g., x ( 9: -1 : 1) for a length9 vector. Finally, it is sometimes necessary to work with
a list of all the values in a matrix, so A ( : ) gives a
72 x l column vector that is merely the columns of A
concatenated together. This is an example of reshaping
the matrix. More general reshaping of the matrix A can
be accomplished with the reshape (A, M, N) function.

445
For example, the 9 x 8 matrix A can be reshaped into a
12 x 6 matrix with: Anew = reshape (A, 12 , 6) .

8-2.2

Matrix and Array Operations

The default operations in MATLAB are matrix operations.
Thus A *B means matrix multiplication, which is defined
and reviewed next.
B-2.2.1 A Review of Matrix Multiplication

The operation of matrix multiplication AB can be carried
out only if the two matrices have compatible dimensions,
i.e., the number of columns in A must equal the number
of rows in B. For example, a 5 x 8 matrix can multiply an
8 x 3 matrix to g ive a result AB that i.~ 5 x 3. In general,
if A is III x n, then B must be 11 x p, and the product
AB would be m x p. Usually matrix multiplication is
not commutative, i.e., AB# BA. If p # m, then the
product BA cannot be defined, but even when BA is
defined, we find that the commutative property applies
only in special cases.
Each element in the product matrix is calculated with
an inner product. To generate tbe first element in the
product matrix, C
AB, simply take the first row of A
and multiply point by point with the first column of B ,
and then sum. For example, if

=

and

B

= [b1.1
b2.1

then the first element of C

bu]

b2.2

= AB is

which is, in fact, the inner product between the first row
of A and the fi rst column of B. Likewise, c2_1 is found
by taking the inner product between the second row of

446

APPENDIX B

A and the first column of B , and so on for cu and c2.2.

The final result would be

PROGRAMMING IN MATLAB

pointwise multiplication in M ATLAB, we use the "pointstar'' operator A . * B. For example, if A and B are both
3 x 2, then

du

D

= A. * B = [ d'1. I
d3,1

(B . l )

Some special cases of matrix multiplication are the
outerproduct and the inner product. In the outerproduct,
a column vector multiplies a row vector to give a matrix.
If we let one of the vectors be all l s, then we can get a
repeating result:

where d;.j = a;,i h;_i· We will refer to this type of
multiplication as array multiplicatum . Notice that array
multiplica tion is commutative because we would get the
same result if we computed D = B . * A.
A general rule in MATLAB is that when "point" is
used with another arithmetic operator, it modifies that
operator's usual matrix definition to a pointwise one.
Thus we have . / for pointwise division fill.d . ~ for
pointwise exponentiation. For example,
xx= (0.9)

With all l s in the row vector, we end up repeating the
column vector four times.
For the inner product, a row vector multiplies a
column vector, so the result is a scalar. If we let one
of the vectors be all l s, then we will sum the elements in
the other vector:

[a, a, a, a.]
B-2.2.2

rn

=a,+ a,+ a, +a,

Pointwise Array Operations

If we want to do a pointwise multiplication between two
arrays, some confusion can arise. In the pointwise case,
we want to multiply the matrices together element-byelement, so they must have exactly the same size in
both dimensions. For example, two 5 x 8 matrices can
be multiplied pointwise, although we cannot do matrix
multiplication between two 5 x 8 matrices. To obtain

.~

(0:49)

generates a vector whose values are equal to (0.9)11 • for
n
0 , I , 2 , . .. , 49.

=

B-3

Plots and Graphics

is capable of producing two-dimensional x-y
plots and three-dimensio nal plots, displaying images,
and even creating and playing movies. The two most
common plotting functions that will be used in the SP
First laboratory exercises are plot and stem. The
calling syntax for both plot and stem takes two
vectors, one for the x-axis points, and the other for the Jaxis.3 The statement plot (x, y) produces a connected
plot with straight lines between the data points

M ATLAB

\ (x(l) ,y(l) ), (x(2) , y(2)), . . . , (x(N) ,y (N) )}

3Jfonly one argument is given, plot (y J uses the single argument
as the y-axis. and uses [l: length (y) J for the x-axis. These
functions also have optional arguments. To learn about them type
help plot.
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also possible wilh rhe figure command, which does
initialization of the plol window.

Example of plot(u, xx)

8 -3.2

0

-I .___ __ ..,___ _ _ ....,,._..::::.._ _ _.__ _ _ __,
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Example of slem(tt, xx)

I
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I

0

i

! ~i r

'ii

ro l

J,

2
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Figure B-1: Example of two different plotting fonnats,
plot and stem.

Multiple Plots

Multiple plots per window can be done with the
subplot function. This function does oot do the
actual plotting; it merely divides the window into
tiles. To sec up a 3 x 2 tiling of the figure window,
use subplot (3, 2, tile...number ). For example,
subplot ( 3, 2, 3) wi ll direct the next plot to the
third tile, which is in the second row, left side. The graphs
in Fig. B-1 were done with subplot ( 2, 1, 1) and
subplot ( 2, 1, 2) . The program that creates Fig. B-1
is given in Section B-5.

8-3.3

Printing and Saving Graphics

L

as shown in the top panel of Fig. B- 1. The same call with
stem (x , y) produces the "lollipop" presentation of the
same data in the bottom panel of Fig. B-1. MATLAB has
numerous plotting options that can be studied by using
help plotxy, help plotxyz, or by using help
graph2d,help graph3d,orhelp specgraph.

8-3.1

Figure Windows

Whenever MATLAB makes a plot. it writes the graphics to
afigure window. You can have multiple figure windows
open, but only one of the them is considered the active
window. Any plot command executed in the command
window will direct its graphical output to the active
window. The command figure (n) will pop up a new
figure window that can be refered to by the number n,
or makes it active if it already exists. Control over many
of the window attributes (size, location, color, etc .) is

Plots and graphics may be printed to a printer or saved
to a file using the print command. To send the
current figure window to the default printer, simply type
print without arguments. To save the plot to a file,
a device format and ftlenamc must be specified. The
device format specifies which language will be u ed to
store the graphics commands. For example, a useful
fonnatfor including the file in a document is encapsulated
PostScript (EPS}, which can be produced as follows:
>> print -de ps myplot
The postscript format is also convenienr when the plots
are kept for printing at a later time. For a complete list
of available file formats, supported printers, anc.l other
options, see help print.

B-4

Programming Constructs

MATLAB supports the paradigm of "functio nal program-

ming" in which it is possible to nest a sequence of
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function calls. Consider the following equation, which
can be implemented with one line of MATLAB code.
l.,

Llog Clxn l)
11=1
Here is the MATLAB equivalent:
sum( log( abs(x)

) )

where x is a vector containing the elements x 11 • This
example illustrates MATLAB in its most efficient form,
where individual functions are combined to get the
output. Writing efficient MATLAB code requires a
programming style that generates small functions that
are vectorized. Loops should be avoided. The primary
way to avoid loops is to use calls to toolbox functions as
much as possible.

8 -4.1

MATLAB

Built-in Functions

Many MATLAB functions operate on arrays just as easily
as they operate on scalars. For example, if xis an aITay,
then cos (x) returns an array of the same size as x
containing the cosine of each element of x.

B-4.2

8 -5

Notice that no loop is needed, even though cos (x) does
apply the cosine function to every array element. Mosl
transcendental functions follow this pointwise rule. In
some cases, it is crucial to make this distinction, such
as the malrix exponential ( expm) versus the point wise
exponential (exp):

exp (A)

exp(a1.1 ) exp(a1,2) · · · exp(a1 .11)]
exp(a2.1) exp(a2.2) · · · exp(a2.11)

=

.

.

_

.

[
exp(~111.1) exp(~m.2) ·: · exp(~m.n)

MATLAB

Seri pts

Any expression that can be entered at the MATLAB prompt
can also be stored in a text file and executed as a script.
The text file can be created with any plain ASCII editor
such as notepad on Windows, emacs or vi on UNIX
or Linux, and the built-in MATLAB editor on a Macintosh
or Windows platfonn. The file extension must be . m,
and the script is executed in MATLAB simply by typing
the filename (without the extension). These programs are
usually called M-files. Here is an example:
tt = 0:0 .3:4;
xx= sin(0.7*pi*tt);
subplot(2,l,l)
plot( tt, xx)
title('Example of plot( tt, xx)')
subplot(2,l,2)
stem( tt, xx )
title(' Examp le of stem( tt, xx)')

[
cos(~m.1) cos(~111.2) ·: · cos(~m.n)

Program Flow

Program flow can be conlrolled in MATLAB using if
statements, while loops, and for loops. There is also
a switch statement. These are similar to any high-level
language. Descriptions and examples for each of these
program constructs can be viewed by using the MATLAB
help command.

cos(x1,1) cos(x1.2) · · • cos(x 1_,,)]
cos(x2.1) cos(x2.2) · · · cos(x2.11 )
.
.
.
.

cos(x)=

PROGRAMMING IN MATLAB

If these commands are saved in a file named
plotstem. m, then typing plot stem at the command
prompt will run the file, and all eight commands will be
executed as if they had been typed in at the command
prompt. The result is the two plots that were shown in
Fig. B- 1.

B-6

Writing a MATLAB Function

You can write your own functions and add them to the
MATLAB environment These functions are another type
of M-file, and are created as an ASCil file with a text

B-6
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editor. The first word in the M-file must be the keyword
function to tell MATLAB that this file is to be treated
as a function with arguments. On the same line as the
word function is the calling template that specifies
the input and output arguments of the function. The
filename for the M-file must end in . m, and the filename
will become the name of the new command for MATLAB.
For example, consider the following file, which extracts
the last L elements from a vector:
func tion y = foo ( x, L)
%FOO
get last L points of x
%

usage:

%
%

y = foo( x, L )

where:

%

x = input vector
%

L = n umber

%

y

of points to get

= output vector
N = length (x) ;

if(L>N)

error('input vector too short')
end
y = x ( (N-L+l) : N) ;

If this file is called foo. m, the operation may be
invoked from the MATLAB command Line by typing
aa = foo ( ( 1 : 2 : 3 7) , 7 ) ;
The output will be the last seven elements of the vector
( 1: 2 : 3 7) , i.e.,

aa = [ 25 27 29 31 33 35 37]

B-6.1

Creating A Clip Function

Most functions can be written according to a standard
fom1at. Consider a clip functum M-file that takes two
input arguments (a signal vector and a scalar threshold)
and returns an output signal vector. You can use an
editor to create an ASCII file clip . m that contains the
statements in Fig. B-2. We can break down the M-file
clip. m into four elements:

Defi-11itio11 of illput-Output: Function M-fi les must
have the word function as the very first item in
the file. The ioformation that follows function
on the same line is a declaration of how the function
is to be called and what arguments are to be passed.
The name of the function should match the name
of the M-file; if there is a conflict, it is the name of
the M-file on the disk that is known to the MATLAB
command environment.
Input arguments are listed inside the parentheses
following the function name. Each input is a matrix.
The output argument (also a matrix) is on the left
side of the equals sign. Multiple output arguments
are also possible if square brackets surround the list
ofoutput arguments; e.g., notice how the size (x)
function in line 11 returns the number of rows and
number of columns into separate output variables.
Finally, observe that there is no explicit command
for returning the outputs; instead, MATLAB returns
whatever value is contained in the output matrix
when the function completes. For c lip the last
line of the function assigns the clipped vector toy,
so that the clipped vector is returned. M ATLAB does
have a command called return, but it j ust exits
the functio n, it does not take an argument.
The essential difference between the function
M-file and the script M-file is dummy variables
versus permanent variables. MATLAB uses call by
value so that the function makes local copies of its
arguments. These local variables disappear after
the function completes. For example, the following
statement creates a clipped vector wwclipped
from the input vector ww.
> > wwclipped = cl i p(ww,

0.9999);

The arrays ww and wwc 1 i pped are pem1anent
variables in the MATLAB workspace. The temporary
arrays created inside clip(i.e., y , nrows, ncols,
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The eight lines of comments at the beginning of
the function will be the
response to help clip.

1: function y = clip( x, Limit)
saturate mag of x[n) at Limit
2: %CLIP
3: %
when jx[n] I > Limit, make jx(n) I = Limit
4: %
5: %
6: %

Input could be a row or
column vector.

y = clip(

usage:

7: %
X
8: % Limit
First step is to figure out
the matrix dimensions of x.

PROGRAMMING IN MATLAB

-

x,

Limit )

input signal vector
limiting value
output vector after clipping

y
9: %
10:
11: [nrows ncols] = size (x) ;
12:
%-- NEITHER
13: if( ncols
1 & nrows -= 1
14:
error('CLIP: input not a vector')
15: end
16: Lx = max([nrows ncols]);
%-- Length

-=

17:

Since x is local, we can

change without affecting
the workspace.

Create outpul vector.

18: for n=l:Lx
%-- Loop over entire vector
19:
if ( abs(x(n)) >Limit)
20:
x(n) = sign(x (n))*Limit;
%- - saturate
21:
end
22: end
23: y = x;
\-- copy to output vector

Figure B-2: lllustration of a MATLAB function called clip. m.

Lx and i) exist only while clip runs; then they
are deleted. Furthermore, these variable names are
local to clip. m, so the name x may also be used
in the workspace as a permanent name. These
ideas should be familiar to anyone experienced
with a high-level computer language like C, Java,
FORTRAN, or PASCAL.

Self-Docume11tatio11: A line beginning with the %
sign is a comment line. The first group of these
in a function is used by MATLAB's help facility
to make M-files automatically self-documenting.

That is, you can now type help clip and the
comment lines from your M-file will appear on the
screen as help information. The format suggested
in clip. m (l ines 2- 9) follows the convention of
giving the function name. its calling sequence, a
brief explanation, and then the definitions of the
input and output arguments.

Size and Error Checking:

The function should
detennine the size of each vector or matrix that it
will operate on. This information does not have to
be passed as a separate input argument, but can be

B-7
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extracted with the size function (line 11 ). In the
case of the clip function, we want to restrict the
function to operating on vectors, but we would like
to permit ei ther a row (I x L) or a column (L x 1).
Therefore, one of the variables nrows or ncols
must be equal to I ; if not, we terminate the function
with the bail-out function error, which prints a
message to the command line and quits the function
(lines 13- 15).

Actual Function Operations: In the case of the clip
function, the actual clipping is done by a for loop
(lines I 8-22), which examines each element of the x
vector for its size compared to the threshold Limit.
In the case of negative numbers. the clipped value
must be set to -Limit, hence the multiplication by
s ign ( x ( n ) ) . This assumes that Limit is passed
in as a positive number, a fact that might also be
tested in the error-checking phase.
This particular implementation of clip is very
inefficient owing to the for loop. Jn Section B7.1, we will show how to vectorize this program for
speed.

8 -6.2

Debugging a MATLAB M-file

Since MATLAB is an interactive environment, debugging
can be done by examining variables in the workspace.
MATLAB contains a symbolic debugger that is now
integrated with the text editor. Since different functions
can use I.he same variable names, .it is important to keep
track of the local context when setting break points
and examining variables. Several useful debugging
commands are listed here, others can be found with help
debug.

dbs top is used to set a breakpoint in an M-file.
It can also be used to give you a prompt
when an error occurs by typing dbstop if
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error before executing che M-fil e. This allows
you to exam ine variables within functions and also
the calling workspace (by typing dbup).

dbstep incrementally steps through your M-file,
returning you to a prompt after each line is executed.
dbcon t causes normal program execution to resume,

or, if there was an error, returns you to the MATLAB
command prompt.
dbqui t qui ts the debug mode and returns you to the
MATLAB command prompt.
keyboard can be inserted into the M-file to cause
program execution to pause, givi ng you a MATLAB
prompt of the form K> to indicate that it is not the
command-line prompt.

8 -7

Programming Tips

This section presents a few programming tips that should
improve the speed of your MATLAB programs. For more
ideas and tips, list some of the function M-files in the
toolboxes of MATLAB by using the type command. For
example,

type angle
type conv
type trapz
Copying the style of other (good) programmers is always
an efficient way to improve your own knowledge of a
computer language. In the following hints, we discuss
some of the most important points involved in writing
good MATLAB code. These comments will become
increasingly useful as you develop more experience in
M ATLAB.

APPENDIX B PROGRAMMlNG IN MATLAB
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8 -7.1 Avoiding Loops
Since MATLAB is an interpreted language, certain
common programming habits are intrinsically inefficient
The primary one is the use of for loops to perform
simple operations over an entire matrix or vector.
Whenever possible, you should try to find a vector
function (or the nested composition of a few vector
functions) that will accomplish the desired result, rather
than writing a loop. For example, if the operation is
summing all the elements in a matrix, the difference
between calling sum and writing a loop that looks like
FORTRAN or C code can be astounding; the loop
is unbelievably slow owing to the interpreted nature
of MATLAB. Consider the three methods for matrix
summation in Fig. B-3.
The first method in Fig. B-3(a) is the MATLAB equivalent
of conventional programming. The last two methods
rely on the built-in function sum, which has different
characteristics depending on whether its argument is a
matrix or a vector (called "operator overloading"). When
acting on a matrix as in Fig. B-3(b), sum returns a row
vector containing the column sums; when acting on a row
(or column) vector as in Fig. B-3(c), the sum is a scalar.
To get the third (and most efficient) method, the matrix x
is converted to a column vector with the colon operator.
Then one call to sum will suffice.

8 -7.2

Repeating Rows or Columns

Often it is necessary to fom1 a matrix from a vector
by replicating the vector in the rows or columns of the
matrix. If the matrix is to have all the same values, then
functions such as ones (M,N) and zeros (M,N) can
be used. But to replicate a column vector x to create a
matrix that has identical columns, a loop can be avoided
by using the outer-product matrix multiply operation
discussed in Section B-2.2. The following MATLAB code
fragment will do the job for eleven columns:

function ss = myswnl(xx)
%

[Nrows,Ncols] = size(xx);
BS=

Double loop is
needed to index all of the
matrix xx.

O;

for jj=l:Nrows
for kk=l :Ncols
ss = ss + xx(jj,kk);
end
end
(a)

sum acts on a

matrix to give
the sum down

each column.

function ss

=

mysum2(xx)

%

xx = sum( swn(xx)

);

(b)

x ( : ) is a column vector of
elements in
the matrix.

au

function ss = mysum3(xx)
%
xx = awn (xx ( : ) ) ;

(c)

Figure B-3: Three ways to add all of the elements of a
matrix.
J

X

=

(12:-2:0)';

% prime indicates conjugate transpose
X = x * ones(l,11)

If xis a length L column vector, then the matrix X formed
by the outer product is L x 11. In this example, L = 7.
Note that MATLAB is case-sensitive, so the variables x
and X are different. We have used capital x to indicate a
matrix, as would be done in mathematics.

8-7.3

Vectorizing Logical Operations

It is also possible to vectorize programs that contain
if, else conditionals. The clip function (Fig. B-2)
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offers an excellent opportunity to demonstrate this type
of vectorization. The for loop in that function contains a
logical test and m ight not seem like a candidate for vector
operations. However, the relational and logical operators
in MATLAB, such as greater than, apply to matrices. For
example, a greater than test applied to a 3 x 3 matrix
returns a 3 x 3 matrix of ones and zeros.
>> %-- create a test matrix
>> X
1
2 -3; 3 -2
l; 4
X =
2 -3
1

0

-1)

1
3 -2
0 -1

4

>>%--check the greater than condition
>> mx
X > 0
mx = [ 1 1 0
1
1

0

1

0

0

>> %-- point wise multiply by mask, mx
>> y = mx * X
y =
1
2
0
3
4

0
0

1
0

The zeros mark where the conilition was false; the ones
denote where the condition was true. Thus, when we
do the pointwise multiply of x by the masking matrix
mx, we get a result that has all negative elements set to
zero. Note that these last two statements process the
entire matrix without ever using a for loop.
Since the saturation done in clip. m requires that we
change the large values in x. we can implement the entire
for loop with three array multiplications. This leads to
a vectorized saturation operator that works for matrices
as well as vectors:
y = Limit*(x > Limit) ...
- Limit*(x < -Limit}
+ x.*(abs(x) <=Limit);

Three different masking matrices are needed to represent
the three cases of positive saturation, negative saturation,

and no action. The additions correspond to the logical
OR of these cases. The number of arithmetic operations
needed to carry out this statement is 3N multiplications
and 2N additions, where N is the total number of
elements in x. This is actually more work than the loop
in clip. m if we counted only arithmetic operations.
However. the cost of code interpretation is high. This
vectorized statement is interpreted only once, whereas
the three statements inside the for loop must be
reinterpreted N times. If the two implementations are
timed with etime, the vectorized version will be much
faster for long vectors.

B-7.4

Creating an Impulse

Another simple example of use of logical operators is
given by the following trick for creating an impulse signal
vector:
nn = [ - 1 0 : 2 5) ;
impulse= (nn==O);
result may be plotted with stem (nn,
impulse) . In a sense, this code fragment is perfect

Tbjs

because it captures the essence of the mathematical
formula that defines the impulse as existing only when
II =

0.
~(11]

8-7.5
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The Find Function

An alternative to masking is to use the find function.
This is not necessarily more efficiem; it j ust gives a
ilifferent approach. The find function will determine
the list of indices in a vector where a condition is true. For
example, find ( x > Limit ) will return the list of
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indices where the vector is greater than the Limit value.
Thus we can do saturation as follows:
Y = x;
jkl = find(y > Limit);
y( j k l ) = Limit;
jkl = find(y < -Limit);
y( jkl) = -Limit;

8-7.6

B-7.7
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Programming Style

If there were a proverb to summarize good programming
style. it would probably read something like

May your functions be short
and your variable names long.
-Anon

Seek to Vectorize

The dictum to "avoid for loops" is not always easy to
obey, because it means the algorithm must be cast in a
vector form. 1f matrix-vector notation is incorporated
into MATLAB programs, the resulting code will run much
faster. Even loops with logical tests can be vectorized
if masks are created for all possible conditions. Thus, a
reasonable goal is the following:

Eliminate all for loops.

This is certainly true for MATLAB. Each function
should have a single purpose. This will lead to short,
simple modules that can be linked together by functional
composition to produce more complex operations. Avoid
the temptation to build super functions with many options
and a plethora of outputs.
MATLAB supports long variable names, so you can take
advantage of this feature to give variables descriptive
names. In this way, the number of comments littering
the code can be drastically reduced. Comments should
be limited to help information and the documentation
of tricks used in the code.

A p p
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Laboratory Projects
This appendix contains three sample laboratories out
of the 20 that are available on the CD-ROM. Each of
the 20 labs corresponds to material primarily from an
individual chapter, although many of the later labs use
concepts from several chapters. Table C- 1 summarizes
all of the labs available on the CD-ROM, with a cross
reference to the primary chapter(s) involved in each lab.
The strncture of the labs is as follows:

functionality needed for the Exercises or Project of
tbat lab. The warm-up is intended to be completed
during a supervised lab time. so that students can
ask questions of an expert. In our own use of
these experiments, we have implemented a system
in which the laboratory instructor must verify
the appropriate steps by initialing an lllstrnctor
Verification sheet for a few key steps. Examples
of this verification sheet are included at the end of
sample labs in this appendix.

Overview: Each lab starts with a brief review of the key
concepts to be studied and implemented.
Pre-Lab: The Pre-Lab section consists of a few
exercises that introduce some simple MATLAB
commands that will be needed in the lab. These
should be easy enough chat students can finish them
successfully without any outside help.

Exercises: The bulk of the work in eacb lab consists of
exercises that require some MATLAB programming
and plotting. All of the exercises are designed
to illustrate theoretical ideas presented in the
text. Furthermore, we have included numerous
processing examples that involve real signals such
as speech, music, and images.

Warm-up: The warm-up section consists of more
simple exercises that introduce the MATLAB
455
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LABORATORY PROJECTS

Table C-1 : Laboratory material on SP-First CD-ROM.

Projects:

IAb

Subject

Cross-Reference

Lab#l

Introduction lo MATLAB

Ch.2

Lab#2a

Introduction to Complex Exponentials-Multipath

Ch. 2

Lab#2b

Introduction to Complex Exponentials-Direction Finding

Ch.2

Lab#3

AM and FM Sinusoidal Signals

Ch. 3

Lab#4

Synthesis of Sinusoidal Signals

Ch.3

Lab#5

FM Synthesis for Musical Instruments

Ch. 3

Lab#6

Digital Images: AID and D/A

Ch.4

Lab#7

Sampling, Convolution, and FIR Filtering

Ch. 5

Lab#8

Frequency Response: Bandpass & Nulling Filters

Ch.6

Lab#9

Encoding and Decoding Touch-Tone Signals

Ch. 6 and 7

Lab #10

Octave Band Filtering

Ch. 7

Lab # 11

PeZ-The z. n. and wDomains

Ch. 8

Lab #12

Two Convolution GUis

Ch. 9

Lab #13

Numerical Evaluation of Fourier Series

Ch. 10

Lab #14a

Design with Fourier Series- Power Supply

Ch. 12

Lab #l4b

Design with Fourier Series-Distortion

Ch. 12

Lab #15

Fourier Series

Cb. 12

Lab # 16

AM Communication System

Ch. 12

Lab #17

Digital Communication: FSK Modem (Encoding)

Ch. 13

Lab #18

Digital Communication: FSK Modem (Decoding)

Ch. 13

Lab #19

The Fast Fourier Transform

Ch. 13

Lab #20

Extracting Frequencies of Musical Tones

Ch. 13

In some cases, the labs require
implementations that are so large and complicated
that it is no longer fair to call them exercises. In
labs such as Lab #4 on Synthesis of Sinusoidal
Signals (Music Synthesis), Lab #9 on Touch-Tone
Decoding, and others, the problem statement is more

like that of a design project. In these cases, students
should be given some flexibility in creating an
implementation that satisfies a general objective. In
addition, many individual parts must be completed
to make the whole project function correctly.

C-1

INTRODUCTION TO MATLAB

These laboratory exercises can be done with version
5.2. 1 (or later) of MATLAB. Version 4 would suffice
in most cases, except for those labs where GUls are
used. Student versions of MATLAB have been available
for a number of years, with varying capabilities. Since
2001, the student version has been made equivalent to
the professional version of MATLAB 5.3 and later, so
it is more than adequate to do all the labs. Student
versions prior to 2001 will handle some of the labs, but
not when the processing involves long signals or large
images. Since a few of the labs require M-files that
are not part of the standard MATLAB release, we have
also provided a package of SP First M-files containing
functions developed for this book. Lab #2 ( either version)
gives instructions on how to install the SP First toolbox.
NOTE: Install SP-First Toolbox for MATLAB

In the following sections. three labs from the entire
set of 20 are presented in order to convey the type of lab
exercises that arc possible with MATLAB. The first one is
Lab C-I which is the introductory lab. The second is Lab
#9, the Touch-Tone dialing and decoding lab. The third
one (Lab # 12) deals with convolution by having students
use the two GUIs developed for visualizing convolution.

LAB: Afl 20 Labs are on the CD-ROM

C-1

Introduction to
~

M ATLAB

LAB: This is Lab # 1 on the CD-ROM.

The Pre-Lab exercises are inl'e nded to be completed
while preparing for the actual lab.
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The Laboratory Exercises should be done individually
and summarized with a lab report. A good report should
include graphs and diagrams along with explanations
and calculations to verify how the theory relates to the
MATLAB programs. All MATLAB plot~ should have titles
and their axes should be labeled.

C-1 .1 Pre-Lab
In this introductory lab, the Pre-Lab will be extremely
short and very easy. Make sure that you read through the
entire lab prior to working the various exercises.

C-1.1.1 Overview

MATLAB will be used extensively in all the labs. The
primary goal of the present lab is to become familiar with
using MATLAB. Please read Appendix B: Programming
in MATLAB for a quick overview. Here are three specific
goals for this lab:
I. Learn basic MATLAB commands and syntax,
including the help system.
2. Write and edit your own script files in MATLAB, and
run them as commands.
3. Learn a little about advanced programming techniques for MATLAB, such as vectorization.

C-1 .1.2

The Warm-up section of this lab would normally be
completed during supervised lab time, and the steps
marked Instructor Verification would be signed off by
the lab supervisor.

Movies: MATLAB Tutorials

In addition to the MATLAB review in Appendix B, there
are movies on the CD-ROM covering the basic topics in
MATLAB(e.g., colon operator, indexing, functions, etc).

APPENDIX C
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C-1.1.3 Getting Started

(e) Use

From the desktop of the OS, you can start M ATLAB
by double-clicking on a M ATLAB icon, typing matlab
in a terminal window, or by selecting M ATLAB from
a menu such as the START menu under Windows95/98/NT/2000. The following steps will introduce you
to MATLAB.
(a ) View the MATLAB introduction by typing intro
at the MATLAB prompt. This short introduction will
demonstrate some of the basics of using MAT LAB.
(b) Run the MATLAB help desk by typing helpdesk.
The help desk provides a hypertext interface to the
MATLAB documentation. The MATLAB preferences can
be set to use Netscape Navigator or Internet Explorer
as the browser for help. Two links of interest are
Getting Help (at the bottom of the right-band frame),
and Getting Started which is under MATLAB in the
left-hand frame.

{c) Explore the MATLA B help capability available at the
command line. Try the fo llowing:
help
help edit
help plot
help colon %<- - VERY IMPORTANT syntax
help ops
h e lp zeros
help o nes
lookfor filter %< -- keyword search

Note: It is possible to force

to display only
one screen-full of information at once by issuing the
command more on.

MATLAB

LABORATORY PROJECTS

as a calculator. Try the following:

pi*pi - 10
sin (pi/4)
ans-2 %<--- "ans" holds the last result

{f) Do variable name assignment in
following:

MATLAB.

Try the

x = sin( pi/5 );
cos( p i /5)
%< - - - assigned t o what?
y = sqrt( 1 - x*x)
ans
Notes: The semicolon at the end of a statement will

suppress the echo to the screen. The text following the
percent sign % is a comment.
When unsure about a command, use help.

(g) Complex numbers are natural in MATLAB. The basic
operations are supported. Try the following:
z = 3 + 4i, w = -3 + 4j
real (z),
i mag(z)
abs ( [ z, w) )
%<- - - Vector constructor
conj (z+w)
angle(z)
exp( j *pi

exp(j*( pi/4, o, - p i/4, ...
pi/2, pi, 2 *pi, 3 *pi ))

The comma in the first or second line allows multiple
MATLAB statements on one line. The three dots at the end
of the seventh line indicate continuation of the M ATLAB
statement to the next line.

MATLAB

(d) Run the MATLAB demos: type demo and explore a
variety of basic MATLAB command<; and plots.

C-1.2 Warm-up
This warm-up section covers many of the basic MAT LAB
commands and functions that you will need to complete
the LaboraJory Exercises in Section C- 1.3.
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C-1 INTRODUCTION TO MATLAB
C-1 .2.1

MATLAB Array Indexing

(a ) Make sure that you understand the colon notlltion. In
particular, explain in words what the following MATLAB
code will produce
jkl
O : 6
jkl
2 : 4 : 17
j kl = 99 : -1 : 88
ttt = 2
(1/ 9 ) : 4
t pi = p i * [ 0 : 0 . 1 : 2 ] ;

(b) Extracting and/or inserting numbers in a vector is
very easy to do. Consider the following operations on
the vector xx as a model for doing vector replacement.
xx = [ zeros (1, 3) , ...
linspace(0,1,5),ones(l,4)]
xx(4:6)
size(xx)
length(xx)
xx(2:2:length(xx))

Explain the results echoed from the last four lines of the
above code.
(c) Observe the result of the following assignments:
yy =

XX ;

yy(4:6) = pi*(l:3)

Now write a statement that will take the vector xx defined
in part (b) and replace the even indexed elements (i.e.,
xx ( 2) , xx ( 4) , etc) with the constant T( " . Use a vector
replacement, not a loop.

Instructor Verification (separate page)
C-1 .2.2

MATLAB Script Files

(a) Experiment with vectors in MATLAB. Think of the
vector as a set of numbers. The following code should
compute a vector of cosine values:
xk = cos( pi* (0 : 11)/4

Explain how the different values of cosine are stored in
the vector xk. Whal is xk ( 1) ? Is xk ( O) defined?

(b) (A taste of vectorization) Loops can be written in
MATLAB, but they are not the most efficient way to get
things done. It's better to always avoid loops and use
the colon notation instead. The following code has a
loop that computes values of the cosine function. The
index of yy ( ) must start at 1. Rewrite this computation
without using the loop by using colon notation for ,UTay
indexing.
yy = [ ]; %< -- initialize yy as empty
for k= - 5:5
yy(k+6) = cos( k*pi/3 )
end
yy

Explain why it is necessary to write yy(k+6). What
happens if you use yy (k) instead?

Instructor Verification (separate page)
(c) Plotting is easy in MATLAB for both real and complex
numbers. T he basic plot command will plot a vector y
versus a vector x. Try the following:
x =

[-3 - 1 0 1 3 ) ;

y = x. *x - 3*x;
plot( x, y)
%- - complex number example :
z = x + y*sqrt(-1)
plot( z) %<- - will plot imag vs. real

Use help arith to learn bow the operation
xx. *xx works when xx is a vector; compare to
matrix multiply.

When unsure about a command, use help.
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(d) Use the built-in MATLAB editor, or an external one
such as EMACS on UNIX/LINUX, to create a script file
called mylabl. m containing the following lines:

tt
-1 : 0.01 : l;
xx= cos( S*pi*tt);
zz = 1.4*exp(j*pi/2)*exp(j*S*pi*tt);
%-- - plot a sinusoid
plot( tt,xx,'b- ', tt,real(zz),'r- - '
grid on
title('TEST PLOT of a SINUSOID')
xlabel('TIME (sec)')

Explain why the plot of real ( z z) is a sinusoid. What
is its phase and amplitude? Make a calculation of the
phase from a time-shift measured on the plot

LABORATORY PROJECTS

should be 1300 Hz and its duration should be 0.9 sec.
Use a sampling rate ( f s) equal to 11025 samples/sec.
The sampling rate dictates the time interval between time
points, so the lime vector should be defined as follows:
tt

= o: ( 1 / fs)

:dur;

where f s is the desired sampling rate and dur is
the desired duration (in seconds). Read the online
help for both sound () and soundsc () to get more
information on using this command. What is the length
of your t t vector?
Instructor Verification (separate page)

Instructor Verification (separate page)
(c) Run your script from MATLAB. To run the file
mylabl that you created previously, try
mylabl
%< - run commands in the file
type mylabl %< - type out contents of
%
mylabl.m to the screen

C-1.2.3

MATLAB Sound (optional)

The exercises in this section involve sound signals, so
you need headphones for listening.
(a) Run the MATLAB sound demo by typing xpsound
at the MATLAB prompt. If you are unable to hear sounds
in the MATLAB demo then ask an instructor for help.
(b) Now generate a tone (i.e., a sinusoid) in MATLAB
and listen to it with the sounds c ( ) command. 1 Refer
back to part C-1.2.2(d) for some code that creates values
of a sinusoid. The frequency of your sinusoidal tone
1The soundsc (xx, f s) function requires two arguments: the
first one (xx) contains the vector of data to be played and the
second argument ( f s) is the rate for playing the samples. In
addition, soundsc (xx, f s) does automatic scaling and then calls
sound (xx, f s) lo actually play the signal.

C-1.3

Laboratory: Manipulating
Sinusoids with MATLAB

Now you are on your own. As you work this section,
write a short summary of each part including plots in
order to create a Lab report. It would be efficient to write
one MATLAB script fiJe to do steps (a) through (d) below.
Then you can include a listing of the script fi le with your
report to document your work.
(a) Generate a time vector ( t t) to cover a range oft
that will exhibit approximately two cycles of the 4000
Hz sinusoids defined in the next part, part (b). Use a
definition for t t similar to Section C-1.2.2(d). If we use
T to denote the period of the sinusoids, define the starting
time of the vector t t to be equal to - T , and the ending
time as + T. Then the two cycles will include t = 0.
Finally, make sure that you have at least 25 samples per
period ofthe sinusoidal wave. To other words, when you
use the colon operator to define the time vector, make
the increment small enough to generate 25 samples per
period.

C-1
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(b) Generate two 4000 Hz sinusoids with arbitrary
amplitude and time-shift.
xi (t)

= A 1 cos(2,r(4000)(t -

11111 ))

x2(t)

= A2 cos(2,r(4000)(r -

1,,,2 ))

Select the value of the amplitudes and time-shifts
as follows: Let A I be equal to your age and set
A2 = 1.2A 1. For the time-shifts, set tn,.
(37.2/ M) T
and t1112
- (41.3/ D)T where D and Mare the day and
month of your birthday, and T is the period.

=

=

Make a plot of both signals over the range of -T ~ t ~
T. For your final printed output in part (d) below, use
subplot ( 3, 1, 1) and subplot ( 3, 1, 2) to make
a three-panel subplot that puts both of these plots in the
same figure window. See help subplot.
(c) Create a third sinusoid as the sum

In MATLAB this amounts to summing the vectors that
hold the values of each sinusoid. Make a plot of x 3 (t)
over the same range of time as used in the plots of part
(b). Include this as the third panel in the plot by using
subplot (3, 1, 3).

(d) Before printing the three plots, put a title on each
subplot, and include your name in one of the titles. See
help title. help print and help orient,
especially orient tall.

(a ) Make measurements of the "time location of a
positive peak" and the ampljtude from the plots of x 1(t)
and x2(1), and write those values for A; and lm; directly
on the plots. Then calculate by hand the phases of the
twosignaJs,x1 (!) andx2(t), by converting each time shift
Im, to phase. Write the calculated phases </>; directly on
the plots.
Note: When doing computations, express phase angles
in radians, not degrees!
(b) Measure the amplitude and time-shift of x3 (t)
directly from the plot and then calculate the phase (</>J)
by hand. Write these values directly on the plot lo show
how the amplitude and time shift were measured, and
how lhe phase was calculated.

(c) Now use the phasor addition theorem. Carry out a
phasor addition of complex amplitudes for x 1(t) and x2 (t)
to determine the complex amplitude for x 3 (t). Use the
complex amplitude for x 3 (t) to verify that your previous
calculations of A3 and <f,3 in part (b) were correct.
C-1 .3.2

W1i te one line of MATLAB code that will generate values
of the sinusoid x 1(t) above by using the complexamplitude representation
x 1(t)

Remember that the phase of a sinusoid can be calculated
after measuring the time location of a positive peak,2 if
we know the frequency or the period.
2Usua1Jy we say time delay or time sbift instead of the ..time
location of a positive peak."

= !He{Xe1"i'I

Use constants for X and w.

C-1 .4
C-1.3.1 Theoretical Calculations

Complex Amplitude

Lab Review Questions

In general, your lab write-up should indicate that you
have acquired a new understanding of the topics treated
by the laborntory assignment. Answer the questions
below in your lab report as an assessment of your
understanding of this lab's objective; i.e., obtaining a
working knowledge of the basics of MATLAB. If you do
not know the answers to these questions go back to the
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lab and try to fi gure them out in MATLAB (remember
the commands help and lookfor). Also, consult
Appendix B as a reference source.
I. You saw how easy it is for MATLAB to generate
and manipulate vectors (i.e., I -dimensional arrays
of numbers). For example, consider the following:
nn

mm
kk

0*(0:44);
zeros(l,44);
O:pi/44 : pi;

LABORATORY PROJECTS

Lab#1
INSTRUCTOR VERIFICATION
SAMPLE
For each verification, be prepared to explain your
answer and respond to other related questions that
the lab instructor might ask.
Name: _ _ _ _ _ _ _ _ _ _ _ _ _ _ __ _
Date of Lab: _ _ __

(a) ls the length of kk equal to 44 or 45? Explrun.

Part C-1.2.1 Vector replacement using the colon operator.

(b) Which one of the lines above will produce 44
zeros?

Instructor Verification _ _ _ _ __ _ _ __

(c) How would you modify one of the above lines
of MATLAB code to create a vector containing
45 sevens?

2. You also learned that MATLAB has no problem
handling complex numbers. Consider the following
line of code:

Part C-l.2.2(b) Explain why it is necessary to write
yy (k+6). What happens if you use yy (k) instead?

Instructor Verification _ _ _ _ _ _ _ _ __
Part C- l.2.2(d) Ex.plain why the plot of real ( zz) is a
sinusoid. What is its amplilude and phase? l n the space
below, make a calculation of the phase from time shift.

Ins tructor Verification _ _ _ _ _ _ _ _ __

yy = sqrt(3) - j;
(a) How do you get MATLAB to return the
magnitude of the complex number yy?
(b) How do you get M ATLAB to return the phase of
the complex number yy? What are the units
of the phase?

=

(c) Use the relationship lzi 2 (z"')z to write a line
of MATLAB code that returns the magnitudesquared of the complex number yy.

(optional) Part C-1.2.3 Use soundsc () to play a
1300 Hz tone in M ATLAB:

Instructor Verification _ _ _ _ _ _ _ _ __
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C-2 ENCODING AND DECODlNG TOUCH-TONE SIGNALS

C-2

Encoding and Decoding
Touch-Tone Signals
~

LAB: This is Lab #9 on the CD-ROM.

The Pre-Lab exercises are intended to be completed
while preparing for the actuaJ lab.
The Warm-up section of this lab would normally be
completed during supervised lab time, and the steps
marked Instructor Verification would be signed off by
the lab supervisor.

Table C-2: Extended DTMF encoding table for TouchTone dialing. When any key is pressed, the tones of the
corresponding column and row are generated and summed.
Keys A- 0 (in the founh column) are not implemented on
commercial and household telephone sets, but are used in some
military and other signaling applications.

1209 Hz 1336 Hz 1477 Hz 1633 Hz
2
697Hz
1
3
A
770Hz
4
5
6
B
852Hz
7
9
8
C
0
#
941 Hz
D
*
FREQS

The Laboratory Exercises should be done individually
and summarized with a lab report.

C-2.1 Introduction
This lab introduces a practical application where
sinusoidal signals are used to transmit information: a
Touch-Tone3 phone dialer. Bandpass FIR filters can be
used to extract the information encoded in the waveforms.
The goal of this lab is to design and implement bandpass
FIR fi lters in M ATLAB, and use them to do the decoding
automatically. Jn the experiments of this lab, you will
use firfilt (), or conv (), to implement filters and
freqz () to obtain the filter's frequency response.°' As
a result, you should learn how to characterize a fil ter by
knowing how it reacts to different frequency components
in the input.
C-2.1.1

Review

ln other labs, you have learned about FrR filters such
as L-point averagers and nulling fil ters. Another very
important FIR filter is known as the bandpass filter (BPF).
For the rest of the lab, you will learn how to design these
3Touch-Tone is a registered trademark of AT&T.
4lf you do not have access to the function freqz . m, there is a
substi tute available in the SP Firsr toolbox called freekz. m.

fi lters and how to use them to do certain tasks. One
practical example is the decoding of Dual-Tone MultiFrequency (DTMF) signals used to dial a telephone.
The following Backgrow1d section explains the encoding
scheme for DTMF signals.
C-2.1.2

Background: Telephone Touch-Tone
Dialing

Telephone key pads generate Dual-Ton e MultiFrequency (DTMF) signals to d ial a telephone
number. When any key is pressed, the sinusoids of
the corresponding row and column frequencies (in
Table C-2) are generated and summed producing two
simultaneous or dual tones. As an example, pressing the
5 key generates a signal containing the sum of the two
tones at 770 Hz and 1336 Hz.
The frequencies in Table C-2 were chosen by the
design engineers to avoid harmonics. No frequency is an
integer multiple of another, the difference between any
two frequencies does nol equal any of the frequencies.
and the sum of any two frequencies does not equal any of
the frequencies.5 This makes it easier to detect exactly
5 More infom1ation can be found by searching for .. DTMF" or
"Touch-Tone .. on the Internet.
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which tones are present in the dialed signal in the presence
of nonlinear line distortions.
C-2.1.3

Bandpass
Filter
697 Hz

YI lnl

Bandpass
Filter

Y2 (n)

OTMF Decoding

There are several steps in decoding a DTMF signal:
~

I. Divide the time signal into short time segment"

770Hz

representing individual key presses.
2. Filter the individual segments to extract the possible
frequency components. Bandpass filters can be used
to isolate the sinusoidal components.

xlnl

-

3. Determine which two frequency components are
present in each time segment by measuring the size
of the output signal from all of the bandpass filters.
4. Decode which key was pressed, 0-9, A- D, *,or#
by converting frequency pairs back into key names
according to Table C-2.
It is possible to decode DTMF signals using a simple
FIR filter bank. The filter bank in Fig. C-1 consists of
eight bandpass filters, each of which passes only one of
the eight possible DTMF frequencies. The input signal
for all the filters is the same DTMF signal.
Here is how the system should work: When the input to
the filter bank. is a DTMF signal, the outputs from two of
the bandpass filters (BPFs) should be larger than the rest.
If we detect (or measure) which two outputs are the large
ones, then we know the two corresponding frequencies.
These frequencies are then used as row and column
pointers to determine the key from the DTMF code. A
good measure of the output levels is the peak value at the
filter outputs, because when the BPF is working properly
it should pass only one sinusoidal signal and tJ1e peak
value would be the amplitude of the sinusoid passed by
the filter. More discussion of the detection problem can
be found in Section C-2.4.

~

..
Bandpass
Filter
1477 Hz

Y1 [nJ

Bandpass
Filter
1633 Hz

Y8 (11)

Figure C-1: Filter bank consisting of bandpa~s filters
(BPFs) that pass frequencies corresponding lo the eight
DTMF component frequencies listed in Table C-2. The
number in each box is the centerfrequency o f the BPF.

J

C-2.2

Pre-Lab

C-2.2.1

Signal Concatenation

In Lab #4 on Sinusoidal Synthesis, a very long music
signal was created by joining together many sinusoids.
When two signals were played one after the other,
the composite signal was created by the operation of
concatenation. In MATLAB, this can be done by makjng
each signal a row vector, and then using the matrix
building notation as follows:

xx= [ xx, xxnew];

C-2
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where xxnew is the sub-signal being appended. The
length of the new signal is equal to the sum of the lengths
of the two signals xx and xxnew. A third signal could
be added later on by concatenating it to xx.
C-2.2.2

Comment on Efficiency

In MATLAB the concatenation method, xx = [ xx,
xxnew ] , would append the signal vector xxnew to
the existing signal xx. However, this becomes an
inefficient procedure if the signal length gets to be very
large. The reason is that MATLAB must re-allocate the
memory space for xx every time a new sub-signal is
appended via concatenation. If the length xx were being
extended from 400,000 to 401,000, then a clean section
of memory consisting of 401 ,000 elements would have to
be allocated followed by a copy of the existing 400,000
signal elements and finally the append would be done.
This is clearly inefficient, but would not be noticed for
short signals. An alternative is to pre-allocate storage for
the complete signal vector, but this can only be done if
the final signal length is known ahead of time.
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ftable = (1;2;3;4;5)*(80,110]
fs = 8000;
xx = [ ];
disp (' - Here we go through the Loop - ')
keys= rem(3:12,10) + l;
for ii= 1:length(keys )
kk = keys (ii);
xx= [xx, zeros (l,400) );
krow
ceil(k k/2);
kcol = rem (kk-1,2 ) + 1;
f req = ftable(krow,kcol);
xx
[xx, ...
cos(2*pi*freq*(0 :1199)/fs)];
end
soundsc(xx,fs);

Figure C-2: Generate a table of frequencies and
synthesize a signal from it.

(a) Plot the magnitude response of the 5-point averager,
created from
HH =

C-2.2.3

Encoding from a Table

Explain how the MATLAB program in Fig. C-2 uses
frequency information stored in a table to generate a long
signal via concatenation. Determine the size of the table
and all of its entries, and then state the playing order of
the frequencies. Determine the total length of the signal
played by the soundsc function. How many samples
and how many seconds?

freqz(ones( l, 5)/5 ,1,ww)

Make sure that the horizontal frequency axis extends from
- 1r to +1r.
(b) Use the stem function to place vertical markers at
the zeros of the frequency response.
hold on
stem( . 4 *pi* (-2, -1, 1, 2), .3*ones (1, 4), ' r .')
hold o ff

C-2.2.4 Overlay Plotting

Sometimes it is convenient to overlay infonnation onto
an existing MATLAB plot. The MATLAB command hold
on will inhibit the "figure erase" that is usually done
just before a new plot. Demonstrate that you can do an
overlay by following these instructions:

C-2.3

Warm-up: DTMF Synthesis

To prepare for the DTMF design problem, two tasks
are addressed in the wann-up. First, a DTMF dialing
program is created. If the output of dtmfdial is played
as a sound, it should be able to dial an actual phone.
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function xx= dtmfdial(keyNames,fs)
%DTMFDIAL Create signal vector of
%
DTMF tones that will dial
%
a Touch Tone telephone.
%

% usage:

xx= dtmfdial(keyNames,fs)

%

% keyNames
%
%

xx

%

%

character string with
valid key names
fs = sampling frequency
signal vector that is the
concatenation of DTMF tones

%

dtmf .keys = ...
l 1 , 1 2','3 1 , 1 A 1 ;
'4 ' ,'5', 1 6 1 , 1 B 1 ;
'7','8','9 1 , 1 C';
' * ', '0 ' , '#', 1 D 1 ] ;
ff_ cols = [1209,1336,1477,1633];
[

1

ff_rows; [ 697; 770; 852; 941];
dtrnf.colTones
ones(4,l}*ff_cols;
dtmf.rowTones = ff_rows*ones(l,4};
Figure C-3: Skeleton of dtmfdial. m. a DTMF phone
dialer. Complete this function with additional lines of
code.

Second, a method for bandpass fi lter design is presented.
This will be useful in producing the BPFs needed in the
filter bank of Fig. C- 1.
C-2.3.1

DTMF Dial Function

Write a function, dtmfdial. m, to implement a DTMF
dialer based on the frequency table defined in Table C-2.
A skeleton of dtmfdial . mis given in Fig. C-3. ln this
warm-up, you must complete the dialing code so that it
implements the following:
(a) The input to the function is a vector of characters.
each one being equal to one of the key names on the

LABORATORY PROJECTS

telephone. In MATLAB a character string is the same as
a vector of characters. The MATLAB structure6 called
dtmf contains the key names in the field dtmf. keys
which is a 4 x 4 matrix that corresponds exactly to the
keyboard layout in Table C-2.
(b ) The output should be a vectorof samples at sampling

=

rate fs
8000 Hz containing the DTMF tones, one tone
pair per key. Remember that each DTMF signal is the
sum of a pair of equal amplitude sinusoidal signals. The
duration of each tone pair shouJd be exactly 0.20 sec.
and a silence, about 0.05 sec long, should separate the
DTMF tone pairs. These times can be declared as fixed
parameters in the code of dtmfdial. (You do not need
to make them variable in your function.)
(c) The frequency information is given as two 4 x 4

matrices (dtmf. col Tones and dtmf. r owTones):
one contains the column frequencies, the other has the
row frequencies. You can translate a key such as the 6
key into the correct location in these 4 x 4 matrices by
using MAT LAB's find function. For ex.ample, the key 6
is in row 2 and column 3, so we would generate sinusoids
with frequencies equal to dtmf. col Tones ( 2, 3} and
dtmf.rowTones(2,3).
To convert a key name to its corresponding row-column
indices, consider the following example:
[ii , jj] = find('3'=;dtmf.keys)

Also, consult the MATLAB code in Fig. C-3 and modify
it for the 4 x 4 tables in dtmfdial. m. You should
implement error checking so that an ii legitimate key name
is rejected.
(d ) Your function should create the appropiiate tone
sequence to dial an arbitrary phone number. When played
6 MATLAB structures are collections of different kinds of data
organized by named fieldi.. You can find out more about structures by
consulting MATLAB help ..Programming and Data Types: Structure.,
and Cell Arrays."

C-2
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through a telephone handset, the output of your fu nction
will be able to dial the phone. You could use specgram
to check your work. 7

Instructor Verification (separate page)

0.8

£

~

C-2.3.2

Simple Bandpass Filter Design

The L-point averaging filter is a lowpass filter. Its
p assband width is inversely proportional to L. It is also
possible co create a filter whose passband is centered
around some frequency other than zero. One simple way
to do this is to define the impulse response of an L-point
FlR filter as

h[n]

= fJ cos (w,.n)

O~n< L
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0.6

::i:: 0.4

0.2
0

0.2rr
0.4rr
0.6.rr
0.8.rr
NormaJiLed Frequency w

TC

Figure C-4: The frequency response (magnitude) of
an FIR bandpass filter is shown with its passband and
stopband regions.

w,.

where Lis the filter length, and
is the center frequency
that defines the frequency location of the passband and f3
is used to adjust the gain in the passband. For example,
we pick
= 0.2,r if we want the p eak of the fi lter's
passband to be centered at 0.2rr. Also, it is possible to
choose f3 so that the maximum value of the frequency
response magnitude will be one. T he bandwidth of the
bandpass filter is controlled by L ; the larger the value o f
L, the narrower the bandwidth. This particular fi lter is
also discussed in the section on useful filters in C hapter 7.
A lso, you might have designed some BPFs based on this
idea in other labs.

w,.

(a ) Generate a bandpass filter that will pass a frequency
component at w= 0.2n. Make the filter length (L) equal
to 51 . Figure out the value of f3 so lhat the maximum
value of the frequency response magnitude will be one.
Make a plot of the frequency response magnitude and
phase.
Hi11t:
Use MATLAB's freqz () function or the
f reekz ( ) function in SP Fir.,·tto calculate these values.

(b) The passband of the BPF fi lter is defined by the
region of the frequency response where IH (eji;,) I is
close to its maximum value of one. TypicaUy, the
passband width is defined as lhe length of the frequency
region where IH (ejw)I is greater than J/.J"i = 0.707.
Note:
You can use MATLAB's find function to
locate those frequencies where lhe magnitude satisfies
lh' (ei°')I ::: 0.707. Plot markers at the passband and
stopband edges (similar to Fig. C-4).

Use the plot of the frequency response for the Iength-5 J
bandpass fil ter from part (a) to determine the passband
width.

Instructor Verification (separate page)

=

(c) If the sampling rate is/,
8000 Hz. determine the
analog frequency components that wi11 be passed by this
bandpass filter. Use the passband width and also the
center frequency of the BPF to make rhis calcuJation.

7

111 MATLAB. the demo called phone also shows the wavefonns
and spectra genernted in a DTMF system.

Instructor Verification (separate page)
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C-2.4

Lab: DTMF Decoding

A DTMF decoding system needs two sub-systems: a set
of bandpass filters (BPF) to isolate individual frequency
components, and a detector to determine whether or not
a given component is present. The detector must "score"
each BPF output and determine which two frequencies
are most like ly to be contained in the DTMF tone. In
a practical system where noise and interference are also
present, this scoring process is a crucial part of the system
design, but we will only work with noise-free signals
to understand the basic functionality in the decoding
system.
To make the whole system work, you will have
to write three M-files: dtmfrun, dtmfscore and
dtmfdesign. An additional M-file called dtmfcut
is available on the SP First CD-ROM. The main
M-file should be named dtmfrun. m. It will call
dtmfdesign. m, dtmfcut. m, and dtmfscore . m.
The following sections discuss how to create or complete
these functions.

LABORATORY PROJECTS

function h h = dtmfdesign(fcent,L,fs)
%DTMFDESIGN
%
hh = dtmfdesign(fcent, L, fs)
%
returns L by 8 matrix
%
where each column contains the
%
impulse response o f a BPF,
%
one for each f requency in fcent
% fcent
vector of center freqs
%
L
length of bandpass filters
%
fs
sampling frequency
%

%
%
%

Each BPF must be scaled so that
its frequency response has a
maximum magnitude equal to one .

Figure C-5: Skeleton of the dtmfdesign. m function.
Complete this function with additional lines of code.

the 852 Hz component. The bandwidth of the bandpass
filter is controlled by L; the larger the value of L, the
narrower the bandwidth.

C-2.4.1 Filter Bank Design: dtmfdesign .m

The FIR filters that will be used in the filter bank of
Fig. C-1 are a simple type constructed with sinusoidal
impulse responses, as already shown in the Warm-up.
In the section on useful filters in Chapter 7, a simple
bandpass filter design method is presented in which the
impulse response of the FIR filter is simply a finite-length
cosine of the form

h[n] = f3cos (2rrlbn ) ,
fr

0 ~ n ~ L- 1

where L is the filter length, and Is is the sampling
frequency. The constant fJ gives flexibility for scaling
the filter's gain to meet a constraint such as making the
maximum value of the frequency response equal to one.
The parameter lb defines the frequency location of the
passband; e.g., we pick lb = 852 if we want to isolate

(a) Devise a MATLAB strategy for picking the constant
f3 so that the maximum value of the frequency response
will be equal to one. Write one or two lines of MATLAB
code that will do this scaling operation in general. There
are two approaches here:

Mmhemarical: Derive an approximate formula for
from the formula for the frequency response of
the BPF. Then use MATLAB to evaluate this closedform expression for f3.

f3

Numerical: Let MATLAB measure the peak value
of the unscaled frequency response, and then have
MATLAB compute f3 to scale the peak to be one.
(b) Complete the M-file dtmfdesign . m which is
described in Fig. C-5. This fu nction should p roduce all
eight bandpass filters needed for the DTMF filter bank
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system. Store the filters in the columns of the matrix hh
whose size is L x 8.

reasonable to define the stopband as the region where
IH(ei"')I is Jess than 0.25.

(c) The rest of this section describes how you can
exhibit that you have designed a correct set of BPFs.
In particular, you should j ustify how to choose L , the
length of the filters. When you have completed you r
filter design function, you should run the L = 40 and
L = 80 cases, and then you should determine empirically
the minimum length L so that the frequency response will
satisfy the specifications on pac;sband width and stopband
rejection given in part (f) below.

Filler Design Specificatiom.: For each of the eight BPFs,
choose L so that only one frequency lies within the
passband of the BPF and all other DTMF frequencies
lie in the stopband.

=

(d) Generate the eight (scaled) bandpass filters with L
40 and fs = 8000. Plot the magnitude of the frequency
responses all together on one plot (the range O ~ w~ rr
is sufficient because IH (ej&)I is symmetric). Indicate the
locations of each of the eight DTMF frequencies (697,
770, 852, 941, 1209, 1336, 1477, and 1633 Hz) on this
plot to illustrate whether or not the passbands are narrow
enough to separate the DTMF frequency components.8
Hint: use the hold on command and markers as you
did in the warm-up.

(e) Repeat the previous part with L = 80 and Is =
8000. The width of the passband is supposed to vary
inversely with the fi lter length L. Explain whether or
not that is true by comparing the length 80 and length 40
cases.
(f) As help for the previous parts, recall the following
definitions: The passband of the BPF fil ter is defined
by the region of w where IH (ei6J)I is close to one.
Typically, the passband width is defined as the length
of the frequency region where IH(ej"')I is greater than
1;,Ji, = 0.707.

The stopband of the BPF filter is defined by the region
of wwhere IH (eiw) I is cJose to zero. In this case, it is
8 Rernember that normalized discrete-time frequency is related to
continuous-time frequency by the relation w 2;rr f /ls.

=

Use the zoom on command to show the frequency
response over the frequency interval where the DTMF
frequencies lie. Comment on the selectivity of the
bandpass filters; i.e., use the frequency response to
explain how the filter passes one component while
rejecting the others. Is each filter's passband narrow
enough so that only one frequency component lies in
the passband and the others are in the stopband? Since
the same value of L is used for all the filters, which fi lter
drives the problem? In other words, for which center
frequency is it hardest to meet the specifications for the
chosen value of L?

C-2.4.2

A Scoring Function: d tmf score . m

The final obj ective is decoding- a process that requires
a binary decision on the presence or absence of the
indjvidual tones. In order to make the signal detection an
automated process, we need a score function that rates
the different possibilities.

(a) Complete the dtmfscore function based on the
skeleton given in Fig. C-6. The input signal xx to the
dtmf score function must be a short segment from the
DTMF signal. The task of breaking up the signal so that
each short segment corresponds to one key is done by the
function dtmfcut prior to calling dtmfscore.
(b) Use the following rule for scoring: lfthe signal y;[n]
is the output of the i th BPF, the score equals one when
max IY, [n] I ~ 0.59; otherwise, it is zero.
II

470

APPENDIX C

function sc = dtmfscore{xx, hh)
%DTMFSCORE
% usage:
sc = dtmfscore(xx, hh)
% returns score based on the max
% amplitude of the fi ltered output
% xx= input DTMF tone
% hh = impulse response of ONE BPF
%

% Signal detection after f i ltering
%
ss with a l ength-L BPF, hh,
%
and then finding the maximum
%
amplitude of the output .
% The score is either 1 or 0 .
sc
1 if max(ly[nl I) >= 0.59
%
%
sc = 0 if max ( I y [n] I l < 0 . 59
%

%-- Scale the input signal x[n]
%-- to the range [-2,+2)
xx= xx*(2/max(abs(xx)));
Figure C-6: Skeleton of the dtmfscore. m function.
Complete this function with additional lines of code.

(c) Prior to filtering and scoring, make sure that the inpul
signalx[n] is nonnalized to the range [ -2, +2]. With this
scaling, the two sinusoids that make up x[n Jshould each
have amplitudes of approximately 1.0.9 Therefore, the
scoring threshold of 0.59 co1Tesponds to a 59% level for
detecting the presence of one sinusoid.
(d) The sco1ing rule above depends on proper scaling of
the frequency response of the bandpass filters. Explain
why the maximum vaJue of the magnitude for H (eiw)
must be equal to one. Consider the fact that borh
sinusoids in the DTMF tone wilJ experience a known
gain (or attenuation) th.rough the bandpass filter, so the
amplitude of the output can be predicted if we control
9The two sinusoids in a DTMF tone have frequencies that are not
hmmonics. When plotted versus time, the peaks of 1he two sinusoids
will eventually line up.
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both the frequency response and the amplitude of the
input.
(e) When debugging your program it might be useful
to have a plot command inside the dtmfscore . m
function. If you plot the first 200-500 points of the
filtered output, you should be able to see two cases:
either y[n Jis a strong sinusoid with an amplitude close to
one (when the filter is matched to one of the component
frequencies), or y [n] is relatively small when the filter
passband and input signal frequency are mismatched.
C-2.4.3

DTMF Decode Function: dtmfrun.m

The DTMF decoding function, dtmfrun must use
infonnation from dtmfscore to determine which key
was pressed based on an input DTMF tone. The skeleton
of this function in Fig. C-7 includes the help comments.
The function dtmfrun works as follows: first, it
designs the eight bandpass filters that are needed, then
it breaks the iuput signaJ down into individual segments
(using dtmfcut provided). For each segment. it will
have to call the user-written dtmfscore function to
score the different BPF outputs and then determine the
key for that segment. The final output is the list of
decoded keys. You must add the logic to decide whkh
key is present.
The input signal to the dtmfscore function must
be a short segment from the DTMF signal. The task of
breaking up the signal so that each segment corresponds
to one key is done with the dtmfcut function which
is called from dtmfrun. TI1e score returned from
dtmf score must be either a 1 or a Ofor each frequency.
Then the decoding works as follows: If exactly one
row frequency and one column frequency are scored as
I 's, then a unique key is identified and the decoding is
probably successful. 1n this case, you can determine the
key by using the row and column index. It is possible
that there might be an error in scoring if too many or
too few frequencies are scored as I's. In this case, you
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function keys= dtmfrun(xx,L,fs)
%DTMFRUN
keys= dtmfrun(xx,L,fs)
% returns list of key names in xx
% keys
array of characters,
%
i.e., the decoded key names
%
DTMF waveform
xx
%
L
filter length
%
fs
sampling freq
%

dtmf . keys
[

1
1 1 , 1 2', 1 3 1 , 'A';
'4','5', 1 6 1 ,'B';

'7 1

,

*

,

1

1

1

8

1

1

0

1

,

,

1

1

fs
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8000;

tk = [IA I

I

1

%<- - sampling rate
% for all functions
I BI , IC I , ID I , I * I
'#'

0', ' l' ,
1
6', '7 1 ,

I

1

2', '3', '4 1
1
8 1 , '9'1;

,

I

•• •

'5' , ...

xx= dtmfdial( tk, fs);
soundsc(xx, fs )
%< --use your value of L
L = ...
dtmfrun(xx, L, fs)
%-- The answer should be
%
ans= ABCD*#0123456789

9 1 ,'C';
'D ' ];

Figure C-8: Testing the DTMF system.

#1 ,

ff_cols = [1209,1336,1477,1 633 );
ff_rows = I 697; 770; 852; 941);
dtmf.colTones = ones(4,l)*ff_cols;
dtmf.rowTones = ff_ rows *ones(l,4);
%<====
center_freqs =%<=FILL IN THE CODE HERE
%<====
hh = dtmfdesign( center_freqs,L,fs );
% hh = L x 8 MATRIX of all the filters
%
Each column contains the impulse
%
response of one bandpass filter
%

%-----Find the tone bursts:
[nst art,nstop] = dtmfcut(xx,fs};
keys "' [);
for kk=l: Jength(nstart)
%----Extract one DTMF tone
x_seg = xx(nstart(kk) :nstop(kk));
%<----=------FILL IN THE CODE HERE
end
Figure C-7: Skeleton of dtmfrun. m. Complele lhe
for loop in this function with additional lines of code.

should return an error indicator (perhaps by setting the
key equal to - I). There are several ways to write the
dtmfrun function, but you should avoid excessive use

of "if" statements to lest all 16 cases.
Hint: Use MAilAB's logicals (e.g., help find) to
implement the tests in a few statements.
C-2.4.4

Testing

Once you get your system working, there should be no
errors with a large value of L, but when you try to reduce
the filter length, the error indicator (key equal to - I )
would tell you that the filter length is getting too small.
Run tests to find the minimum value for L that gives
reliable operation. In your lab report, describe how you
tested the system to get this minimum value for L.
C-2.4.5

Telephone Numbers

The functions dtmfdial. m and dtmfrun. m can be
used to test the entire DTMF system as shown in Fig. C-8.
For the dtmfrun function to work correctly, all the Mfiles must be on the MATLAB path. It is also essential
to have short pauses between the tone pairs so that
dtmfcut can parse out the individual signal segments.
If you are presenting this project in a lab report,
demonstrate a working version of your programs by
running it on the following p hone number:
407*89132#BADC
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In addition, make a spectrogram of the signal from
dtmf dial to illustrate the presence of the dual tones.
C-2.4.6

Demo

When you submit your lab report, you should
demonstrate your working system to your lab supervisor.
You would call dtmfr un for a signal xx provided at
random. The output should be the decoded telephone
number. The evaluation criteria are shown below.

LABORATORY PROJECTS

Lab#9
INSTRUCTOR VERIFICATION
For each verification, be prepared to explain your
answer and respond to other related questions that
the lab instructors might ask.
Name: _ __ _ _ _ __ _ _ __ __ __ _
Date of Lab: _ __ _
Part C-2.3.1:
dtmfdial. m:

Complete

the

dialing

function

Instructor Verification _ _ __ _ __ __ _

DTMF Decoding Evaluation
Does the designed DTMF decoder decode the telephone
numbers correctly for the following values of L?
For L

Part.C-2.3.2(b): Measure the passband width of the BPF
Instructor Verification _ _ _ __ _ _ _ _ _

= 111

AJI Numbers _ _

Most _ _

None _ _

For L =Student's Minimum Length
All Numbers _ _

Most _ _

None _ _

Part C-2.3.2(c): Determine the analog frequency
components passed by the BPF when f, = 8000 Hz.
Give the range of frequencies.
Instructor Verification _ _ __ _ __ __ _

C-3
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C-3

Two Convolution GUls
~

LAB: This is Lab #12 on the CD-ROM.

The Pre-Ll1b exercises are intended to be completed
while preparing for the actual lab.
The Warm-up section of this lab would nonnally be
completed during supervised lab time, and the steps
marked Instructor Verification would be signed off by
the lab supervisor.
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The Laborato,y Exercises should be done on your own
and summarized with a lab report.

C-3.1

Introduction

This lab concentrates on the use of two MATLAB GUis
for convolution.
I . dconvdemo: GUI for discrete-time convolution.
This is exactly the same as the M ATLA B functions
conv ( ) and f i rf i 1 t ( ) used to implement FIR
filters.

~

DEMO: Chap. 5: Discrete Convolution

2. cconvdemo: GUI for continuous-time convolution.

~

DEMO: Chap. 9: Continuous Convolution

Each one of these demos illustrates an important point
about the behavior of a linear, time-invariant (LTI)
system. They also provide a convenient way to visualize
the output of an LT! system. Both of these demos are on
the SP First CD-ROM .

Figure C-9: Interface for discrete-time convolution GUI.

C-3.2.1

Discrete-Time Convolution Demo

In the dconvdemo GUI. you can select an input signal
x [n] , as well as the impulse response of the tilter h[n].
Then the demo shows the "flipping and shifting" used
when a convolution is computed. This corresponds to
the sliding window of the FIR filter. Figure C-9 shows
the interface for the dconvdemo GUI.
In the Pre-Lab, you should perfonn the following steps
with the dconvdemo GUI.
(a) Set the input to a finite-length pulse

x [n]

= 2 {u[n] -

11(11 -

IO)}

(b) Set the filter's impulse response to obtain a 5-poinl
averager.

(c) Use the GUI to produce the output signal.

C-3.2

Pre-Lab: Run the GUls

The first objective of this lab is to demonstrate usage of
two convolution GUis, so you must install the GUls and
practice using them.

(d) When you move the mouse pointer over th e index
"n" below the signal plot and do a click-hold, you will
get a hand tool that allows you co move the "n"-pointer.
By moving the pointer horizontally you can observe the
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sliding window action of convolution. You can even
move the index beyond the limits of the window and the
plot will scroll over to align with ''n."
(e) Set the filter's impulse response to a leng th- to
averager,
h[n]

= ¾ilufn] -

u[n - IO]l

Use the GUI to produce the output signal.

·---

....

oL----==--1-.1..l--,=~

d

u.·,-

h[n]

= 0[11 - 3]

Use the GUI to produce the output signal.

•1

0

1

1

,

..S.

0

6 1D 15

... .,. ... " '
°'•"""' I

o.t bN

Slgnal Alls:

ic(t)•blue
h{I..,,} .. 1 d
Mulllpllc2llon Am:

I 1• 2.&0

~

1

(t) Set the filter's impulse response to a shi fted impulse,

~Ul-~

r •• 2..eo

,_
I

.........._.._

X(,)h(t..)
Convolution Alls:
y(I) • /x(dhU-,Jch

Figure C-10: Interface for continuous-time convolution
GUI.

(g) Compare the outputs from parts {c), (e) and (t).

Notice the different shapes (triangle, rectangle or
trapezoid), the maximum values, and the different lengths
of the outputs.
C-3.2.2

Continuous-Time Convolution Demo

ln the cconvdemo GUI, you can select an input signal
as well as the impulse response of an analog filter
h(t ). Then the demo shows the "flipping and shifting"
used when a convolution integral is performed. Figure C10 shows the interface for the cconvdemo GUI. A more
expanded view of the interface for this GUJ can be found
in Chapter 9 on p. 266.
In the Pre-Lab, you should perform the following steps
with the cconvdemo GUI.

x(t),

(a) Set the input to a four-second pulse
x(r )

= u(t) -

u (t - 4)

(b) Set the filter's impulse response to a two-second
pulse with amplitude ½,
h (t)

= ½{u (t ) -

u(r - 2)}

(c) Use the GUJ to produce the output signal. Use the
sliding hand roof to grab lhe time marker and move it to
produce the flip-and-slide effect of convolution.
(d ) Set the fil ter's impulse response to a four-second
pulse with ampl itude¼,
h (t)

= ¾{u(t) -

u(r - 4)}

Use the GUl to produce the output signal.
(e) Set the filter's impulse response to a shifted impulse.
h(t)

= o(t -

3)

Use the GUI to produce the output signal.
(f) Compare the outputs from parts (c), {d) and
(e). Notice the different shapes (triangle, rectangle or
trapezoid), the maximum values, and the different lengths
of the outputs.
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C-3.3

Warm-up: Run the GUls

T he objective of the warm-up in this lab is to use the rwo
convolution GUis to solve problems (some of which may
be homework problems). 1f you are working o n your own
machine, you must install the SP First Toolbox, which
contains dconvdemo and cconvdeno.

C-3.3.2

Discrete Convolution GUI

lo the warm-up, you should perform the fo llowing steps
with the dconvdemo GU L.
(a) Set the input to be a finite-length sinusoid

x[n]

C-3.3.1

= 2cos(2rrn/3) (u [n] -

u ln - 10])

Continuous-Time Convolution GUI

In the warm-up, you should perform the following steps
with the ccon vdemo GUT.
(a) Set the input to an exponential signal
x(t)

= e- 0-251 {u(t) -

u(t - 4) }

(b) Set the filter's impulse response to obtain a 3-point
averager.

(c) Use the GUT to produce the output signal.
(d} Explain why the output has five different regions and

why the output is zero in three of the fi ve.
(b) Set the filter's impulse response lo a different
exponential
h (I)

= e_, {u(t -

1) - u(I - 5)]

(c) Use the GUI to produce a plot of the output signal.
Use the sliding hand tool to grab the time marker
and move it lo produce the Aip-and-slide effect of
convolulion.
Note: If you move the hand tool pa'it the end of Lhe plot,
the plot will automatically scroll in that direction.

(d) Usually, the convolution integral must be evaluated
in jive different regions: no overlnp (on the left side),
partial overlap (on the left side). complete overlap, partial
overlap (on the right side), and no overlap (on the right
side). In this case. there are only four regions. Why?
(e) Set up the convolution integral for the second region.
This is the case of partial overlap (on the left side). In
addition, determine the boundaries (in secs) of the second
region (i.e., the starting and ending times of region #2).
Use the.flip-and-slide interpretation of convolution along
with the GUI to help answer this question.

Instructor Verification (separate page)

Instructor Verification (separate page)

C-3.4

Lab Exercises

l n each o f the following exercises, you should make a
screen shot of the fi nal picture produced by the GUI to
validate that you were able to do the implementation.
In all cases, you will have to do some mathematical
calculations to verify that the MAT LAB GUr result is
correct.
C-3.4.1

Continuous-Time Convolution

In this section, use the continuous-time convolution GUI,
cconvdemo, to do the following:
(a) Set the input to an exponential signal
x(t)

= e- 0-251 (u(f) -

u(t - 6)}

(b) Set the filter's impulse response to a different

exponential
h(I)

= e-

1

{u(t

+

I) - u(t - 5))
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(c) Use the GUI to produce a plot of the output signal.
(d) Usually the convolution integral must be evaluated
in five different regions: no overlap (on the left side),
partial overlap (on the left side), complete overlap, partial
overlap (on the right side), and no overlap (on the right
side). In this case, there are only four regions. Determine
the boundaries of each region (i.e., the starting and ending
times in secs).

C-3.4.3

LABORATORY PROJECTS

Discrete-Time Convolution

Use the discrete-time convolution GUI, dconvdemo, to
do the following:
(a) Find the output of a digital filter whose impulse
response is
h{n]

= u[n + 3) -

u[n]

when the input is
(e) Determine the mathematical formula for the convolution in each of the four regions. Use the GUI to help in
setting up the integrals, but carry out the mathematics of
the integrals by hand.

C-3.4.2

Continuous-Time Convolution Again

(a) Find the output of an analog filter whose impulse
response is
h(t)

= u(t + 3) -

u(t)

when the input is
x(t)

= 2 cos(2,r(t -

2)/3) (u(I - 2) - u(t - 12)}

(b) Use the GUI to determine the length of the output
signal and the boundaries of the five regions of the
convolution.
Note: The regions of partial overlap would be called
transient regions, while the region of complete overlap
would be the steady-state region.
(c) Perform the mathematics of the convolution integral
to get the exact analytic form of the output signal and
verify that the GUI is correct. Also, verify that the
duration of the output signal is correct.

x[n]

= 2cos(2rr(n -

2)/3){u[n - 2] - u[n - 12)}

(b) Use the GUT to determine the length of the
output signal. Notice that you can see five separate
regions just like for the continuous-time convolution in
Section C-3.4.2. Identify the boundaries of these regions.
Note: Toe regions of partial overlap would be called
transient regions while the region of complete overlap
would be the steady-state region .
(c) Use numerical convolution to get the exact values of
the output signal for each of the five regions. Thus, you
will verify that the GUI is correct. Also verify that the
duration of the output signal is correct.
(d) Discuss the relationship between this output and the
continuous-time output signal in Section C-3.4.2. Point
out similarities and differences.

C-3
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Lab #12
INSTRUCTOR VERIFICATION
For each verification, be prepared to explain your
answer and respond to other related questions that
the lab instructors might ask.
Name: _ _ __ _ __ _ _ _ _ _ __ _ _ _

Date of Lab: _ _ __
Part C-3.3.l: Demonstrate that you can run the
continuous-time convolution demo. Explain how to
find the FOUR regions for this convolution integral. In
the space below, write the specific convolution integral
that would be performed for these specific exponential
signals in REGION #2. Make sure that the limits of
integration are correct.

Instructor Verification _ __ __ __ __ _

y(t)

=

f

for

Part C-3.3.2: Demonstrate that you can run the discretetime convolution demo. Explain why the output is zero
in three of the five regions identified for the output
signal.
Instructor Verification _ __ _ _ _ __ __
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A p p

D I X

CD-ROM Demos
This appendix lists all of the demos available on the

a sinusoid is displayed. the user must correctly determine
its amplitude, frequency, and phase

Signal Processing First CD-ROM and provides a brief
description of each. Some of the demos are applicable to
more than one chapter.

Tuning Fork: This demo shows how the size and
stiffnes1, of a tuning fork affect the wavefom1 and tone
produced by three different tuning forks.

Chapter 2

Clay Whistle: Sounds and waveforms recorded from two
clay whistles. These real sounds are nearly sinusoidal.
ZDrill:
our that tests your ability to perform a
variety of complex arithmetic operations. The program
ernphac;izes the vector (geomettic) view of a complex
number. Problems are presented and the user must give
the correct answer. See Appendix A also.

Sillusoids: An introduction to plotting sinusoids (both
sine and cosine waves) from equations. In addition, the
tutoiial reviews how to write the equation g iven a plot
of the sinusoid. Also, it contains links to the Sine Drill
MATLAll

our.

Rotating Phasors: Here are four movies showing
rotating phasors and how the real part of the phasor ej"''
traces out a sinusoid versus time. Two of the movies show
how rotating phasors of different frequencies interact to
produce complicated waveforms such as beat signals.

Chapter 3

FM Synthesis: Brief summary of the mathematical
theory that underlies music synthesis using the principles
of frequency modulation. Parameters for brass, clarinet,
bell and knocking sounds are given.

Sine Drill: MATLAB GUI that tests the user's ability to
determine basic parameters of a sinusoid. After a plot of
478
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Rotating Plzasors: Same as Chapter 2.

(30 frames per second) does the sampling so that real

Fourier Series:
MATLAB GUI that shows Fourier
synthesis of various waveforms with a finite number of
Fourier coefficients. Examples include square, sawtooth
and triangle waveforms.

alfasing can be observed.

Spectrograms: Plots of the spectrogram of various
sounds along with the waveform and sound in order
to illustrate the connection between the time- and
frequency-domains. Examples include sinusoids, square
waves, real and synthesized music for a piano, and a
number of chirps.
Vowel Sound: Synthesis of a vowel sound from its
Fourier series components demonstrates the idea of
harmonic sinusoids.

Synthetic Strobe Movies: Quicktime movies produced
in MATLAB simulate the strobe-like sampling ofa rotating
disk. Twelve d ifferent combinations of sampling rate and
rotation rate are shown.

Chapter S
Discrete Convolution Demo ( dconvdemo) : M ATLAB
GUI that illustrates the flip-and-slide view of convolution. The user can interactively choose different signals,
and also slide the fl ipped signal along the horizontal axis
with the mouse pointer.

Chapter 6
Chapter 4
Aliasing and Foldi11g: Quicklime Movies showing a
sinusoid and its spectrum when sampled at rates below
the Nyquist rate.
Co11ti11uous-to-Discrete Sampling ( c on2 d is): MATLA l.l GUI that shows sampling of a :;inusoid in the
time- and frequency-domains. The user can interactively
change the sampling rate and the input frequency, and
then observe the discrete-time signal, as well as the
reconstructed output.
Reconstmction: Quicklime movies that show the D - 10C conversion process as interpolation with a pulse shape.
Pulse shapes include square, triangular and tnmcated
sines.
Sampling The01y Tutorial: Short tutorial movies that
show how to use MATLAB to create sampled sinusoids.
The basic ideas of sampling rate and sampling period are
explained, as well as how to use MATLAB to simulate a
sinusoid of a given frequency and duration.
Strobe Movies: Quicktime movies of an actual rotating
disk taken by a camcorder. The frame rate of the camera

Cascading FIR Filters: An image is processed through
a first-difference filter and a fi ve-point averager. The
final output is shown to be independent of the processing
order. In addition, blurring and sharpening of the image
are illustrated by the lowpass and highpass fi lter:;.

DLTI Demo: MATLAB GUI that illustrates the sin11soidi11 gives sinusoid-out property of LTI systems. The user
can pick the input freq uency and the tiller's frequency
respon:;e, and then observe that the output is a sinusoid
with di fferent amplitude and phase.

Tlltroductio11 to FIR filters: The waveform, sound
and spectrogram of a signal are shown before and after
lowpass filtering. The signal is a speech signal between
two chirps, so the example illustrates how lowpass
fi ltering can change the character of signals.

Chapter7
Three-Domains FIR: The connection between the ,transform domain of poles and zeros and the timedomain, and also the frequency-domain is illustrated with
several movies where individual zeros or zero pairs are
moved continuously.

APPENDIX D
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Pel:

A MATLAB GUT for pole-zero manipulation.
Poles and zeros can be placed anywhere on a map of
the z-plane. The corresponding time-domain (n) and
frequency-domain (w) plots will be displayed. When a
zero pair ( or pole pair) is dragged, the impulse response
and frequency response plots will be updated in real time.

students hide convolution result until requested, and
various plot options enable the tool to be effectively used
as a lecture aid in a classroom environment.

Discrete Co11volution Demo ( dconvdemo): Same as
Chapter 5.

Pel Tutorial: These movies describe how to use the Pe Z

Chapter 10

graphical user interface to place/move poles and zeros.
They also show how to display the associated impulse
and frequency response.

CLTI Demo:

Z to Freq: A movie that illustrates the connection
between the complex z-plane and the frequency response
of a system. The frequency response is obtained by
evaluating H(z) on the unit circle in the complex z-plane.

Chapter 8
Three-Domaim IIR: T he connection between the ztransfom1 domain of poles and zeros and the timedomain, and also the frequency-domain is illustrated with
several movies where individual poles, or zeros or pole
pairs of IIR filters are moved continuously.

PeZ: Same as Chapter 7, but note that it can do UR filters,
as well as FIR filters.

PeZ Tutorial: Same as Chapter 7.
1/R Filtering: A short tutorial on first- and second-order
UR (infinite-length impulse response) filters. This demo
shows plots in the three domains for a variety ofJIR filters
with different filter coefficients.

CD-ROM DEMOS

A MATLAB GUT that illustrates the
sinusoidal resp onse of LTI systems.
This MATLAB demo reconstructs a
square, triangle, or sawtooth waveform, using a given
number of Fourier series coefficients. Same as Chapter 3.

Fourier Series:

Chapter 11

CLTI Demo: Same as Chapter 10.
Fourier Series: Same as Chapters 3, 10 and 12.

Chapter 12

Fourier Series: Same as Chapters 3, 10 and 11.
Chapter 13

Music GUI:

A MATLAB GUI for composing music,
listening lo sinusoidal synthesis and viewing the
spectrogram of the song.

Resolution of the Spectrogram:

These Quicktime
movies illustrate the inherent trade-offs between time
and frequency resolution of the spectrogram when it is
computed by a sliding-window FFT.

Z to Freq: Same as Chapter 7.
Appendix A

Chapter 9

Co11ti11uous Convolution Demo ( cconvdemo):

The
Continuous Convolution Demo is a program that helps
visualize the process of continuous-time convolution.
Features: Users can choose from a variety of different
signals, signals can be dragged around with the mouse
with results displayed in real-time, tutorial mode lets

Complex N 11mbers via MATLAB:

E xamples of how
complex numbers and complex exponentials can be
handled by MATLAB.

Phasor Races: This MATLAB GUI is a speed drill for
testing complex addition. It includes many other related
operations that can be tested in a "drill" scenario: adding
sinusoids, z-transforms, etc. A timer starts as soon as

48 1

the problem is posed, so that a student can try to solve
questions quickly and accurately.
ZDrill: GUI that tests the user's ability to calculate
the result of simple operations on complex numbers.
The program emphasizes the geometric (vector) view
of a complex number. The following six operations are
supported: Add, Subtract, Multiply, Divide, Inverse, and
Conjugate.

Appendix B
MATLAB Tutorial Movies: A set of movies illuslrating
MATLAB programming is available on the CD-ROM.

Index
A-to-D converter, see Analog-to-digital (A-to-D) converter
Absolutely integral signals, 313
Accumulator system, 255
Adder, 112
Advanced signal, 14
Alias, 75
folded, 76
principal, 75
Aliasing, 75, 368, 371
(folding) distortion, 370
AM broadcast system, 366
AM radio, 41
Amplitude, 7, 11
double sideband (DSBAM), 358
function, 146
modulation, 39, 41
and phase plots, 147
transmitted carrier, 362
Amplitude modulator system, 256, 336
Analog signal processing, 245
Analog signals, 71

Analog-to-digital (A-to-D) conversion, 5, 78
Analog-to-digital (A-to-D) converter, 72, 78, 374
Angle function, 61
Angle of complex number, 431
Argument of complex number, 18
Associative property of convolution, 121
Audio system, 6
Average value, 53
Band-reject filter, 298
Bandedges, 297
Bandlimited interpolation, 92, 372
Bandlimited signal, 93, 316, 368, 370
reconstruction, 370
Bandpass filter, 183, 185, 297, 353, 381
Bandstop filter, 353
Bandwidth, 316
Baseband spectrum, 360
Beat note, 39
Block-diagram notation, 113
Block diagrams, 5, 113
Bode plots, 288
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INDEX
C-major scale, 59
spectrogram, 60
Carrier, 359
Carrier frequency, 42, 359
Carrier signal, 42
Cartesian form, 17, 429
Cascade connection, 122
Cascaded LTI systems, 122, 143, 173
Cascading systems, 173
Causal filter, 104
Causality, 275
definition of, 275
cconvdemo, 266
CD audio system, 5, 6
Centralized averager, I 04, 124
Chirp, 60
Chirp signals, 6 I
CLTidemo, 292, 341
Colon operator, 445
Commutative property of convolution, 121
Compensation for the effect of an LTI filter, 355
Compensator system, 356
Complex amplitude, 20, 299
Complex exponential, 431
signals, 17, 18
orthogonality, 49
Complex number addition, 435
Complex number division, 433
Complex number multiplication, 433
Complex number represented as vector, 429
Complex numbers, 17, 428
Complex powers, 438
Complex roots, 438
Conjugate of complex number, 438
Conjugate symmetry property, 133, 138, 291
Continuous-time convolution
associativity property of, 259
commutative property of, 259
distributive property of, 260
identity element of, 260
Continuous-time Fourier transform (CTFf), 376
Continuous-time LTI systems
causality of, 275
frequency response of, 285, 286
stability of, 274

483
Continuous-time signals, 71
finite-length, 248
infinite-length, 246
one-sided, 247
right-sided, 247
two-sided, 247
Continuous-time systems, 4, 254
differentiator system, 261
ideal delay system, 254, 26 I, 332, 348
ideal differentiator system, 254
ideal integrator system, 254, 260
impulse response, 255
squaring system, 254
Continuous-time unit-step, 247
Continuous-to-discrete (C-to-D) conversion, 5
Continuous-to-discrete (C-to-D) converter, 72
Convolution, 110
associative property, 121
commutative property, 121
flip and shift, 264
of impulses, 261
integrals, 256, 263
and LTI systems, 118
in MATLAB, 111
as an operator, 121
property, 326
sum, 110. 118,255
sum formula, 1 I 9
and the z- transform, 171
Cooley, 402
Cosine modulation property, 336
Cosine signals, 7
Cosine waves, 7
Cubic spline interpolation, 90
Cutoff frequency, 296, 304, 316
Cyclic frequency, 12
D-to-C converter, see Digital-to-analog (D-to-A) converter
Data window, 394
DC, 13
coefficient, 53
component, 37, 48
term, 53
value, 53
Deconvolution, 128, 129,175,356

INDEX
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Definition of z-transform, 164
Delay-compensated running-average filter, 125
Delayed signal, 14
Delay system, 109, 139
Delta function, 107
Demodulation, 360
DeMoivre's formula, 439
Demultiplexing, 366
Derivative
of a convolution, 272
of an impulse, 261
superscript notation for, 253
of the unit step, 252
DFT, 391
Difference equation, 103
Differentiation and integration of convolution, 272
Differentiator system, 257
Digital-to-analog (D-to-A) converter, 88
Direct current, 13
Direct form, 113
Direct form I structure, 206
Direct form II structure, 207
Dirichlet function, 145, 146
Discrete convolution
evaluation of, 267
Discrete Fourier transform, 391,400
Discrete-time cosine signal, 73
Discrete-time filtering, 379
of continuous-time signals, 377
Discrete-time Fourier transform (DTFT), 375, 376, 392
inverse, 376
Discrete-time frequency, 73
Discrete-time frequency (w), 73
Discrete-time signal, 72
Discrete-time systems, 102
Discrete-to-continuous (D-to-C) converter, 78
Discrete-to-continuous conversion, 88
oversampling, 91
Distorting system, 356
Double-sideband amplitude modulation, 358
with transmitted carrier, 363
Double-sideband amplitude modulator (DSBAM), 358
Doublet, 261
Dow-Jones industrial average, 124
DTFT, 376
of a sine function, 377

Dual-tone multi-frequency (DTMF) signals, 463
Duality, 335
Dummy index of summation, 267
Dummy variable of integration, 258, 263
Echo
frequency response, 339
model for, 276, 337
Effective frequency response, 378
Envelope, 40,359,362
Envelope detector, 364
Euler's formula, 18,431
Factoring z-polynomials, 174
Fast Fourier Transform (FFT), 391,402,420
properties and pairs, 337
FDM, 366
Feed-forward coefficients, 197
Feed-forward difference equation, 113
Feedback coefficients, 197
Feedback systems, 196
FFT, 391,402
Filter length, 106
Filtered sampled continuous-time signals, 151
Filtered speech, 418
Filtering, 300, 329
of sampled continuous-time signals, 151
Finite duration, 275
Finite Fourier sum, 390
Finite impulse response (FIR) system, 109
Finite-length pulse, 248
Finite-length signal, 103
FIR filter, l 02, 124
FIR system, frequency response, 131
First difference, 170
First-difference system, 140
First-order analog filter, 288
FM signals, 61 (See also Frequency modulation)
Folded aliases, 76
Folding frequency, 83
Fourier, Jean-Baptiste, 30
Fourier analysis, 47
Fourier analysis equation, 50

INDEX
Fourierseries,47,48,298
approximation error, 57
coefficients, 51
convergence, 57
Gibb's phenomenon, 57
orthogonality, 49
spectrum plot, 51
square wave, 53
synthesis equation, 50
Fourier series integral, 48
Fourier synthesis, 47
Fourier transform
analysis integral, 308
of constant signal, 317
of a convolution, 327
existence and convergence, 312
of impulse signal, 317
of an impulse train, 321
as a limit of Fourier series, 310
linearity of, 318
of a periodic signal, 318, 319
properties of, 322
of a square wave, 320
synthesis integral, 308
uniqueness of, 309
Fourier transform pairs, 313
Fourier transform properties
convolution, 326
differentiation, 333
flipping, 323
frequency shifting, 336
scaling, 322
signal multiplication, 335
symmetry, 324
table of, 337
Fourier transforms and LTI systems, 346
Frequency
cyclic, 12
radian, 12
Frequency division multiplexing, 366
Frequency modulation (FM)
angle function, 61
chirp signal, 60
instantaneous frequency, 61
Frequency resolution, 396, 398, 412

485
Frequency response, 131
plotting the, 146
Frequency scaling, 78
Frequency selective, 296
Frequency selective filters, 351
Frequency shifting property, 336
Frequency-shift keying (FSK) modem, 384
Frequency shift property, 358
Frequency-domain, 135, 300
Frequency-domain approach, 135
Frequency-domain representation, 37, 308
Fundamental frequency, 39, 43, 50
Fundamental period, 43, 294
Gain, 132
of LTI system, 132
Geometric series, 268
Half-power point, 303
Half-wave rectifier system, 364
Half-wave symmetry, 66
Hamming, 406
Hamming window, 397
Hann filter, 406
Harmonic, 43
Hannonic frequency, 43
Hertz, Heinrich, 12
Hertz, unit of frequency, 12
Highpass filter, 297, 353
Ideal continuous-to-discrete (C-to-D) converter, 5, 72, 373
Ideal delay, 261
Ideal discrete-to-continuous (D-to-C) converter, 78,374,375
Ideal filters, 295
bandpass, 297
band-reject, 298
delay, 295
highpass, 297, 353
lowpass, 296, 351
Ideal reconstruction, 78
Ideal reconstruction filter, 372
Ideal time delay system, 332
IIR digital filters, 196
Image, 3
gray-scale, 3

INDEX
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Imaginary part, 429
Implementation structures, 206
Improper integral, 312
Impulse in MATLAB, 453
Impulse response, 108, 255
FIR filter, 108
first-order IIR system, 200
Impulse response sequence, 108
Impulse train, 321, 368
Initial rest conditions, 198
Inner product, 49, 446
Input-signal, 102
Instantaneous frequency, 61
Integrator system, 256
Interpolation, 78
cubic spline, 91
linear, 90
zero-order hold, 89
Interpolation with pulses, 88
Interpretation of delay, 154
Inverse z-transform, 216
Inverse DFT, 400
Inverse discrete Fourier transform, 391, 400
Inverse DTFT, 376, 377
Inverse Euler formulas, 21, 432
Inverse filtering, 175, 356
Inverse system, 277
L-point running averager, 145
L-point running sum filter, 181
L th root of unity, 182
Laplace transform, 335
Left-sided exponential signal, 314
Linear combination, 119
Li near interpolation, 16, 90
Linear phase, 189, 296, 350
Linear time-invariant (LTI) systems, 115, 118
Linearity, 115, I 17
of Fourier transform, 318
Local spectrum, 409
Loglog frequency response plots, 288
Lowpass filter, 142, 296, 351, 352
LTI systems, 118
cascade and parallel, 270, 347
properties of, 270

Magnitude, 431
of complex number, 18
Mainlobe, 396
MATLAB
array multiplication, 446
colon operator, 445
debugging, 451
figure windows, 447
functions, 448
help command, 444
M-file, 449
plotting. 446
pointwise array operations, 446
printing, 447
reshape matrix, 445
scripts, 448
vectorizing, 452
MATLAB built-in functions, 448
MATLAB help, 444
MATLAB GUI
cconvdeno, 266
CLTidemo, 292
con2dis, 95
dconvdemo, 120
DLTidemo, 156
zdrill, 435
MATLAB programming, 443
MATLAB scripts 448
MATLAB variables, 444
Matrix multiplication, 445
Mixer, 361
Modulating signal, 359
Modulation property, 336
Multimedia information systems, 6
Multipath distortion, 276, 337
Multiplier, 112
Musical scale, 59
Musical score, 58
Narrowband spectrogram, 416
n-domain, 163
Negative frequency, 20, 37,402
Newton's second law, 27
Noise, 106
Noncausal filter, I 04

INDEX
Nonlinear systems, 117, 257
Normalized frequency, 73
Normalized radian frequency, 73
Nulling, 178
Nulling filters, 179
Nyquist rate, 77, 386
Octave, 59
w-domain, 163
One-dimensional continuous-time system, 4
Operator notation, 170
in block diagrams, 170
Order of filter, 197
Order of FIR filter, 106
Orthogonality property, 49
Outer product, 446
Output-signal, 102
Over-sampling, 79, 91
Partial fraction expansion, 2 I 8, 330, 331
Passband, 296
Period, 7, 12,43
Periodic impulse train, 322, 369
Periodic input to LTI system, 294
Periodic signal, 12
Periodicity of H (eiw), 138
Phase, 431
Phase shift, 7, 11
Phasor, 20
addition, 22, 23
Phasor addition, 22
Physics of tuning fork, 27
Piano keyboard, 58
Pixel, 149
Plots and graphics, 446
Pointwise array operations, 446
Polar form, 18,429
of complex number, 429
Poles, 177
Poles of H(z), 177
Pole-zero plot, 177
Polynomial division, 330
Polynomial multiplication, 111
Positive frequency, 20
Principal aliases, 75, 78

487
Principal value, 15, 147,429
Principle of superposition, 117
Properties of z-transform, 167
Pulse amplitude modulation (PAM) system, 385
Quadrature modulation system, 382
Quadrature modulator, 383
Radian frequency, 7, 12
Radix-2, 420
Rational Fourier transform, 327
Rational function, 205, 330
Real part, 429
Receiver, 361
Reconstruction, 71, 78, 89, 368
filter, 373
Rectangular form, 428
of complex number, 428
Rectangular pulse signal, 314
Rectangular window, 394, 395
Recursive filter, 196
Reducing modulo 2:,r, 15
Region of convergence, 209
Relation of the DFT to the CTFT, 393
Relation of the DFT to the DTFT. 393
Relation of the DTFT to the CTFT, 392
Resolution of the spectrogram, 411
Reverberation, 277
Riemann integral, 255, 310, 390
Right-sided exponential signal, 313
Room impulse response, 356
Roots of unity, 439
Rotating disk, 84
Rotating phasor, 19, 20
Running integral, 260
Running integral system, 349
Running-average filter, 102
Running-average filtering, 145
Sample-and-hold circuit, 374
Sampler, 5
Sample spacing, 15
definition, 5

488
Sampling, 2, 71,368,371
oversampling, 79
spectrum view, 79
under-sampling, 81
Sampling frequency, 370
Sampling period, 3, 15
Sampling property of the impulse, 250, 251
Sampling rate, 72
Sampling theorem, 71, 77, 93, 368
Second-order IIR filters, 223
Shannon sampling theorem, 77, 93
Shannon/Nyquist sampling theorem, 368, 370, 373
Sidebands, 360
Sidelobes, 396
Signal, 1, 2
continuous-time, 2
discrete-time, 2
speech, 2
Signals, 2
cosine, 7
sine, 7
sinusoidal, 7
speech,2
two-dimensional, 3
video, 4
Sine function, 315
Sine signals, 7
Sinewave amplitude modulation, 358
Single-sideband (SSB) system, 382
Single sideband system (SSBAM), 360
Sinusoidal response, 285
magnitude and phase change, 290
Sinusoidal response of FIR systems, 130
Sinusoidal signals, 7
Sinusoidal steady-state component, 221
Sinusoid response, 130
of FIR systems, 130
Sinusoid-in gives sinusoid-out, 156, 292
Sinusoids, 7
Smoothing and image, 149
SP First toolbox, 443
spectgr, 409
Specgram, 60
Spectral components, 39
Spectral line, 38

INDEX
Spectrogram, 58, 408, 409
MATLAB,60
piano, 60
Spectrogram analysis, 59
Spectrogram of a sampled periodic signal, 410
Spectrogram of a speech signal, 415
Spectrograms in MATLAB, 410
Spectrum, 36
definition, 36
two-sided, 37
Spectrum analysis of finite-length signals, 405
Spectrum analysis of periodic signals, 407
Spectrum of discrete-time signal, 76, 79
Square wave, 52, 298
average value, 53
DC value, 53
Fourier series coefficients, 53
spectrum plot, 54
synthesis, 54
Square-law system, 116, 117
Squarer system, 4
Stability, 203,211,274
general definition of, 274
mathematical condition for, 274
Stable systems, 212, 203
Steady-state part, 136
Steady-state response, 135, 220
Step response
first-order UR system, 202
Steppedfrequency,59
Stopband, 296
Strobe, 84
demonstration, 84
Suddenly applied input, 198
Superposition, 117, 300
principle of, 257
Superposition and the frequency response, 132
Superposition property of z-transform, 168
Support, 103, 246
of sequence, 103
Synchronous demodulation of DSBAM, 361
Synthetic polynomial multiplication, 110
Synthetic vowel, 44

INDEX
System, 1, 4
continuous-time, 4
discrete-time, 5
squarer, 4
System function, 166
System function H (z) of IIR filter, 204
Systems
definition, 4
described by differential equations, 334
3-Domain Movie, 182
Time-delay property of z-transforms, 168
Time-dependent discrete Fourier transform, 408
Time-domain, 135,300
representation, 308
Time-flip system, 116, 117
Time-frequency spectrum, 57, 58
Time invariance, 115, 116
Time shift, 13
Time-varying system, 256
Time-waveform, 2
Time-windowing, 393
Transient component, 221
Transient part, 136
Transient response, 135
Transition region, 384
Transmitter, 361
Transposed form, 114
form structure, 208
Triangle wave, 55
Fourier series coefficients, 56
synthesis, 56
Trigonometric identities, 11
Tukey,402
Tuning fork, 8, 27
Two-sided exponential, 325
Two-sided spectrum, 37
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Uncertainty principle, 323, 412
Uncertainty principle of Fourier analysis, 398
Unit circle, 176, 439
Unit delay, 109, 112
Unit-delay operator, 169
Unit-delay property of the z-transform, 169
Unit-delay system, 109
Unit impulse response, 107, 108
Unit impulse sequence, 107
Unit impulse signal, 248, 249
Unit-step, 126, 247
Unstable, 275
system, 203
von Hann, 406
Weighted running average, 105
Wideband spectrogram, 417
Writing a MATLAB function, 448
z-domain, 163
z-plane, 176, 178
z-transform
convolution and the, 171
definition, 164
inverse, 216
as an operator, 169
pair, 164
region of convergence, 209
superposition property of, 168
table of, 217
z-transforms
time-delay property of, I 68
Zero-order hold, 89
reconstruction, 89
Zero-padding, 405
Zeros, 177
of H(z), 177
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engineering students. Created and written by the same well-respected authors,
it has been adopted in over 100 institutions worldwide since publication.
This class-tested learning package is also widely used as a self-teaching tool
to discover more about DSP applications, multimedia signals, and MATLAB,,.
Unique features such as visual learning demonstrations; MATLAB laboratories,
an d a b,mk of solved homework problems are just a few of the things that
make this an essential learning tool for master ing fundamental concepts in
today's e·lectrical and computer engineering curricula.
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